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SUMMARY
This thesis studies some o f the problems a ris in g  in  the analysis 
o f random signals. The d ig ita l  computer simulations o f the f i r s t  
and second order Gaussian processes are employed fo r  the problems 
requ iring  enrpirical investiga tions. Moreover3 some exact au tocorre la tion  
functions are also used fo r  fu r th e r demonstrations.
The required f i l t e r  cha rac te ris tics3 fo r  generation o f the 
f i r s t  and second order processes w ith  prescribed autocorre la tion  
functions3 are designed and the equations fo r  the d ig ita l  computer 
simulations are derived . The Gaussian data are then generated fo r  a 
va rie ty  o f sim ulation studies being undertaken.
The s ta t is t ic a l errors in  the d ig ita l estimates o f  the p ro b a b ility  
density functions are considered. The sampling properties o f  the 
autocorre la tion  estimates from uniform ly sampled data are also 
studied; the the o re tica l and em pirical estimate errors are compared 
and a s im p lif ic a tio n  o f the complicated expression3 g iv ing  the 
expected e rro r magnitudes3 is  examined.
The maximum determinant method o f  autocorre la tion function  
extrapo la tion is  studied em p irica lly . The r e l ia b i l i t y  te s t and the 
extrapolation errors are examined and the best choice o f  the 
truncation po in t is  deduced.
The equivalence o f  the maximum determinant and maximum entropy 
approaches is  shown a n a ly t ic a lly . Some sim ulation examples o f the 
maximum entropy spectra and th e ir  transformations to the autocorre la tion  
domain are also reported.
A problem a ris in g  in  ce rta in  s itua tions  is  tha t the zero lag 
c o e ffic ie n t may be known and followed by a number o f  unknown 
co e ffic ie n ts  and then a knowledge o f  the remaining po rtion  o f  the 
autocorre la tion  function . A method o f  estimating the missing in i t i a l  
co e ffic ie n ts  has been introduced in  Stone (1978)3 where fu rth e r
research has also heen suggested on i t ,  regarding the selection o f  
the estimates. This and fu r th e r studies o f the method are reported 
in  th is  thesis.
The problem o f a lia s in g  is  analysed and demonstrated. The e ffec ts  
o f data in te rp o la tio n  on the spectra l estimates are then investigated. 
In  p a rtic u la r, the app lica tion  o f  lin e a r and cubic sp line in te rp o la tio n  
methods, to the au tocorre la tion  function  and the sampled data, are 
considered.
F in a lly , the thesis studies the sequential sampling scheme.
I t s  con tribu tion  in  minimizing the problem o f  a lia s in g , when the 
sampling in te rv a l is  re s tr ic te d  to a minimum allowable value, is  
proved and demonstrated. The methods o f  estimating the au tocorre la tion  
function  and spectra, in  sequential sampling, are discussed and 
presented.
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A time series is  defined as a time varying quantity , such as 
velocity , temperature, varia tions in  power loads, heart beat, 
unemployment figures, share price  index fluctuations and so on. The 
time series analysis, or signal analysis, has a wide range of 
applications in  science and engineering. Although i t s  h is to ric a l 
development may be traced back to two d is tin c t sources, namely 
communications engineering and mathematical s t a t i s t i c s ,  nowadays 
i t  has become a powerful tool in understanding the behaviour of 
systems and is  cen tra l to information theory. I t  is  widely 
applicable in control, mechanical, e le c tr ic a l,  petroleum and earthquake 
engineering and the enormous growth in  i t s  employment over recent 
years, ranging from biology to astrophysics,demonstrates i t  considerable 
Importance as a s c ie n tif ic  too l. numerical forecasting, for 
instance, has become increasingly necessary in  the spheres of economics, 
marketing and, more recently , in  predicting the behaviour of various 
social systems; indicating a multitude of fu rther applications and 
growth dimensions of the f ie ld  of time series analysis.
However, a m ajority of time se ries  f a l l  in  the category of 
’s ta tio n a r i ty ' .  This being a fundamental assumption in  conventional 
time se ries  analysis, requires the s ta t i s t ic a l  properties to remain 
unchanged, under any tran s la tio n  of the time orig in ; Blackman & Tukey 
(1959). In th is  th es is , only sta tionary  time series shall be 
considered and, hence, the term sta tionary  may be omitted from the 
tex t.
In time se ries  analysis, i t  is  often required to obtain 
estim ates of the p robab ility  density function, the autocorrelation 
function and the normalized power spectral density function. In
CHAPTER 1
INTRODUCTION
p rac tice , especially  with the aid of d ig ita l  computers, the p robab ility  
density estim ation is  accomplished by dividing an appropriate range 
into a number of in te rva ls  and observing a f in ite  sample s ize . The 
estim ation accuracy would then depend on the sample and window sizes .
An extensive theo re tica l analysis of the corresponding estimate e rro rs , 
fo r the continuous data processing, may be found in Bendat & Piersol 
(1971).
There are now several methods of d isc re te ly  sampling the data 
fo r d ig ita l  processing. The more conventional technique is  uniform 
sampling, which obtains equi-spaced sample values a t  a specified  
sampling ra te . This method, being p a rticu la rly  well presented in 
Blackman & Tukey (1959) and Bendat & Piersol (1966), is  known to 
re su lt in  spectra l estim ates which may be subject to a liasing  e rro rs .
Two other techniques have been introduced recently  th a t do not sample
the signal pe riod ica lly . One of them is  random sampling which can
give a lia s -fre e  spectra , Shapiro & Silverman (1960). The evaluation
of the autocorrelation  function and spectral estimates from randomly sampled
signals have been discussed and developed by Gaster & Roberts (1975),
(1977). The other scheme is  sequential sampling, Toy (1978),
which is  a suggestion for minimizing the problem of a liasing  where 
the sampling in te rval is  re s tr ic te d  to a minimum allowable value; i t  
has yet to be proved and studied fu rther. This thes is  sh a ll, however, 
be concerned with the uniform and sequential sampling schemes.
In uniform sanpling, a d iscrete  autocorrelation function is 
usually obtained by observing a f in i te  sample size . The estim ates 
may, therefore , be subject to s ta t i s t i c a l  errors which are known to 
be correlated ; Anderson (1976). Consequently, an estimated autocorrelation 
function may f a i l  to  damp out according to expectation, Jenkins &
Watts (1968). I t  has been suggested th a t as a 'ru le  of thumb', the 
maximum number of computed autocorrelation  coeffic ien ts  should be kept 
less than one tenth  the sample size of the time se rie s ; Bendat &
2.
Pierso l (1966). This would become a more inappropriate c rite r io n  as
the sample size is  reduced. A formula giving the v a r ia b il i t ie s  of
tlie autocorrelation estim ates has been obtained by B a rtle tt [1946). 
T h is in c lu d e s  sam ple s i z e  e f f e c t s  and r e q u i r e s
a knowledge o f th e  e n t i r e  a u to c o r r e l a t i o n  
f u n c t io n ;  though i t  can only approximately assess the order of 
magnitude of the e rro rs , B a rtle tt  (1946). A sim plification  of the 
formula has, therefore , to be considered for an assessment of the order 
of magnitude of the estim ate e rro rs .
3.
As a r e s u l t  o f th e  f i n i t e  sam ple s i z e ,  th e  number o f  la g
e s t im a te s  i s  f i n i t e ,  so t h a t  o n ly  p a r t i a l  know ledge o f th e
a u to c o r r e l a t i o n  f u n c t io n  i s  a v a i l a b l e .  -  . • nn1„ nFor instance, only a
f in ite  number of sample values may be acquirable, due to certa in
re s tr ic tio n s  such as a f in i te  measuring time, the allowable computation
time or the signal can only be considered sta tionary  over a lim ited
time in te rv a l. A sim ilar s itu a tio n  may also a rise  when tlie
autocorrelation is  acquired d ire c tly  from a co rre la to r; th is  would
give only a f in i te  number o f possible lag values.
I t  i s ,  therefore , seen th a t a certa in  number of lag values may 
be available th a t only describe the in i t i a l  portion of the autocorrelation 
function, with no estim ates fo r tlie remaining portion. When th is  
occurs and the described portion of tlie function has not decayed to 
zero, the function is  said to be ’trunca ted '. The estim ation of 
the power spectrum from a truncated autocorrelation function has been 
a well known c la ss ic a l problem ever since Wiener (1949) introduced 
the Fourier transform re la tionsh ip  between the power spectrum and the
4.
autocorrelation function. Recently, a method of extrapolating the 
autocorrelation function, referred  to as 'The Maximum Determinant 
Extrapolation Method', has been considered by Stone (1978). This is  
believed to be equivalent to the method introduced by Burg (1967), 
known as 'The Maximum Entropy Spectral A nalysis'; Stone (1978). The 
l a t t e r  extrapolates the au tocorrelation function in d irec tly  and allows 
the d irec t estim ation of the spectrum. While th is  method has been 
approached by employing s ta t i s t ic s  and information theory concepts, 
the former method so le ly  uses the theo re tica l properties of the 
autocorrelation m atrix.
I t  is  noticeable th a t although maximum entropy spectra and 
maximum determinant re su lts  appear in  a number of l i te ra tu re ,  e .g .
Burg (1967), Barnard (1969), Lacoss (1971), Ulrych (1972), Veltman, 
van den Bos e t a l (1973) and Stone (1978), but they correspond to 
exact autocorrelation functions or determ inistic data perturbed by 
white noise. Very few of these studies have been applied to 
experimentally obtained data. None of them appear to study the p rac tica l 
aspects of the methods regarding the sample size e ffe c ts , the 
extrapolation errors and the best choice of the truncation poin t. The 
inverse-transform ations of the maximum entropy spectra have also not been 
given.
A problem encountered more recently , has been not’ being able to 
obtain estim ates for the in i t i a l  autocorrelation coeffic ien ts , with the 
exception of th a t a t zero lag, i . e .  R(0). This p a rticu la r problem 
is  encountered when a signal is  sequentially  sampled and sometimes 
when i t  is  randomly sampled and there ex is ts  a re s tr ic tio n  cn the 
minimum sampling time. I t  has been encountered by Gaster & Bradbury 
(1976) for random sampling and discussed by Toy (1978) for sequential 
sampling. However, on the basis of theore tical properties of the 
autocorrelation m atrix, Stone (1978) has proposed a method of assigning
estim ates to the missing in i t i a l  lag values. This is  referred  to as 
’The In i t ia l  Coefficients Estimation Method' and is  based on 
sim ilar princip les to the maximum determinant extrapolation method.
I t  lias been applied to both experimentally acquired data and also to 
some exactly known autocorrelation functions, leading to sa tis fac to ry  
re su lts ; nonetheless, fu rther study of i t  has also been suggested 
with regards to the se lection  of the estim ates; Stone (1978).
Another major problem associated with the d ig ita l  spectral 
analysis is  the occurrence of a lia s in g . This a rise s , in the uniform 
sampling scheme when the sampling in terval is  too large and gives a 
Nyquist frequency less than the highest frequency present in  the 
o rig inal data. The spectrum obtained from the sampled signal would 
be a liased . That i s ,  the higher frequency contributions would appear 
as frequencies less than the Nyquist frequency and would lead to 
confusion over the tine  frequency content of the data. The normal 
method of dealing with th is  problem is  to f i l t e r  the data p rio r to 
sampling, in order to obtain unambiguous re su lts  for frequencies 
below the Nyquist frequency. A lternatively  i f  the highest frequency 
content can be approximately predicted, the sampling in terval 
may then be determined on th is  basis.
This thesis considers the problems outlined in th is  chapter.
For the problems requiring empirical investigations, d ig ita l  computer 
simulations of the f i r s t  and second order Gaussian random processes 
are used. The sim ulation of sta tionary  time se ries  with prescribed 
autocorrelation functions may, however, be required for a va rie ty  of
purposes in  engineering, economics, mathematics and sciences. The 
method of d iscre te  sim ulation of random data lias been discussed in 
Franklin (1963), (1965). In th is  th e s is , the required f i l t e r  
c h a ra c te r is tic s , for generation of f i r s t  and second order Gaussian 
processes, w ill be designed. The d isc re te  data may then be simulated, 
on a d ig ita l  computer, by exciting  the f i l t e r s  with d isc re te  white 
noise and sampling the response. The continuous and d isc re te  f i l t e r  
ch a rac te ris tic s  are derived and presented.
The generated random da ta ,.w ith  known au tocorrelation  functions, 
are then used for a v a rie ty  of sim ulation stud ies. The s ta t i s t i c a l  
e rro rs in  the d ig ita l  estim ation of the p robab ility  density functions 
are considered f i r s t .  The sampling properties of the au tocorrelation  
estim ates are also studied and the empirical estim ate e rro rs are 
compared with those given by B a r t le t t 's  formula. A sim plifica tion  of 
the B a r t le t t 's  formula is  then examined.
The maximum determinant ex trapolation  method is  studied em pirically. 
The r e l ia b i l i ty  te s t  and the ex trapolation  errors are examined and the 
best choice of the truncation  point is  deduced.
The equivalence of the maximum determinant and maximum entropy 
approaches, is  shown an a ly tic a lly . Some simulation examples of the 
maximum entropy spectra  and tiie ir  transform ations to the au tocorrelation  
domain are also reported.
The problem of a lias in g  is  analysed and demonstrated. The 
e ffec ts  of data in te rpo la tion  on the resu ltin g  spectra are then 
investigated . In p a rtic u la r , the application  of the lin e a r  and cubic 
spline methods of in te rp o la tio n , to  the au tocorrelation  function and 
sampled data, are considered.
The sequential sampling scheme, as a so lu tion  to the problem of 
a lias in g  where the sampling in te rv a l is  re s tr ic te d  to a minimum 
allowable value, is  also considered an a ly tica lly  and em pirically . I ts  
contribution in  minimizing the problem of a lias ing  is  proved and
demonstrated.
Moreover, the in i t i a l  coeffic ien ts  estim ation method is  also 
studied. I ts  empirical investigations are undertaken in re la tio n  to 
its application in the sequential sampling and also separately, using 
exact autocorrelation functions, with regards to the selection  of the 
estim ates.
Finally,- i t  is  hoped th a t th is  thesis w ill contribute in conveying 
some p rac tica l experience on a varie ty  of time series analysis problems. 
In to ta l  there are twelve chapters and the remaining p a rt of th is  
introductory chapter gives a b r ie f  synopsis of the contents of each 
chapter, as follows.
Chapter 1 introduces the th es is . I t  defines a time se ries , 
including a b r ie f  h is to ric a l background to time series analysis and 
i t s  applications. I t  indicates th a t only stationary  time series shall 
be considered and explains th a t in  the time series analysis, i t  is  
often required to examine the p robab ility  density function, the 
autocorrelation function and power spectrum. Some of the problems 
aris ing  in the time series analysis are introduced and i t  is  explained 
th a t, in  p a rticu la r, the uniform and sequential sampling schemes shall 
be considered, although some of the problems being examined are also 
applicable to the random sampling. I t  is  also explained th a t, for 
those problems requiring empirical investigations, d ig ita l computer 
simulations of the f i r s t  and second order Gaussian processes are 
employed.
Chapter 2 contains a survey of the previous work th a t is  relevant 
to time series analysis and the problems being studied in th is  th es is .
I t  provides a comparison of the re su lts  of previous work and explains 
why the p a rticu la r problems, considered in th is  th es is , are investigated.
Chapter 3 considers the simulation of Gaussian processes with 
prescribed autocorrelation functions. The method is  based on passing 
white noise through lin ea r f i l t e r s  and, the f i l t e r  ch arac te ris tic s  for
generation of tlie f i r s t  and second order Gaussian processes are designed. 
The d iscrete  data may then be simulated, on a d ig ita l computer, 
by exciting the f i l t e r s  with d iscre te  white noise and sampling the 
response. The continuous f i l t e r  ch arac te ris tics  and the recurrence 
equations, for d ig ita l computer sim ulations, are derived and presented. 
The following autocorrelation functions are included: exp(-ax),' 
exp(-ax)cosbx and \ [exp(-ax)+exp(~bx)]; where a and b are positive 
rea l q uan titie s .
Chapter 4 studies the s ta t i s t i c a l  errors in d ig ita l estim ation of 
tlie p robability  density functions. The estimate e rro r is  seen to be 
composed of a random portion and a bias term. The e rro r analysis is  
applied to the cases of uniform and standard Gaussian density functions. 
Tlie bias term is  seen to be zero for the former and neglig ib le  for 
tlie l a t t e r .  The re la tiv e  e rro r is ,  hence, reduced to the random portion 
and is  inversely proportional to the square root of the product of 
sample size, window size and tlie p robability  density function. The 
constant of p roportionality  being expected to be unity  for uncorrelated 
< data and dependent on the autocorrelation and sampling ra te  otherwise.
The estimate e rro r is  fu rther investigated by simulating correlated  
and uncorrelated random data on a d ig ita l computer.
Chapter 5 examines the s ta t i s t i c a l  properties of the autocorrelation 
estimates obtained from uniformly sampled data. Tlie associated 
theo re tical re su lts  are considered and discussed. The d ig ita l computer 
simulations of Gaussian processes, with known autocorrelation functions, 
are used to demonstrate tlie sampling features of the autocorrelation 
estim ates and i l lu s t r a te  the p rac tica l implications of the theore tical 
re su lts . I t  is  found th a t, as a consequence of the estimate errors 
being correlated , the au tocorrelation  estimates may not l ie  randomly 
about tlie true function and can produce a deceptively smooth appearance; 
an estimated autocorrelation function may also f a i l  to damp out 
according to expectation. B a r t le t t 's  formula, giving tlie order of
magnitude of the e rro rs , is  also considered and compared with the 
estimate errors obtained em pirically. This formula requires a 
knowledge of the whole of the autocorrelation coeffic ien ts  a t lags 
between zero to in f in ity  and is  complicated to apply p rac tica lly .
A sim plified version of B a r t le t t 's  formula based on assuming a model 
for the autocorrelation function is  considered and compared with 
the fu ll  B a rtle tt  expression and the empirical re su lts .
Chapter 6 undertakes some empirical investigations of the maximum 
determinant method of au tocorrelation  function extrapolation. The 
d ig ita l  computer simulations of the f i r s t  and second order Gaussian 
processes, with known autocorrelation functions, are used for the 
empirical investigations; truncated d iscrete  autocorrelation functions 
are estimated from the data and used to extrapolate the functions and, 
consequently, estimate the spectra. I t  provides some p rac tica l 
experience on,the extrapolation method and considers some p rac tica l 
fac to rs , emerging in  the application  of the method to  experimentally 
obtained autocorrelations. The r e l ia b i l i ty  te s t  and the extrapolation 
errors are considered. The best choice of the truncation point, from 
where a sa tis fac to ry  extrapolation may take place, is  then deduced.
Some exact au tocorrelation function simulations are also used 
for fu rther demonstrations.
Chapter 7 uses the theo re tica l properties of the autocorrelation 
matrices and approaches the maximum determinant extrapolation method, 
arriv ing  a t the same re su lts  as given by Stone (1978); while employing 
less complicated matrix algebra and considering determinant calculus 
by matrix p a rtitio n in g . The re su lts  given in  th is  chapter are compared 
with the maximum entropy re su lts , given by Burg (1975), and the 
equivalence of the maximum determinant and maximum entropy approaches 
is  shown. Hence, a fu rther understanding of the method is  provided 
and i t  is  deduced th a t the maximum determinant extrapolation computer
program, given by Stone (1978) can also be used for d irec t spectral 
estim ation in the maximum entropy method; i .e .  without extrapolating 
the autocorrelation function.
Chapter 8 reports some empirical studies of the method of 
maximum entropy spectral analysis. I t  employs the d ig ita l computer 
simulations of the f i r s t  and second order Gaussian processes, with 
known autocorrelation functions; truncated d iscrete  autocorrelation 
functions are obtained from the data and used for d irec t estimation 
of the maximum entropy spectra. These spectra are then transformed 
to the autocorrelation domain by inverse Fourier transform ation.
The re su lts  obtained in  th is  chapter are compared with the .corresponding 
re su lts  yielded by the maximum determinant approach, given in  Chapter
6 . Consequently, th is  chapter demonstrates the equivalence of maximum 
determinant and maximum entropy approaches em pirically, as shown 
ana ly tica lly  in  Chapter 7.
Chapter 9 investigates the in i t ia l  coeffic ien ts estim ation method 
and, in p a rticu la r, the dimensions a t which the computation of the sum 
EB may be s ta rte d , regarding the selection  of an estimate from the 
allowable range. Some exact autocorrelation functions are used for 
the empirical investigations of these and the incorporation of the 
random data w ill be l e f t  to Chapter 11, where th is  is  undertaken in 
re la tio n  to applying the method to  the sequential sampling. I t  is  
found th a t, for the estim ation of the missing in i t i a l  co effic ien ts , a 
knowledge of the whole of the remaining d iscrete  functions is  not 
necessary; only a p a r t ia l  knowledge of th is  may be su ff ic ie n t. I t  is  
also found tha t s ta r tin g  the computation of the sum EB a t dimension 
2x2 (of the autocorrelation matrix) does not, in  general, lead to 
sa tis fac to ry  re su lts  for every autocorrelation function; the sum should 
ra ther be obtained over only a small portion of the associated matrix 
dimension.
Chapter 10 studies the problem of a lias ing . The phenomenon of
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period icity  of the spectrum above the Nyquist frequency are given. The
analy tical re su lts  are also i l lu s tra te d  by simulation examples. The e ffects 
of data in terpo la tion  are then investigated. The lin ea r in terpo lation  of the 
autocorrelation function is  considered and i t  is  shown that th is  is
equivalent to m ultiplying the spectrum of the sampled signal by a
decaying function, which is  derived. The lin ear in terpo lation  of the 
data is  also considered but th is  is  shown to cause d is to rtio n  of 
tlie resu lting  spectrum and impose undesirable e ffec ts  on i t .  The 
cubic spline method of in terpo la tion  is  then applied to the 
autocorrelation function and tlie random data. Simulation studies 
are undertaken to examine the e ffec ts  of tlie cubic spline 
in te rpo la tion  on the resu lting  spectra.
Chapter 11 considers the sequential sampling scheme, as a 
solution to the problem of a lias in g , where the sampling in terval is  
re s tr ic te d  to a minimum allowable value AT. In the sequential sampling, 
tlie signal is  sampled a t in te rva ls  of aT, aT+At, aT+2At , aT+3At, . . .  ; 
where At<AT and may be selected as desirable. The sequential 
sampling is ,  however, analysed and i t  is  proved th a t, when the ra tio  
AT/At is  an in teg ra l number, the associated spectral estimates give 
a Nyquist frequency This sampling scheme can, therefore, be
employed to y ie ld  a required cu t-o ff frequency. The autocorrelation 
function estim ation from the sequentially  sampled data is  then considered 
and the approach to th is  is  discussed. Tlie d ig ita l computer simulations 
of the f i r s t  and second order Gaussian processes, with known
autocorrelation functions, are also used for empirical investigations 
of the sequential sampling. With th is  sampling scheme, no estimates of 
the autocorrelation coeffic ien ts  are available in the in i t i a l  time in terval 
from 0 to AT and estimates in th is  range are obtained using the method studied
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a lia s in g  is  f i r s t  d iscussed and some examples of fo ld ing  and the
in  Chapter 9. This, in addition, provides fu rther empirical studies 
of the in i t ia l  coeffic ien ts estim ation method. Furthermore, the 
application of the autocorrelation extrapolation method is  suggested 
and studied, as a means of minimizing the sampling time and costs.
The contribution of the sequential sampling in obtaining a desired 
cu t-o ff frequency, is  also demonstrated by data simulation.
Chapter 12 concludes the th es is , by surveying the problems studied, 
and suggests certa in  areas in  which fu rther research should be 
undertaken.
In addition, appendices, references, l i s t  of figures and figures 
are also  presented, which w ill follow Chapter 1 2 .
12.
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Tliis thesis is  concerned with some problems, as introduced in  
Chapter 1, a ris ing  in  the measurement and analysis of random signals.
This chapter provides a survey of the previous work th a t is  relevant 
to the random signal analysis, and the problems being studied in 
th is  th es is . Moreover, giving the current approaches to these 
problems and comparing the re su lts  of previous work, i t  is  explained 
why the p a rticu la r  methods, considered in th is  th e s is , were studied 
as possible aids to minimize these problems. A b r ie f  introduction 
to the terms and parameters, appearing in the context of time series 
analysis and used in th is  th es is , may be found in Appendix A .I.
Random signals are commonly described by three main s ta t i s t ic a l  
parameters: the probab ility  density function, the autocorrelation 
function and the power spectrum; as well as the mean and mean square 
values. In the early  days of time series analysis, i t  was customary 
to estimate the s ta t i s t i c a l  parameters by analogue measurement techniques 
and devices. In fac t, fo r special purposes, the analogue techniques 
may s t i l l  be used. The analogue process is  usually long and may 
impose re s tr ic tio n s  on the measurement of parameters. Bendat &
Piersol (1966) have remarked, "The e ff ic ie n t and accurate analysis 
of random data by analogue procedures involves a good deal of a r t  as 
well as science". Therefore, the attainment of re liab le  estimates 
by these methods requires understanding and experience of the problems 
and instruments involved.
However, with the advent of d ig ita l computers the analogue 
methods have largely  been replaced by d ig ita l techniques and these 
are commonly used in p rac tice  today.
For d ig ita l data processing, the continuous data record has
CHAPTER 2
SURVEY OF PREVIOUS WORK
The process of d ig itiz in g  consists of converting continuous 
data in to  d iscrete  numbers. In p rac tice , a f in ite  record length may 
be available for d ig itiz a tio n  or a f in i te  number of d iscrete  samples 
may be obtainable. A f in ite  sample size , used fo r estimation of 
s ta t i s t ic a l  parameters, may lead to inaccurate and misleading re su lts .
For example, the v a r ia b il i t ie s  of mean and mean square estimates due to 
f in i te  sample size are well known.
A b rie f  account of the d e fin itio n  of the e rro rs is  given in 
Appendix A.2. In measurement of the p robab ility  density functions, 
the estimate p (x) d iffe rs  from the true value p (x ). For continuous 
signals of bandwidth B, the normalized mean square e rro r of the 
estimate is  given as:
2 c2 W4
em 2BTWp(x) 576
where c is  a constant, depending on the autocorrelation function of
the data and the sampling ra te ; W is  a narrow in te rva l centred a t x
(window size) and p"(x) denotes the second derivative of p(x).
In the above equation, which is  given for a continuous record, T
represents the record length. For the d iscrete  uncorrelated data 2BT
may be replaced by the number of saaples and a value 1 . 0  has been
given for c as would be expected th eo re tica lly ; Bendat & Piersol (1971).
The above formula, however, seems to require fu rther study with
regards to the e ffec t of the second term and the varia tions of the
erro r with the sample s ize , N, and the window s ize , W, for p robab ility
density estim ates of d iscrete  time se ries .
In d ig ita l  estim ation of the autocorrelation function, as
explained in Appendix A .l, the sum of lagged products is  divided by
the to ta l number of products, to obtain an average value. A lternatively ,
the sum may also be divided by the to ta l  sample s ize , which is  known
to y ie ld  biased estim ates. Nonetheless, for a small lag number,
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to be 'd ig i t i z e d ',  nt d isc re te  time in te rv a ls .
Pn 00 
P(x) (2 .1 .1)
re la tiv e  to the sample s ize , the values obtained in e ith e r  case d iffe r  
very l i t t l e .
However, when a f in i te  sample size is  used, the estimated lag 
values w ill be l ia b le  to s t a t i s t i c a l  e rro rs . Bendat & P iersol (1966) 
have s ta ted  th a t, as a "rule of thumb", the maximum re liab le  lag value 
should be less than one-tenth of the sample size . This rule 
is  imprecise and becomes increasingly inappropriate as the sample 
size  is  reduced. In fa c t, i t  would be desirable to determine 
the order of magnitude of the s ta t i s t i c a l  e rro rs in  the autocorrelation 
estim ates from an available  sample size o r, conversely, to se lec t the 
sample size for a required degree of accuracy. A.formula, giving the 
au tocorrelation  estimate v a r ia b i l i t ie s ,  has been derived by B a rtle tt 
(1946). This incorporates the sample size and the autocorrelation 
co effic ien ts . I t  shows th a t the estim ate errors depend on the auto­
co rre la tion  function and, hence, can be highly correlated ; Anderson 
(1976).
In fac t, B a r t le t t ’s formula requires a knowledge o f the whole 
se t of au tocorrelation coeffic ien ts  a t lag numbers of zero to in f in ity . 
Therefore, i f  the true autocorrelation  function is  not known, the 
formula cannot be used for assessment of the errors associated with 
an available or chosen sample s ize . Only when the lag values are 
obtained, the estimated coeffic ien ts  may replace the true values to 
give an approximate estim ate of the e rro r magnitudes; Box & Jenkins 
(1976). A sim plification  of the formula would, therefore , be desirab le. 
However, B a rtle tt (1946) has remarked th a t his formula is  "rather 
crude . . .  but serves to indicate the order of magnitude of the e rro rs" . 
Nonetheless some empirical investigations of the formula would have 
to be undertaken. A study of the s ta t i s t i c a l  p roperties of the auto­
co rre la tion  estimates is  also necessary, regarding the application of 
the autocorrelation extrapolation method th a t w ill be surveyed la te r  
in th is  chapter.
The conventional d ig ita l approach, to obtaining the power spectrum, 
is  to use the d iscrete  Fourier cosine transform of the estimated auto­
corre lation  function; the associated in tegration  is  usually approximated 
by the trapezoidal ru le . The v a r ia b ili ty  of the spectra l estimates 
has been widely discussed by Bendat & Piersol (1966). However, a major 
problem arising  in the spectra l estim ation from an estimated d iscrete  
autocorrelation function is  called  ‘truncation’ and w ill be discussed 
below.
The autocorrelation function of random data is  a decaying
function. I f  the maximum known (reliab le) lag value is  such tha t the
discrete  autocorrelation function has decayed to zero, then the
Fourier cosine transform of the autocorrelation w ill y ie ld  good spectral
estim ates. Conversely, i f  the s itu a tio n  a rises th a t the known portion
of the autocorrelation function has not decayed to zero, then the
function is  said to b e Ttruncated’ and the spectral estimates are found
to contain negative lobes and o sc illa tio n s  which are not present in
the true spectrum. False conclusions could, hence, be drawn from 
the estimated spectra .
The estim ation of spectra from the truncated autocorrelation 
functions, is  a well known problem and has been discussed in  d e ta il by 
Blackman & Tukey (1959). A b r ie f  i l lu s tra tio n  on th is , may also be 
found in Appendix A.I.
The spectral estim ation method, discussed above, e ffec tive ly  
assumes that the autocorrelation function is zero a fte r  the la s t  known 
lag value. One of the e a r l ie s t  approaches to the truncation problem 
s t i l l  maintained the above assumption, but also applied a 'weighting’ 
function to the known coeffic ien ts  th a t could force the truncated 
function to decay smoothly to zero, w ithin the known maximum lag time.
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The Fourier cosine transform  of the re su ltin g  function  was then taken
as the power spectrum, i . e . :
£ (f) = 4 /TW (x) . R (x )C O S 2 irf xdx 
0
where W(t) is  the weighting function. I f  W(t) is  not applied then 
the re su lt is  called  a 'raw' spectrum.
Much research has been undertaken on the properties of various 
weighting functions (time domain) and th e ir  corresponding window 
functions (frequency domain). Examples of these functions can be found 
in Blackman & Tukey (1959) and Jenkins & Watts (1968); the re la ted  
computational procedures for spectral estim ation are given in Bendat.
& P ierso l (1966).
In general, the e ffec t of the weighting function is  to reduce 
the size of the o sc illa tio n s  and negative lobes present in  the spectra 
obtained from truncated autocorrelation functions. Nevertheless, spectra 
containing s ig n ifican t peaks are badly d isto rted  by the window function 
and the magnitude of the peaks are usually underestimated. This is  
a ttrib u ted  to the fac t tha t the weighting functions force the known 
portion of the autocorrelation to decay at a fa s te r  ra te  than i t  
n a tu ra lly  does.
Even i f  the Fourier transform, orthe'more recent fa s t Fourier 
transform ,. is  used to  compute the spectrum d irec tly  from the time 
se rie s , then these problems can s t i l l  ex is t and the resu lting  spectrum 
is  often smoothed, a f te r  computation, by a window function; Jenkins 
& Watts (1968).
The choice of a window function faces with the opposing require­
ments of making the main peak narrow but minimizing the size of side 
lobes; the fu rther condition is  sometimes imposed th a t the resu lting  
spectral estim ates also be non-negative. Much research has been 
devoted to the advantages of various weighting functions, but as Burg 
(1975) has remarked, "While window theory is  in te res tin g , i t  is  
actually  a problem tha t has been a r t i f ic ia l ly  induced into the e s t i ­
mation problem by the assumption th a t R(t)=0 for x>T and by the
17.
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w illingness to change p e rfec tly  good data by tlie weighting function". 
Moreover, i t  is  possible th a t the resu lting  spectrum may be more mis­
leading than tha t obtained d irec tly  from the truncated autocorrelation, 
without the use of a weighting fmiction.
To overcome these problems, a completely d iffe ren t approach to 
spectra l analysis was required. Burg (1967), (1975) introduced a 
method termed Maximum Entropy Spectral Analysis, as a solution to the 
truncation problem. This method is  based on the information theory 
concept of entropy, Burg (1975), Shannon & Weaver (1949), and also 
uses the th eo re tica l re su lt th a t the autocorrelation matrix of any 
order must be non-negative d e fin ite ; Burg (1967). The matrix is  of 
Toeplitz form and d e ta ils  of th is  type of matrix may be found in 
Grenander and Szego (1958) and Widom (1965).
Tlie problem of s ta r tin g  with a truncated se t of lag  values and 
determining some p a rtic u la r  power spectrum tha t is  consistent with these 
values is  equivalent to determining a p a rticu la r  extension of the 
in f in ite  au tocorrelation  function. Tlie maximum entropy method re ta in s  
a l l  the known lag values without m odification and uses a non-zero 
estimate for the unknown lag values. This p a rticu la r  estim ation 
p rincip le  ensures th a t the resu lting  autocorrelation function maintains 
the autocorrelation  matrix properties and th a t the f in a l spectral 
estimate must be such th a t i t  is  consistent with the known autocorrela­
tion  coeffic ien ts  and corresponds to maximum entropy concept as under­
stood in  information theory; Shannon & Weaver (1949).
Burg (1967) has shown th a t the unknown autocorrelation coeffic ien ts 
may be in d irec tly  estimated and the maximum entropy spectrum obtained 
d ire c tly . Examples of these spectra can be seen in  Lacoss (1971) and 
Ulrych (1972) which are found to be b e tte r  spectra l estim ates than 
those obtained by the conventional methods.
Regarding the maximum entropy method, for extrapolating auto­
corre la tion  functions, few resu lts  have been given by Burg (1967) and 
Veltman, van den Bos e t al (1973).
While the method introduced by Burg (1975) includes s ta t i s t ic s  
and information theory concepts, Stone (1978) has approached the 
extrapolation of au tocorrelation  function merely from the theore tical 
properties of the autocorrelation matrix. That i s ,  the in tr in s ic  
property th a t the autocorrelation matrices are non-negative d e fin ite .
The estim ation of the unknown lag values is  equivalent to maximizing 
the magnitude of the determinant. This is  referred  to as the maximum 
determinant method of extrapolating the autocorrelation function.
Some plausible re su lts  have been obtained from the application of 
the method; Stone (1978).
Examples of the application of maximum entropy and maximum 
determinant methods, have been obtained mainly by using exact auto­
corre la tion  functions. Few of these re su lts  correspond to experimentally 
obtained data and,therefore, various p rac tica l aspects of the methods 
such as the influence of sample size  have not been studied.
Another technique th a t has been introduced recently  is  the 
Maximum Likelihood Method for autocorrelation and spectra l estim ation;
Lacoss (1971). This method does not use the properties of the auto­
corre la tion  matrix but instead estimates the output of an optimal f i l t e r ,  
designed to  pass a p a rticu la r frequency undistorted and a l l  other 
frequency components re jected . Results comparing the maximum Likelihood 
method, Maximum entropy method and the B a rtle tt window for spectral 
estim ation are given in Lacoss (1971), for some exactly known autocorrelation 
functions. These three spectra l estimators are compared with the true  spectrum
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and i t  is  found th a t only the maximum entropy method could resolve the 
spectra and give a good approximation to the true spectrum. Lacoss 
also found th a t tlie maximum entropy and maximum likelihood methods did 
not appear unduly sensitive  to small s ta t i s t ic a l  fluctuations of 
the au tocorrelation function used for spectral estim ations. This 
re su lt was found on the basis of perturbing an exact autocorrelation 
with white noise.
Tlie maximum entropy and maximum likelihood methods have also 
been compared by Barnard (1969) who has sta ted  th a t only the maximum 
entropy method is  consistent with the orig inal autocorrelation function, 
on inverse transform ation of the spectrum. This is  not surprising as 
Burg (1967) has explained tha t i t  is  one of the constrain ts used in 
th is  p a rticu la r  method.
An example of a maximum likelihood expression for autocorrelation 
estim ation is  given by Jenkins & Watts (1968); but they have warned 
th a t the net re su lt is  th a t the obtained autocorrelation function 
would not form a non-negative d e fin ite  matrix and may lead to curious 
behaviour of the resu lting  spectrum.
Another method, re la tin g  to the autocorrelation function extrapo­
la tio n , has been discussed by Veltman, van den Bos e t al (1973), 
using angular p ro late  spheroidal wave functions. This method has also 
been trea ted  th eo re tica lly  by Abbiss (1977). Veltman e t al have 
described th is  method as a parameter free procedure; i t  only assumes 
tha t the time series is  bandwidth lim ited and th a t the bandwidth is  
known. The complete autocorrelation  function is  then approximated by 
a se ries  of bandwidth lim ited terms: tlie angular p ro late  spheroidal 
wave functions.
Veltman, van den Bos e t al (1973) have explained the calcu lation  
steps required by the method and sta ted  th a t there is  an appreciable 
amount of computational time involved. They have also sta ted  tha t
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the accumulation of rounding o ff  errors soon tend to mask an honest 
estim ation. Veltman e t a l have also compared th is  technique with the 
maximum entropy method for extrapolating certa in  autocorrelation 
functions and show th a t while accurate re su lts  were obtained over a 
wide extrapolation in te rval with the maximum entropy method, th is  was 
not the case when using the angular p ro late  spheroidal wave functions,..
Thus a number of methods and techniques have been studied to 
minimize the problems resu ltin g  from truncation. Nevertheless, i t  
appears th a t the methods discussed by Burg (1975) and Stone (1978) 
y ie ld  more sa tis fac to ry  re su lts . These two methods are believed to 
be equivalent, Stone (1978), although th is  has to be formally proved.
Another major problem aris ing  in  the d ig ita l analysis of time 
se rie s , re la te s  to the sampling in te rv a l. When the signal is  sampled, 
the sampling points require defining. For the conventional method of 
equi-spaced sampling, i t  is  important to ensure tha t the sampling 
period is  su ffic ie n tly  small to  adequately describe the high frequency 
information in  the signal. I f  the signal is sampled a t points too fa r  
apart, however, the values obtained can e ffec tive ly  represent a high 
frequency as an apparent low frequency. In other words, an 'a lia se d '
spectrum may be obtained.
I f  the sampling in te rval is  At then the useful frequency in fo r­
mation l ie s  in the range • I f  frequencies higher than
1
are present in  the orig inal data, then these w ill be folded
back in to  the useful range and w ill lead to confusion over the true
frequency content of the signal. The quantity f c~2£ p  'LS caB ed. the
cu t-o ff or Nyquist frequency. Hence, in  equi-spaced sampling, i t  is
essen tia l to sample a t an in te rval Ax- y r - ,  where f  must be higher than the
c c
maximum frequency present in  the o rig inal time se ries  th a t is  being
represented by the sampled values.
Non-uniform sampling gives r is e  to d iffe ren t a lias ing  e ffec ts .
Much research has been undertaken on various types of non-uniform sampling.
techniques and th e ir  re la tio n s  to the problem of a lias in g .
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In p a r t i c u l a r ,  i t  i s  known th a t  P o isso n  sam pling  i s  
in h e r e n t ly  a l i a s - f r e e ;  S h ap iro  & S ilverm an  (1 9 6 0 ).
The establishment of conditions, under which 
a lia s -fre e  spectra l analysis from randomly sampled signals is  possible, 
is  fu rther studied by: Beuller & Lenman (1966), Beutler (1970),
Masry (1971) and Thompson (1971). The methods of spectra l estim ation 
from randomly sampled time series have been discussed and developed 
by Gaster & Roberts (1975) and (1977).
Another technique, th a t is  p a rticu la rly  useful when data is  to 
be d isc re te ly  sampled and there ex is ts  a re s tr ic tio n  on the minimum 
allowable sampling in te rv a l, is  sequential sampling; Toy (1978). I f  
the minimum allowable sampling in te rval is  AT, with uniform sampling 
the maximum obtainable c u t-o ff frequency would be:
However, by using a sampling in te rval tha t s ta r ts  with a single 
in te rval AT and increases arithm etically  an-amount Act, theN yqu is t 
frequency is  extended to 1/2At . .Nevertheless, there is  a problem th a t 
no autocorrelation estim ates are available in  the time lag range from 0 to AT.
Stone (1978) has introduced a method of estim ating the unknown 
in i t i a l  autocorrelation coeffic ien ts  based on the theo re tica l 
p roperties of the au tocorrelation m atrices, p rin c ip a lly  sim ilar to 
the extrapolation method. Stone (1978) has applied the method to 
some exact au tocorrelation  functions, a problem encountered by Gaster 
& Bradbury (1976) in re la tio n  to the random sampling, and an example 
of sequential sampling missing R(l) only.
Although the method of estim ating the in i t i a l  coeffic ien ts seemed to 
lead to sa tis fac to ry  re s u lts ,  further*study of i t  has been suggested;
Stone (1978). The sequential sampling scheme also requires fu rther 
study; in fa c t, no emperical or theo re tica l evidence seems to  be available 
in re la tio n  to i t s  contribution towards the problem of a lias ing .
Some of the problems and methods, discussed in th is  survey, may 
need to be 'em pirically 1 investigated by simulation studies. Simulation 
is  the act of representing some aspects of rea l world by numbers or 
symbols which can be easily  manipulated to f a c i l i ta te  th e ir  study;
McLeod (1968).
Gaussian random data with certa in  prescribed autocorrelation 
functions can be generated by passing white noise through lin ear 
f i l t e r s .  The method of d iscrete  simulation of random data has been 
discussed in Franklin (1963), (1965). In th is  th e s is , the tran sfe r 
functions of the f i r s t  and second order f i l t e r s ,  required for simu­
la tio n s of the f i r s t  and second order Gaussian random processes 
w ill be designed. Tlie d iscre te  data are then simulated, on a d ig ita l 
computer, by exciting  the f i l t e r s  with d iscrete  white noise and 
sampling the response.
This th es is , therefore , undertakes tlie following tasks. The 
s ta t i s t i c a l  errors in the estim ation of p robability  density functions 
are considered. Tlie sampling properties of the autocorrelation 
coeffic ien ts are also investigated , and the estimate errors are consi­
dered. The autocorrelation  extrapolation and the maximum-entropy 
spectral estim ation methods are em pirically studied. Tlie maximum entropy 
spectra are transformed to the autocorrelation domain and the equiva­
lence of maximum determinant and maximum entropy approaches are shown 
an a ly tica lly  and demonstrated em pirically. The in i t i a l  coeffic ien ts 
estim ation method is  also fu rth er studied. The problem of a lias ing  
is  considered an a ly tica lly  and em pirically. Tlie e ffec ts  of data 
in terpo la tion  on the resu lting  spectra are then examined. In p a rticu la r, 
the lin ea r and cubic spline in terpo lations of the autocorrelation 
function and the sampled data are considered. Tlie sequential sampling 
scheme is  also considered, an a ly tica lly  and em pirically, and i t s  
contribution in  minimizing the problem of a liasing  is  proved and
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demonstrated. Further, the autocorrelation and spectral estimations 
from sequentially  sampled data are discussed and presented.
24.
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CHAPTER 3
SIMULATION OF GAUSSIAN TIME SERIES WITH PRESCRIBED
AUTOCORRELATION FUNCTIONS
The simulation of sta tionary  time series with a prescribed, 
autocorrelation function may be required for a varie ty  of purposes 
in engineering, economics, mathematics and the sciences. However, the 
desired autocorrelation function should be capable of representing 
random data. I t  is  known th a t fo r zero mean random data, the 
autocorrelation decays as the time delay increases; Bendat & Piersol 
(1966).
The generation of lin ea r processes is  based on passing white 
noise through lin e a r  f i l t e r s .  'The f i l t e r  ch arac te ris tic s  should be 
derived according to the desired autocorrelation function of the 
output signal. This chapter considers the f i r s t  and second order 
random processes, which are the outputs of f i r s t  and second order 
lin ear systems respectively . For the second order case, both underdamped 
and overdamped systems are considered. The prescribed autocorrelation 
functions used, are exp(-ax), exp (-ax)cos (bx) and H exP(“aT) +e%p(~bx) ]; 
where a and b are rea l positive  qu an titie s .
Hie d iffe re n tia l  equation modelling and d ig ita l computer 
simulation of time series is  well known and has been discussed in 
Franklin (1963), (1965). The time series may be required in continuous 
or d iscre te  forms. In th is  chapter, systems w ill be designed in  the 
continuous form, which when excited with continuous white noise should 
output the desired continuous time se rie s . When the systems are 
excited with d iscre te  white noise, however, the d iscrete  time series 
with any time spacings may be obtained by sampling the response. The 
recurrence equations for sim ulation on a d ig ita l computer are , hence, 
derived.
Samples of time se rie s  re a liz a tio n  are shown. The estim ates of
the autocorrelation functions, obtained from the simulated data, are 
also shown and compared with the expected functions.
3 .i  SIMULATION OF DISCRETE GAUSSIAN WHITE NOISE
T heoretically , white noise is  a random process whose autocorrelation 
is  zero everywhere, except a t zero time delay; i t s  power spectrum is  
also constant for a l l  the frequency range. The second property 
ju s t i f ie s  the term ’white noise ' by analogy with the op tical spectrum 
of white l ig h t.
Most of the computer languages and even some desk calcu lators 
include algorithms or functions for generation of random sequences, 
in  the range (0 ,1), with a unifom  probability  d istribution^ Today, 
the most successful generation of these sequences is  according to the 
m ultip licative  congruential method; Knuth (1969). In th is  method, the 
two following m ultip licative  sequences are generated:
xr+i “ Fraction (axr /M) (3.1.1)
and
yr+ l=Fraction (b© /M) (3.1.2)
A sequence of random numbers, U p  is  then formed using:
Ur+1= Fraction[(xr+1 +yr+1 )/M]
In the method used in th is  th e s is , the spectrum of the d iscre te  time se ries  
is  not p recisely  "white", but the bandwidth is  much greater than the 
ch arac te ris tic  times of the f i l t e r s .  Methods for generating "white" 
d iscrete  noise are discussed by Franklin (1963, 1965).
* These sequences actually  repeat a f te r  a f in i te  number of in te rv a ls .
However, by the choice of su itab le  algorithms , i t  is  possible to
generate sequences of such length th a t they can be trea ted  for a l l
p rac tica l purposes as of in f in i te  extent.
quan tities  inside the brackets are divided by M and the integer part
is  taken away, i . e .  the frac tio n a l part is  only used; Knuth (1969)
and NAG (1977). The following constants are used for a,b and M:
„ 715 , c9 046 a=3 , b=5 , M=2
and the seed numbers for the s ta r t  of the sequence are chosen as:
x =y =1234567 o 7o
12These give a long sequence and 10 random numbers may be generated 
before the same sequence is  repeated; NAG (1977).
The above procedure y ields a random sequence with a unifoim 
probability  density d is tr ib u tio n  in  the range (0,1). To obtain a 
Gaussian random sequence, the method of JBox& Muller (1958 ) may be used. 
Let IJ^  and be independent random variables both with uniform 
probability  density d is trib u tio n s in the in te rval (0 ,1). Consider 
the random variab les:
W^ s (-2JinUj) 2cos(2 ttU2)
W2=(-2AnU1)^ s in (2irU2) 
and form a p a ir of independent random variables with Gaussian 
probability d is tr ib u tio n  and with a mean value of zero and variance 
of unity .
A sequence of random variables W , with the standard (zero mean 
and un it variance) Gaussian d is tr ib u tio n  may, therefore , be generated 
from the equations, NAG (1977),
V l = (“2£n Ur - i } "cos (2,rV  (3.1.4)
Wr =(-2mUr _1)^sin(27rUr ) (3.1.5)
I f  tlie random variable Z, with a rb itra ry  mean (y) and variance (a2) ,
is  required then the following transformation can be applied:
Z=aW+y (3.1.6)
a,b  and M are constants and frac tio n  (..) denotes th a t the
As an example of th is  generation technique a sample with s ize
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N=30 000, of the d iscre te  Gaussian white noise generated according to 
the above method, was produced on a d ig ita l computer. The autocorrelation 
coeffic ien ts were estimated and the f i r s t  51 lag values are shown in 
Figure 1. I t  is  seen th a t the autocorrelation function is  zero a t every 
non-zero lag in terval and thus forms a sa tis fac to ry  "white noise" 
sequence property. A re la tiv e ly  large sample size has been used here, 
to obtain re la tiv e ly  accurate estim ates.
3.2 MODELLING AND SIMULATION OF TIME SERIES
I t  is  shown, in th is  section, th a t the Gaussian time series with 
certa in  prescribed autocorrelation functions (or power spectra) may 
be simulated by passing white noise through lin ea r f i l t e r s .  A lin ear 
f i l t e r  (or system) is  the physical rea liza tio n  of a lin e a r d iffe ren tia l 
(or in d iscrete  case, difference) equation. The simulated process i s ,  
hence, e ffec tive ly  represented by a d iffe re n tia l or difference equation, 
being obtainable fo r the known lin e a r f i l t e r  c h a ra c te r is tic s .
A b r ie f  account of lin e a r  systems and th e ir  input-output 
re la tionsh ips may be found in Appendix A.3. Consider a lin ear system 
with frquency response G(jto), i t  is  shorn in Appendix A. 3 tha t the
following rela tionsh ip  holds between the input and output spectral 
densities:
where Sw(w) and (co) are the input and output signals spectral 
densities , respectively . G (-jw) is  the complex conjugate of G(jw)
Now, i f  the input signal is  Gaussian white noise, with zero mean and 
un it variance,
Sx (w) -G (j w) G (-j oj) Sw (w) (3.2.1)
2and, hence, G(j<,j)G(-ju) is  |G(jio)| which is  a rea l quantity .
(3.2.2)
Sx (u))=G(ja.)G(-jM)=|G(ju. ) | 2 (3.2.3)
Equation (3.2.3) suggests an approach, as well as lim ita tio n , 
to generating time se rie s  with a prescribed autocorrelation  function 
(or spectra l d en sity ). I f  the output signal is  required to have an 
au tocorrelation  function R(t) , i t s  (mathematical, two sided) spectra l 
density S (w) can be found by Fourier transform ation of R(t) . This
A
spectra l density has to be factorized  into complex conjugate terms 
to obtain the required f i l t e r  frequency response G(jw), or equivalently 
a function G(j ca) has to be found such tha t |G(jw) | equals S_^(w). I t  
is  shown in  Laning & B attin  (1956) th a t a lin ea r f i l t e r  design is
possible only i f  S (w) is  a ra tio n a l function in terms of u ; i . e .  i f
X
S (u) is  expressible as a quotient of two polynomials including even 
powers of w only. I f  the power spectrum, which may have been obtained 
experimentally fo r example, does not meet th is  requirement, i t  has
to be approximated by a ra tio n a l function of w . Laning & Battin (1956)
have discussed methods of obtaining a least-square approximate in such 
s itu a tio n s . The examination of non-linear f i l t e r  design, Veltman e t 
al (1973), shows th a t s im ila r lim ita tions would apply to  th is . For a 
n on -linearity , however, an additional problem is  also imposed. That 
i s ,  while lin e a r  systems preserve the p robab ility  density of the input 
signal, non-linear systems do not. I t  seems th a t, the design of 
a f i l t e r  fo r an a rb itra ry  prescribed power spectrum is  not yet 
possib le .
However, when the required lin e a r  f i l t e r  frequency response,
G(jw), is  obtainable, jw may be replaced by the Laplace operator s to 
give the f i l t e r  tran s fe r  function, G(s). From the tran sfe r function, 
G(s), the recurrence equations fo r simulation on a d ig ita l  computer 
can also be obtained. An approach to th is  may be found in  Appendix 
A..4 and w ill be used in th is  chapter.
I f  the denominator of G(s) is  of order n, in terms of s , the 
system is  referred  to as being of order n and the output signal is  
also ca lled  an ntF order process.
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Further, i t  is  known th a t, for a lin ear system, i f  the input is  
a zero mean Gaussian signal then tlie output w ill also be a zero mean 
Gaussian signal; Davenport & Root (1958), Laning & Battin (1956) and 
Papoulis (1965). The time se ries  simulations discussed in th is  chapter, 
are also known to be sta tionary ; Franklin (1965) .
3.3 SIMULATION OF THE FIRST ORDER GAUSSIAN PROCESS
Consider the autocorrelation function:
R(x)=exp(-ax) (3.3.1)
Tlie spectral density may be obtained by Fourier cosine transformation
of equation (3 .3 .1 ), th a t is :
S (a)) =2/exp (-ax) cosa)xdx~ y2a~ (3.3.2)
a +a>
S(<jo) can be factorized  into complex conjugate factors as:
(3.3.3)
In general', th is  may be accomplished, for example, by w riting:
2a al  al  al
a2+w2 bi +b2 i^w) 1 2  ( - jw) b2+b2ca2 
where a^,b^ and are re a l; equating the coeffic ien ts gives:
a1=/2a , b^=a , b2=l
Comparison of equations (3.3.3) and (3.2.3) gives: 
rr-i
Hence, the required f i l t e r  tran sfe r function is  given as:-
G (s )= ^ | (3.3.4)
I t  is  observed th a t tlie denominator in equation (3.3.4) is  of f i r s t  
order in terms of s; th a t i s ,  G(s) represents a f i r s t  order system. 
The response of th is  system to Gaussian white noise excita tion  is  
called  a f i r s t  order Gaussian random process.
Equation (3.3.4) can be w ritten  in the d iffe re n tia l form 
( illu s tra te d  in Appendix A.3 ) ,  th a t is ,
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x (t) =~ax(t)+ /(2a)w (t) (3 .3 .5)
where w(t) is the white noise input, x (t)  is  the output time series and 
x (t) denotes the f i r s t  derivative of x ( t) .
For simulation on a d ig ita l  computer, the recurrence equations 
should be obtained. From equation (3.3.5) the tran s itio n  matrix 
(which is  scalar in th is  case) can be w ritten  as:
The time domain solution to the d iffe re n tia l equation (3.3.5) may 
then be w ritten  as:
In th is  equation W(k) is  the d iscrete  Gaussian white noise and an 
a rb itra ry  value can be taken for x(o). The recurrence equation gives
the successive values of the time series a t in tervals of AT.
Numerical Example
For a=l, that is th e  autocorrelation function:
q(t)=exp(-at) (3.3.6)
x ( t)= n ( t- t0) x ( t0)+G (t-t0)w(t0)
where B (t-t ) ,  given by equation (A.4 .6) ,  can be w ritten  as:
o
Hence the solution is :
x (t) =exp [- a ( t - t Q) ]x ( tQ) {1-exp [ -a ( t - t Q) ] }w ( tQ) (3.3.7)
where t  is  the in i t i a l  time.o
Equation (3.3.7) gives the recurrence equation as:
R(x);=exp(-T)
equation (3.3.8) gives the recurrence equation as:
(3.3.9)
x (k+1) =exp (- AT) x (k) +/2 [1 -exp (- AT) ] W (k)
This was simulated, on a d ig ita l  computer, with ATO.05.
A rea liza tio n  of 1000 values of the time series is  shown in 
Figure 2a.
(3.3.10)
A sample of 30000 values of the time series was also simulated, 
on a d ig ita l computer, to estim ate the autocorrelation function. The 
autocorrelation coeffic ien ts  were estimated, using equation (A .I.20). 
The lag values up to R(50) are shown and compared with the true 
function, in  Figure 2b. Hie estimated coeffic ien ts show a good 
agreement with the true curve,
3.4 SIMULATION OF THE SECOND ORDER GAUSSIAN PROCESS
The descrip tion of underdamped and overdamped systems may be 
found in  Appendix A.3. The autocorrelation function of the output 
signal w ill d if fe r , according to the categoiy in which the system 
f a l l s .  In the following sub-sections the autocorrelation functions 
exp(-ax)cosbT and \ [exp(-ax)+exp(-bT)] are considered. I t  w ill be 
seen th a t the former corresponds to an underdamped second order 
system and the l a t t e r  to an overdamped second order system.
3.4.1 The Autocorrelation Function exp(-ax)cosbx
Consider the au tocorrelation function:
R(x)-exp(~ax)cosbx (3.4.1)
The spectral density may be obtained by Fourier cosine transformation 
of equation (3 .4 .1 ), th a t i s :
2 2 2
S (to) =2/exp (-ax)cosbxcostoxdx=—^-2a-I£a- J-----=- (3 .4 .2)
ja+(b+cor] [aZ+(b-<or]
This can be factorized  into complex conjugate factors as:
S(M) - © © b 2+l a)------    (3 ,4.3)
La©b©(ju) )+2a(ju>) [ a W + ( - j i , in + 2a(-jo>)
Comparison of equations (3.4.3) and (3.2.3) gives:
nf. ^ / 2 a ( / a 2+b2+j(o) , ,  4 ^G(jco)=—-  k-j.---------  (3.4.4)
[a +b +(jw) ]+2a(jw)
Hence, the required f i l t e r  tran sfe r function is  given as:
G(s)=-© s+© bb  (3.4.5)
s +2as+(a +b )
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I t  is  observed th a t the denominator in equation (3.4.5) is  of second 
order in terms of s; th a t is  G(s) represents a second order system.
The response of th is  system to Gaussian white noise excita tion  is  
called  a second order Gaussian random process. Furthermore, since 
the roots of the denominator are complex, i t  is  also called  an 
underdamped second order system; Harrison & Bollinger (1969).
From equation (3 .4 .5 ), the time domain and recurrence equation, 
for simulation on a d ig ita l  computer, may be obtained. Let w(t) be
the white noise input to the system and x (t) i t s  response; then
r r ^-X (s)
G(*S') W(s)
where X(s) and W(s) are the Laplace transforms of x (t)  and w (t), 
respectively . Hence, equation (3 .4 .5 ), a f te r  rearrangement, gives: 
sX(s)=[/2aW (s)-2X(s)]+i[d.W (s)-(a2+b2 )X(s)] (3.4.6)
where,
d=[2a(a2+b2) /  (3.4.7)
Now, l e t  the following new variables be introduced:
Y1 (s)=X(s) (3.4.8)
Y2 (s)= |[d .W (s)-(a2+b2 )X(s)] (3.4.9)
Then from equations (3 .4 .6 ), (3.4.8) and (3.4.9) the following 
d iffe re n tia l equations may be obtained:
y{ Ct) =:''2y1  (t) +y2 (t) +/2aw (t) (3 .4 . 1 0 )
y *2 (t) (a2+b2)y1  (t) +d. w(t) (3 .4 .1 1 )
These d if fe re n tia l equations may be w ritten  in  the matrix form as:
y_' (t)=Ay(t)+bw(t)
x
where,
t t ^ c ^ t )  (3.4.12)
A=
-2 1 2 2 - (a z+b4) 0 , b -/2 a
1 1 t
y a2+b2j, cr =[l 0] (3.4.13)
Substitu tion has also been made for d from equation (3 .4 .7 ). The time 
domain solution to the above matrix d iffe re n tia l equation is :
X (t)= n (t-t0)x ( t0)+B (t-t0 )w(t0) (3.4.14)
where M t - t X
B (t-to)= 1  0
(3.4.15)
and the tran s itio n  matrix f t( t’) , with t ’= t- to , is  given as:
e x p (-a t’) cosb t’~~exp(-at' ) s in b t ' ^ ex p (-a t' ) s in b t 1
n (t ')= 2 , 2 a +bcl » D i
~ exp ( - a t ')  sinbt ’ exp ( - a t?) cosbt * +£exp(-at«) s in b t 1
(3.4.16)
The elements of vector J3 are also obtained as:
2 +b '  [1 -exp ( - a t 1 )cosbt' ] + [b+r-(l-/a2+b2)] exp ( - a t ’) s i n b t '}
a +b D
(3.4.17)
2 ^ 2~>/a +b ] [1-exp ( - a t ')  c o sb t1 ] + [b -j^ (l-/a2+b2] exp ( - a t ’) s in b t ’ } 
a +b °
(3.4.18)
The above equations give tlie recurrence equations fo r simulation 
on a d ig ita l  computer, as follows: 
y1  (k+1 ) =p1 y1  (k) +qxy2 (k)+6^  (k) 
y2 (k+1 )=p2y1 (k)+q2y2 (k)+e2W(k)
x(k+l)=y^(k+l) (3,4.19)
where,
p^=exp(-aAT)cosbAT-^exp(-aAT)sinbAT
q^=^exp(-aAT)sinbAT (3.4.20)
a2+b2P2=- —exp(~aAT)sinbAT
q2=exp (-aAT) cosbAT+^exp (-aAT) sinbAT 
3  ^ and e2 are also given by equations (3.3.17) and (3.3.18), 
respectively , i f  replacing t ’ by AT. In the above equations W(k) 
is  the d iscrete  Gaussian white noise and a rb itra ry  values may be chosen 
for y1 (0) and y2 (0). Tlie recurrence equations give the successive 
values of the time series a t in te rv a ls  of AT.
For a=l, and b=ir, th a t is  the autocorrelation function: 
R(x)=exp(-x)cos-rrx (3.4.21)
the time series was simulated, on a d ig ita l computer, with ATO.05 
and AT — 0.1. A rea liza tio n  of the time se rie s , for up to x=50i£
shown for each case in Figures 3a and 3b.
Further, a sample of 30000 values of the time series was 
simulated, on a d ig ita l computer, to estimate the autocorrelation 
function. For both cases, aT=0.05 and AT=0.1 , the lag values up to 
R(50) are shown and compared with the true function,, in Figures 3c 
and 3d, respectively . The estimated coeffic ien ts show good agreement 
with the true curves.
3.4.2 The Autocorrelation Function \ [exp(-ax)+exp(-bx)]
Consider the autocorrelation function:
R (t)“2 [exp(-ax)+exp(-bx)] (3.4.22)
The corresponding spectra l density may be obtained by Fourier cosine
transformation of equation (3.4.22), tha t i s : '
2
S(ui)=27 l [exp(-ax) +exp(-bx) ]cost jxdx"— (3. 4. 23)
0 (az+</) (bz+c/)
This can be factorized  into complex conjugate factors as:
(/ab+ju) /(a+b)(/ab-ju) , ,  , , , ,
SM  (a+jui) (b+ju) -T a - jP (V P )  (3.4.24)
Comparison of equations (3.4.24) and (3.2.3) gives:
Numerical Example
r r illx_na+bT(/ab+jw) (v , nr.
(a+jw) (b+jm) (3.4.25)
Hence, the required f i l t e r  tran sfe r function is  given as:
1 J (a+s) (b+s) (,5.4.2b)
I t  is  observed th a t the denominator in equation (3.4.26) is  of second 
order in terms of s; th a t is  G(s) represents a second order system.
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The response of th is  system, to Gaussian white noise exc ita tion , Is 
called  a second order Gaussian random process. Since the roots of 
the denominator are re a l, i t  is  also called  an overdamped second 
order system; Harrison & Bollinger (1969).
From equation (3.4.26), the time domain and recurrence equations,
fo r simulation on a d ig ita l  computer, may be obtained. Let w(t) be
the white noise input to the system and x (t) i t s  response; then
G<+=W(fy (3.4.27)
Equations (3.4.26) and (3.4.27), with introducing new variables y^(s) 
and y2 (s), give:
y 2 _ / (a+b)
W(s) a+s (3.4.28)
y±(s ) /iE+s
y ^ [s j * ~E+s~ (3.4.29)
where y2 (s) is  a dummy variable and
x(s)=y1 (s) (3.4.30)
From equations (3.4.28) and (3.4.29) the following d iffe re n tia l 
equations may be w ritten :
y© t)=-by© t)© /ifo-a)y2 (t)+/farib)w(t) (3.4.31)
y2 (t)= -a y2 (t)+/(a+b)w(t) (3.4.32)
Hie matrix representation of the system may, therefore , be 
w ritten  as:
(t) =Ay(t) +bw(t)
(3.4.33)
where,
~h i /o K -o i  r i
> £  ~[1 0] (3.4.34)
The time domain solution to the above matrix d iffe re n tia l equation 
is :
~b /ab-a Y
A=
. 0 -a
, b=/(a+b)
l
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X(t) Ct“t Q)x ( tQ) + £ (t- tQ)w ( tQ) 
xC tO ^xC t) 
where,
(3.4.35)
i ( t - t  )«
(3.4.36)
and the tran s itio n  matrix f t ( t ') ,  w i th 't ’= t- t , is  obtained as: 
exp(-b t’) (/ab~a) [exp(-a t’) -e x p (-b t ')]
0 exp ( - a tT)
The elements of vector £  are also given as:
ft(t')= (3.4.37)
B^(t')=/La+Ey{ (/alj-l) [ l - e x p ( - a t ') ]R ^ ^ - [ l - e x p ( - b t ')] (3.4.38)
32 Ct1)= /(a+b){1 -ex p (-a t’)} (3 .4 . 39)
The above equations give the recurrence equations, fo r simulation
on a d ig ita l computer, as follows: 
y± (k+l)=p1 y1  (k)+q1 y2 (k)+3xW(k) 
y2 (k+l)=p2y2 (k)+82W(k)
x(k+l)=y1 (k+1 ) (3.4.40)
where:
P1 =exp(-bAT)
q 1 =(/aF-a)[exp(-aAT)-exp(-bAT)]
q 2=exp(-aAT) (3.4.41)
Pi and 32 are also given by equations (3.4.38) and (3 .4 .39), respectively, 
when replacing t '  by AT. In tlie above equations W(k) is  the d iscrete  
Gaussian white noise and a rb itra ry  values can be chosen for y^(0) and 
y2 (0). The recurrence equations give the successive values of the 
time series a t in te rv als  of AT.
Numerical Example
For a=l and b=2, th a t is  the autocorrelation function: 
R(x)=HexP(-T) +exp(-2x)] (3.4.42)
the time series was simulated, on a d ig ita l computer, with
AT=0.04. A rea liza tio n  of the time series,up  to t=50, is  shown in 
Figure 4a.
Further, a sample of 30 000 values of the time se rie s , was 
simulated, on a d ig ita l  computer, to estimate the autocorrelation 
function. The lag values up to R(50) are shown and compared with the 
true curve, in Figure 4b. Hie estimated coeffic ien ts show a good 
agreement with the true curve.
3.5 SUMMARY
This chapter has considered the simulation of Gaussian time 
series with prescribed autocorrelation functions. The method was 
based on passing white noise through lin ea r f i l t e r s  and designing 
the f i l t e r  ch arac te ris tic s  fo r a prescribed autocorrelation 
function. Simulation of d iscre te  Gaussian white noise was also 
considered and, in p a rtic u la r, simulation of the f i r s t  and second 
order processes were studied. F il te r  tran sfe r functions for these 
were designed and the recurrence equations, for sim ulation on a 
d ig ita l computer, were obtained. They included the autocorrelation 
functions: exp(-ax), exp(~ax)cosbx and \ [exp(-ax)+exp(-bx)]; where 
a and b are rea l positive  q u an titie s .
In the following chapters, the simulation of the time se ries  is  
used to study some problems aris ing  in  the measurement and analysis 
of random signals.
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CHAPTER 4
PROBABILITY DENSITY FUNCTIONS
The p robability  density function is  one of the main types of 
s t a t i s t i c a l  c r i te r ia  used to  describe the basic properties of random 
data. Hence, in  the study of random data, an estim ation of the 
probab ility  density function may be required. In p rac tice , especially  
with the aid of d ig ita l computers, th is  is  accomplished by dividing 
an appropriate range into a number of in tervals and observing a f in i te  
sample size . The accuracy of the estim ation then depends on the 
sample size and the window size .
The d ig ita l procedure for p robab ility  density estim ation is 
given in Bendat & Piersol (1966) and a b r ie f  account of i t  may be 
found in  Appendix A .l. The s ta t i s t i c a l  errors used to describe the 
estimate inaccuracies are also defined in  Appendix A.2.
Consider an estimate p(x) obtained for a true probab ility  density 
function p(x). For continuous signals of bandwidth B, the normalized 
mean square error of the estim ate is  given by equation (2 . 1 . 1 ) , that 
is ,
c2 y Pn (x)'
2BTWp(x) 576 p W .
where W is  the window size and p"(x) denotes the second derivative of 
p(x) m th  respect to x. In the above equation, which is  given for a 
continuous record of length T, c is  a constant depending on the 
autocorrelation function of the signa l. For d iscrete  uncorrelated 
data, 2BT may be replaced by the number of samples and a value 1.0 has 
been given for c as would be expected th eo re tica lly ; Bendat & Piersol 
(1971). The above formula, however, seems to require fu rther study 
with regards to the e ffec ts  of the second term and varia tions of the 
e rro r with sample and window sizes, for probability  density estimates
of d iscrete  time se ries .
In th is  chapter, the case o f d iscrete  data is  considered. The 
estimate e rro r is  analysed and i t s  expression is  approached. This i s ,  
basica lly , in  accordance with the analysis given in Bendat & Piersol 
(1971) for continuous case. I t  is  then applied to tlie uniform and 
standard Gaussian p robab ility  densities and shown tha t the second term 
(which includes second order d if fe re n tia l)  is  zero for the former case and 
neglig ib le for the la t te r .  Further, the probability  density estimate 
e rro r is  studied by simulations on a d ig ita l computer and comparison 
of theo re tica l and empirical re su lts .
4.1 ANALYSIS OF THE ESTIMATION ERRORS
The d ig ita l estim ator for a p robab ility  density function is  given 
by equation (A. 1.19). I t  is  known th a t th is  estim ator is  biased;
Bendat & P ierso l (1971) give the bias of the estimate as:
2
' M p (x )]^~ p "(x ) (4 .1 .1)
I t  is  also shown, in the same reference, tha t the variance of the
estim ate, based upon observing N independent sample values, is  given by: 
var[p(x)]=B M  (4.1.2)
Equation (A.2.5) gives the mean square erro r as:
E [ (P (x) "P (x))2] =var [p (x) ] +b2 [p (x) ] 
where E denotes the expectation operator. This, a f te r  substitu tion  
from equations (4.1.1) and (4 .1 .2 ), y ie ld s :
E [(p(x)-p(x52]= E ^ IQ ^ [ p " (x ) ] 2 (4 .1 .3)
Hence, tlie normalized mean square e rro r of the estimate is :
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2_E[(p(x)-p(x)) 1 1 • , W
m p2 (x) ' W W ™
2l 1 "'4 [P"M
. P(x) (4.1.4)
The derivation of the above equation is  based upon observing N 
independent sample values. I f  the samples are correlated  then th is  
expression is  not appropriate and i t  is  sometimes suggested th a t, in
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th is  case, the expression is  replaced by:
_£ + W [p"0 0 l
NWp(x) 576 P(X)J (4.1.5)
where N is  the sample size and the constant c is  dependent upon the 
autocorrelation function of the data and the sampling period; Bendat 
& Piersol (1971). However, when N represents the number of independent 
samples then equation (4.1.5) w ill reduce to (4 .1 .4 ), with c being 
equal to  unity.
4.2 APPLICATION TO THE UNIFORM PROBABILITY DENSITY FUNCTION
Consider a uniform p robab ility  density function in the range 
(0 , 1 ) , fo r which: 
p(x)=l , 0o « l
=0 , otherwise (4.2.1)
Since p"(x)=0, the bias term is  zero and the normalized root mean 
square e rro r becomes the same as the normalized standard e rro r. Hence, 
equation (4.1.5) w ill not include the bias term and w ill reduce to:
where er  is  the normalized standard e rro r or the re la tiv e  e rro r.
4.3 APPLICATION TO THE GAUSSIAN PROBABILITY DENSITY FUNCTION
Consider a Gaussian density function in  the standard form, i .e .  
with zero mean and u n it variance, for which:
p(x) = (/2ir) ^expfrx^) (4.3.1)
This, when d iffe ren tia ted  twice with respect to x gives:
[p"(x)]2= [(l-x 2 )p (x )]Z (4.3.1)
the maximum value of which occurs a t x=0 and is :
Max[p"(x)]2= +
Hence, from equation (4.1.1) the maximum value of the square of the 
bias term is :
For a Gaussian d is tr ib u tio n , about 99.91 of the data f a l l  in the range 
(“3a,3a), where a is  the standard deviation; Parzen (1960).
Thus,for a signal with a un it standard deviation, dividing th is  practical 
range in to  M s lo ts  gives the window size as
Ms
Then, equation (4.3.2) gives:
Max{b2 [p(x)]}= 1Z96,
1152ttM'
I f  the range has been divided in to , say, ten. s lo ts , then;
Max(b2 [p(x)]}= (10~5)
Therefore, the bias term appears to be neglig ib le . The normalized 
root mean square e rro r then becomes the same as the normalized standard 
e rro r. Hence, equation (4.1.5) may be reduced to:
em"er “v/NWp(x) (4.3.3)
or equivalently:
[P 00 ~P W ] 2_c2 (4.3.4)
p(x) NW
Minimum and Maximum Errors
The minimum and maximum values of the estimate e rro rs , for a 
standard Gaussian density, may be evaluated from equation (4 .3 .3), as 
follows. This equation shows th a t the re la tiv e  erro r is  a minimum when p(x) 
is  a maximum and vice-versa. The maximum value of p(x) occurs at 
x=0 and gives:
„ 1  * 58c ,, — —
emin~ /NW C • • )
I f  x = ± 3d is  taken as an upper bound of p rac tica l in te re s t then
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Max{b [p(x) ]>= (4.3.2)
15.02c ,, _
Gmax~ 'M i (4.3.6)
Hence, for the same sample and window sizes:
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£ c 9 .5  (4.3.7)
-mm
4.4 SIMULATION STUDIES
The d ig ita l procedure for p robability  density estim ation was 
programmed on a d ig ita l computer. Independent random variables with 
a uniform d is trib u tio n  in the range (0 , 1 ) , independent random variaoles 
with a standard Gaussian d is tr ib u tio n  and the f i r s t  and second order 
Gaussian processes were simulated on a d ig ita l computer, according to 
the methods introduced in Chapter 1. The p robab ility  density functions 
were estimated, in the cases of uncorrelated data with various window 
and sample sizes, and in the cases of correlated  data for d iffe ren t 
sampling periods.
For the uniform density case, sample sizes of, 1 000,
5 000 to 100 000 (in steps of 5 000) were chosen. D ifferent 
window sizes were used and, in  each case, tlie estim ation erro r was 
calculated according to:
/' I  M  7i f u q p w - l ] 4} (4.4.1)s
Mg is  the number of s lo ts , p(n) is  the estimate of the probability
density in  the s lo t and also 1  inside the brackets represents the
true value of the uniform density function. For each window size,
the re la tiv e  erro r er  was p lo tted  against the sample size and compared
with the error expected th eo re tica lly , as given by equation (4 .2 .2);
in th is  equation the constant c was put equal to unity  since independent
random numbers were being used.
Furthermore, in each case, the quantity was also calculated,
where N is  the sample size and W=~- is  the window size ( i t  is  noted
s
tha t the density function is  in the range 0 to 1). This would give 
the proportionality  constant, c, which is  expected to be about unity .
Hie simulation re su lts , with the range divided in to  20 s lo ts , 
are shorn in Figures 5a and 5b. Figure 5a shows p lo tted  against 
the sample size and Figure 5b shows p lo tted  versus the sample
size. Using 30, 40 and 50 s lo ts , the corresponding re su lts  are shown 
in  Figures 6a, 6b; 7a, 7b and 8a, 8b respectively.
From the p lo ts  of e and th e ir  comparisons with the theore tical 
curves, i t  is  seen th a t the empirical re su lts , obtained by simulation, 
show a good agreement with the theo re tica l curves. For the p lo ts of 
e /^NW, in each case, the mean value of the points was also calculated 
and drawn as a s tra ig h t lin e  p a ra lle l to the abscissa. This would be 
an average value for the p roportionality  constant c. I t  is  seen that 
in  every case the mean value, obtained for c, is  very close to unity.
I t  is  also seen tha t the re la tiv e ly  small sca tte rs  of about the 
theo re tical curves are magnified in  the p lo ts ; th is  is  due to
m ultip lication  by /N which is  re la tiv e ly  large.
Next, independent random variables from a standard Gaussian 
d is trib u tio n  were simulated, with a sample size of 100  000 and 
d iffe ren t s lo t s izes. In each case, the following quantity:
c+ JP.(n )-p (?)l2MV (4 .4 .2)
P(n) v 7
which is  obtainable from equation (4 .3 .4), was calculated. As before,
thp(n) is  the estimate of p robab ility  density in the n s lo t and p(n)
is  the corresponding true value. Hie quantity c is  expected to have
an average value of unity  for independent random variab les.
2The mean square erro r constant of p roportionality , c , was
p lo tted  against the s lo t number, n, and i t s  average value was also
calculated and drawn as a s tra ig h t line  p a ra lle l to the abscissa. This
was repeated for d iffe ren t window sizes given by as explained
in section 4.3, where is  the number of s lo ts . The simulation
resu lts  for M equal to 2.0, 30, 40 and 50 are shown in Figures 9a, 9b, s
9c and 9d respectively . I t  can be seen from these figures th a t the
2
average values of c are around un ity . The sc a tte r  of points about the
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mean have been magnified due to m ultip lication  by a large value N.
n
The average values of c were calculated for M equal to 20 to
100 in steps of 10. A p lo t of these against M is  shown in Figure 1 0 .
The mean of these values, was also calculated which gives c*0.98.
Moreover, a d iffe ren t sample size of 50 000 was also simulated
2with Ms=50. The p lo t of c versus the s lo t number is  shown in 
Figure 11. Similar observations, as before, can be made from th is  
figure and the mean value is  also seen to be very close to unity.
F inally , in  order to demonstrate th a t c depends on the 
autocorrelation function of the data and the sampling period, f i r s t  
and second order Gaussian processes with zero mean, un it variance and 
known autocorrelation functions were also considered. The time series 
were simulated with d iffe ren t sampling periods, a re la tiv e ly  large
sample size (100 000) and, 50 s lo ts  were used for the probability
_ 2 
density function estim ates. In each case, the quantity c was p lo tted
against the s lo t number and i t s  mean value was computed from
contributions of d iffe ren t s lo ts .
The f i r s t  order process with autocorrelation function:
R(T)=exp(-T) (4.4.3)
was simulated with time in te rvals  of 0.05 and 0 .1 .. The re su lts  for
2At=0.05 . are shown in Figure 12a; the average value of c gives
c=2.95. The re su lts  corresponding to At=0.1 are also displayed in
Figure 12b; i t  gives c=2.18.
The second order process with the autocorrelation function:
R(T)=exp(“T)cosiTT (4.4.4)
was simulated, using the same time in te rv a ls , as before, i .e .  0.05,
and 0.1 . Figure 12c shows the re su lts  for At=0.05. * the average 
2value of c gives c=1.94. Figure 12d also shows the re su lts  for 
At=0.1j giving c-0.97.
The simulations of the corre la ted  data would, therefore , indicate 
tha t the constant c depends on the associated autocorrelation function
45 .
and sampling period. This w ill be fu rther discussed in section 4.5.
4.5 DISCUSSION AND CONCLUDING REMARKS
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The s ta t i s t ic a l  errors in the d ig ita l estim ation of p robability  
density functions were considered. The estimate error was seen to be 
composed of a random portion and a bias term. The bias term would 
depend on the window size  and the second derivative of the probability  
density function. The erro r analysis was applied to the examples of 
the uniform and standard Gaussian density functions. The bias term 
was seen to be zero fo r the former and negligible for the la t te r ;  the 
re la tiv e  erro r could, hence, be represented by the random portion only. 
That i s ,  the root mean square erro r would reduce to the standard e rro r.
The re la tiv e  error was found to be inversely proportional to 
the square root of the product of sample size, window size and the 
probability  density function. The constant of p roportionality , c, 
was th eo re tica lly  expected to be unity  for independent random 
variables and dependent on the autocorrelation and sampling ra te , 
otherwise.
The inverse p roportionality  between the error and the window 
size would oppose the high resolu tion  requirements. In addition, the 
smaller the window size , the less is  the bias e rro r. However, when 
a high resolution (small window size) is  used, the e ffec t on the 
erro r may be compensated by increasing the sample size .
The estimate erro r was fu rther investigated by simulations on a 
d ig ita l computer. Independent random variab les, from a uniform 
d is trib u tio n , were simulated; th is  showed a very good agreement between 
the errors obtained em pirically and those expected th eo re tica lly . The 
constant c was also seen to be very close to unity . Independent 
random variables from a standard Gaussian d is trib u tio n  were also 
simulated and, again, the overall average value obtained for c was 
close to unity.
Correlated data, with known autocorrelation functions were also 
considered; a f i r s t  and a second order Gaussian process were simulated, 
with d iffe ren t sampling periods. The indication was th a t, for corre lated  
data, the constant c would depend on the associated autocorrelation 
function and sampling period. Consequently, an empirical value could not 
be suggested for c, due to the fac t th a t i t  would depend on the 
autocorrelation function, and, for a given autocorrelation, would vary 
with the sampling period.
47.
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CHAPTER 5
STATISTICAL VARIABILITIES OF THE AUTOCORRELATION
ESTIMATES IN  UNIFORM SAMPLING
T h is  c h a p te r  s tu d ie s  th e  s t a t i s t i c a l  v a r i a b i l i t i e s  o f  th e  
a u to c o r r e la t io n  f u n c t io n  e s t im a te s ,  o b ta in e d  fro m  u n i fo r m ly  sam pled 
d a ta .  T h e o r e t ic a l ly ,  th e s e  a re  w e l l  e s ta b l is h e d ;  B a r t l e t t  (1 9 4 6 ), 
K e n d a ll (1 9 7 3 ), A nderson  (1 9 7 6 ), Box & J e n k in s  (1 9 7 6 ), J e n k in s  &
W atts  (1 9 6 8 ). The t h e o r e t ic a l  r e s u l t s  a re  b r i e f l y  re v ie w e d  and 
e x p la in e d  i n  th e  n e x t  s e c t io n .  L a te r ,  i n  t h i s  c h a p te r ,  th e s e  r e s u l t s  
and t h e i r  p r a c t i c a l  im p l ic a t io n s  a re  in v e s t ig a te d  b y  s im u la t io n  s tu d ie s .
5 .1  THE PROPERTIES OF AUTOCORRELATION ESTIMATES
When a ze ro  mean sam ple re c o rd  o f  le n g th  T fro m  a s ta t io n a r y  
t im e  s e r ie s  x ( t )  i s  a v a i la b le ,  th e  a u to c o v a r ia n c e  f u n c t io n  is  
e s t im a te d  a s :
D i g i t a l l y ,  how eve r, th e  a u to c o r r e la t io n  fu n c t io n  e s t im a te  may be 
w r i t t e n  as :
e s t im a te s  w h i le  th e  e s t im a te s  a p p e a r in g  i n  e q u a tio n s  ( 5 .1 .1 )  and
(5 .1 .3 )  a re  known to  be u n b ia s e d ; Bendat & P ie r s o l  (1 9 6 6 ). N e v e r th e le s s , 
f o r  th e  la g  number ( r )  b e in g  s m a ll r e l a t i v e  to  th e  sam ple s iz e  (N ) , 
th e  two e s t im a te s  d i f f e r  l i t t l e  fro m  one a n o th e r .
The v a r ia n c e  o f  C (t ) ,  whose d e r iv a t io n  may be fo u n d  i n  Bendat & 
P ie r s o l  (1 9 6 6 ), i s  g iv e n  b y :
( 5 .1 .1 )
and th e  a u to c o r r e la t io n  fu n c t io n  e s t im a te  i s  g iv e n  as:.
R (t )= C (t ) /C (0 ) ( 5 .1 .2 )
(5 .1 .4)
The v a r ia n c e  o f  R ( r )  was f i r s t  o b ta in e d  by  B a r t l e t t  (1946) and a 
d e r iv a t io n  o f  i t  i s  a ls o  g iv e n  in  K e n d a ll (1 9 7 3 ). T h is  may be 
w r i t t e n  a s :
00
V a r [R ( r )  ] CD +R ( i+ r )  R ( i - r )  -4 R ( r )  R ( i ) R ( i - r )  +2R2 ( i )  R2 ( r )  ] ( 5 .1 .
i=~oo
S t r i c t l y  s p e a k in g , e q u a t io n  ( 5 .1 .5 )  has been, d e r iv e d  f o r
th e  b ia s e d  e s t im a to r  and has N in s te a d  o f  N - r  o u ts id e  th e  sum m ation.
From th e  d e r iv a t io n  g iv e n  b y  K e n d a ll (1973) and as J e n k in s  & W atts  
(1968) have adop te d  ( f o r  a u to c o v a r ia n c e  f u n c t io n ) , N may be re p la c e d  
by  N - r  f o r  th e  u n b ia s e d  e s t im a to r .
The c o v a r ia n c e  betw een th e  a u to c o r r e la t io n  e s t im a to rs  i s  a ls o  
g iv e n  b y :
co
C o v [R (r)  ,R ( r+ s )  ] R ( i+s ) + R ( i+ r + s ) R ( i - r )  ] ( 5 .1 .6 )
-»oo
w h ic h  in d ic a te s  t h a t  th e  a u to c o r r e la t io n  e s t im a to rs  can be h ig h ly  
c o r r e la te d ;  J e n k in s  & W a tts  (1 9 6 8 ). Now, c o n s id e r in g  th e  case o f  
w h ite  n o is e ,  f o r  w h ic h  R (0 )=1  and R ( i) = 0 ,  i> 0 ,  th e n : 
C o v [R ( r ) ,R ( r +s ) ) w h. te n o is e  G
I t  i s  n o te d  th a t  t h i s  i s  o n ly  a p p ro x im a te ly  e q u a l to  z e ro , s in c e  
e q u a t io n  ( 5 .1 .6 )  g iv e s  an a p p ro x im a te  r e la t io n s h ip .  T h a t i s ,  th e ' 
a u to c o r r e la t io n  e s t im a te s  fro m  w h ite  n o is e  w o u ld  n o t  be e xp e c te d  to  be 
p u r e ly  u n c o r re la te d  b u t  can be o n ly  s l i g h t l y  c o r r e la te d .  T h is  s l i g h t  
c o r r e la t io n  w o u ld , how ever, d is a p p e a r when a f a i r l y  la rg e  sam ple s iz e  
i s  u se d , as e xp e c te d  fro m  e q u a t io n  ( 5 .1 .6 ) .
The above r e s u l t s  may be j u s t i f i e d  and u n d e rs to o d  i f  we exam ine th e  
way i n  w h ich  th e  a u to c o r r e la t io n  c o e f f i c ie n t s  a re  e s t im a te d .
C o n s id e r th e  a u to c o r r e la t io n  e s t im a to r  g iv e n  b y  e q u a t io n  ( 5 . 1 .3 ) .  The 
e s t im a te  R ( r )  can be w r i t t e n  v e c t o r i a l l y  as :
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x (r)
R (r ) “  —  [x (0 )  x ( l )  —  x (N ~ r ) ]
(N .-r)R (O )
x ( r + l )
(5 .1 .7 )
x  (N)
The e s t im a te  R (r+ 1 ) can  a ls o  be w r i t t e n  a s :
x ( r + l )
R (r+ 1 ) =---------------------
(N - r - l)R (O )
x ( r+ 2 )
[x (0 )  x ( l )  x ( N - r - l ) ] ( 5 .1 .8 )
x(N )
C om parison o f  e q u a tio n s  ( 5 .1 .7 )  and ( 5 .1 .8 )  shows t h a t  th e  e lem en ts  o f  th e  
row  v e c to r  i n  th e  second e q u a t io n ,  a re  th e  same as th e  f i r s t  (N - r -1 )  
e lem en ts  o f  th e  row  v e c to r  i n  th e  f i r s t  e q u a tio n . M o re o ve r, th e  
e le m e n ts  o f  th e  co lum n i n  th e  second e q u a t io n ,  a re  th e  same as th e  
l a s t  (N - r -1 )  e le m e n ts  o f  th e  co lum n i n  th e  f i r s t  e q u a t io n .  However, 
f o r  c o r r e la te d  d a ta ,  th e  e le m e n ts  i n  th e  rows and co lum ns o f  each 
e q u a tio n  w i l l  a ls o  be c o r r e la te d .
I t  i s ,  t h e r e fo r e ,  seen t h a t  th e  s u c c e s s iv e  a u to c o r r e la t io n  
e s t im a te s  can be dependen t and t h e i r  e s t im a te  e r r o r s  may be h ig h ly  
c o r r e la te d .  Even i f  th e  o r i g i n a l  d a ta  was w h ite  n o is e ,  one w o u ld  n o t  
e x p e c t th e  e r r o r s  i n  th e  e s t im a te s  o f  s u c c e s s iv e  la g  v a lu e s  to  be 
e n t i r e l y  u n c o r r e la te d .  I t .  i s  c le a r ,  th e re fo r e ',  t i ia t  th e  e r r o r s  in  th e  
s u c c e s s iv e  la g  v a lu e  e s t im a te s  can  be h ig h ly  c o r r e la te d .
5 .2  A SIMPLIFICATION FOR THE ORDER OF MAGNITUDE OF THE ERRORS
I t  was seen fro m  e q u a t io n  ( 5 . 1 . 5 ) ,  t h a t  an assessm ent o f  th e  
a u to c o r r e la t io n  e s t im a te  e r r o r  r e q u ir e s  a know ledge o f  th e  w h o le  o f  
th e  t r u e  a u to c o r r e la t io n  c o e f f i c ie n t s  a t  la g s  be tw een ze ro  to  i n f i n i t y .  
In  t h i s  s e c t io n ,  th e  p o s s i b i l i t y  o f  s im p l i f y in g  th e  fo rm u la ,  by 
assum ing a model f o r  th e  a u to c o r r e la t io n  fu n c t io n  i s  in v e s t ig a te d .
Consider the following model for the autocorrelation function:
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R(r)=p, r |  (-l<p< l) (5 .2 .1 )
w here i t  i s  assumed t h a t  th e  f u n c t io n  damps o u t  e x p o n e n t ia l ly .  Fo r 
a p o s i t i v e  v a lu e  o f  p , i t  w i l l  g iv e  a s im p le  d e c a y in g  e x p o n e n t ia l,  
w h i le  f o r  a n e g a t iv e  v a lu e  o f  p th e  d e c a y in g  fu n c t io n  i s  o s c i l l a t o r y .  
S u b s t i t u t in g  fro m  e q u a t io n  ( 5 .2 .1 )  in t o  e q u a tio n  ( 5 . 1 . 5 ) ,  th e  fo l lo w in g  
r e s u l t ,  Box & J e n k in s  (1 9 7 6 ), i s  o b ta in e d :
i s  n o t  a f fe c te d  by  th e  s ig n  o f  p . E q u a tio n  ( 5 .2 .2 )  can , th e r e fo r e ,  
be a u s e fu l  a p p ro x im a tio n  f o r  b o th  o s c i l l a t o r y  and s im p le  d e c a y in g  
e x p o n e n t ia l fu n c t io n s  t h a t  th e  a u to c o r r e la t io n  can  assume. In  u s in g  
e q u a t io n  ( 5 .2 . 2 ) ,  how eve r, one has to  b e a r  i n  m ind  th e  f a c t  t h a t  a 
m odel o f  th e  fo rm  g iv e n  b y  e q u a tio n  ( 5 .2 .1 )  has been assumed f o r  th e  
a u to c o r r e la t io n  f u n c t io n .
I t  rem a ins  to  s e le c t  a v a lu e  f o r  p . I f  t l ie  e n v e lo p e  o f  t l ie  
a u to c o r r e la t io n  f u n c t io n  i s  assumed to  be o f  th e  fo rm  e x p ( - c x ) ,  th e n :
p = e xp (-cA x ) ( 5 .2 .3 )
where Ax i s  th e  sa m p lin g  p e r io d .  The c h o ic e  o f  c o n s ta n t  c w o u ld  
r e q u ir e  th e  r a te  o f  decay o f  t l ie  a u to c o r r e la t io n  fu n c t io n  to  be known. 
T h is  may be known o r  a p p ro x im a te ly  o b ta in a b le  fro m  th e  a u to c o r r e la t io n  
e s t im a te s .  The d i g i t a l  com pu te r s im u la t io n s  were used  (as re p o r te d  in  
th e  f o l lo w in g  s e c t io n )  f o r  f u r t h e r  s tu d y  o f  th e s e  r e s u l t s .  The 
s im u la t io n  s tu d ie s  w ere  a ls o  used to  in v e s t ig a te  how u s e fu l  an 
a ssu m p tio n : p = e xp (-A x ) may be f o r  v a r io u s  a u to c o r r e la t io n  d e ca y in g  
r a t e s .
However, f o r  any p ro c e s s  f o r  w h ic h  th e  a u to c o r re la t io n s  R ( r )  a re  
ze ro  f o r  r> k ,  a l l  te rm s e x c e p t th e  f i r s t  a p p e a rin g  on th e  r ig h t - h a n d  
s id e  o f  e q u a tio n  ( 5 .1 .5 )  a re  ze ro  when r> k .  Thus f o r  th e  v a r ia n c e  o f  
th e  a u to c o r r e la t io n  e s t im a te s ,  R ( r ) ,  a t  la g s  beyond w h ic h  th e  t h e o r e t ic a l
j- V
where e ( r )  i s  th e  s ta n d a rd  e r r o r  o f  th e  e s t im a te  R ( r ) .
( 5 .2 .2 )
2E q u a tio n  ( 5 .2 .2 )  i s  seen to  be i n  te rm s o f  p and, hence , e ( r )
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autocorrelation is deemed to have decayed, equation (5 .1 .5 ) gives:
V a r [ R ( r ) ] = ^ _ [ l+ 2 i | 1R2 ( i ) ]  , r> k (5.2.4)
T h is ,  i n  p r a c t ic e ,  may be used b y  r e p la c in g  th e  a u to c o r r e la t io n  
c o e f f i c ie n t s  w i t h  t h e i r  e s t im a te s .  F o r th e  la rg e  la g  s i t u a t io n ,  
e q u a t io n  (5 .2 .2 )  w o u ld  a ls o  te n d  to  i t s  l im i t i n g  v a lu e  and p ro v id e d  p i s  
n o t  c lo s e  to  u n i t y ,  i t  g iv e s :
where e^C r) i s  th e  s ta n d a rd  e r r o r  a t  la rg e  tim e  d e la y .
5 .3 .  SIMULATION STUDIES
The s im u la t io n  s tu d ie s  re p o r te d  in  t h i s  s e c t io n  a re  used  b a s ic a l ly  
to  d e m o n s tra te  tw o p o in t s .  The f i r s t  i s  to  show th e  c o r r e la t io n  betw een 
e s t im a te  e r r o r s .  U s in g  s im u la te d  random d a ta , th e  e s t im a te d  a u to ­
c o r r e la t io n  fu n c t io n s  fro m  r e l a t i v e l y  s m a ll sam ple s iz e s  a re  compared 
w i t h  th e  " t r u e ”  fu n c io n s * .
The second i s  to  compare th e  e s t im a te  e r r o r s  w i t h  B a r t l e t t ' s  fo rm u la  
and th e  s im p l i f ie d  e x p re s s io n  and , h ence , to  in v e s t ig a te  how u s e fu l 
th e s e  fo rm u la e  may be i n  p r a c t ic e .  The random d a ta  s im u la t io n s  use 
th e  g e n e ra t in g  m ethods g iv e n  i n  C h a p te r 3 .
5 .3 .1 .  The A u to c o r r e la t io n  E s tim a te s
C o n s id e r th e  f i r s t  o rd e r  G auss ian  p ro ce ss  w i t h  a u to c o r r e la t io n  
fu n c t io n :
The results were shown in section 3.3; a sample size of 30 000 was 
generated with At=0.05 and autocorrelation estimates were computed 
for 50 time lag intervals.
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( 5 .2 .5 )
R (t )= e x p ( - t ) (5.3.1)
* T rue  fu n c t io n  h e re  i s  ta k e n  to  im p ly  th e  fu n c t io n  o b ta in e d  fro m  an 
i n f i n i t e  sample s iz e .
I n  th e  p re s e n t ca se , th e  30 000 sam ples a re  d iv id e d  in t o  s i x  b lo c k s  each 
o f  s iz e  5 000 and th e  a u to c o r r e la t io n  c o e f f i c ie n t s  R(0)->-R(50) a re  
e s t im a te d  i n  each b lo c k ,  u s in g  e q u a t io n  ( 5 . 1 . 3 ) .  The e s t im a te s  c o r re s ­
p o n d in g  to  th e  f i r s t  and f o u r t h  b lo c k s  a re  shown and compared w i th  th e  
t r u e  c u rv e  i n  F ig u re  13a. Those c o r re s p o n d in g  t o  second and t h i r d  b lo c k s  
a re  d is p la y e d  in  F ig u re  13b and, f i n a l l y ,  F ig u re  13c shows th e  e s t im a te s  
o f  th e  f i f t h  and s ix t h  b lo c k s  and com pares them w i th  th e  t r u e  c u rv e .
I t  i s  seen fro m  th e s e  r e s u l t s  t h a t ,  s in c e  a r e l a t i v e l y  s m a ll 
sam ple s iz e  (5 000) has been u se d , th e  a u to c o r r e la t io n  e s t im a te s  d e v ia te  
i n  an o b s e rv a b le  way fro m  t h e i r  t r u e  v a lu e s .  The in d iv id u a l  d e v ia t io n s  
c le a r l y  do n o t  l i e  ra n d o m ly  a b o u t th e  t r u e  c u rv e  and th e  e r r o r s  a re  
c le a r l y  c o r r e la te d  w i t h  one a n o th e r .  T h is  w o u ld  be an e xp e c te d  r e s u l t ,  
as d is c u s s e d  i n  s e c t io n  5 .1 .
I t  i s  a ls o  seen , t h a t  due to  th e  absence o f  random s c a t t e r ,  th e  
a u to c o r r e la t io n  c o e f f i c ie n t s  e s t im a te d  b y  a s m a ll sam ple s iz e  may 
have a d e c e p t iv e ly  smooth a p p e a ra n ce , d e s p ite  th e  f a c t  t h a t  th e y  may be 
h ig h ly  in a c c u ra te .
N e x t,  c o n s id e r  th e  second o rd e r  G auss ian  p ro c e s s  w i t h  a u to c o r r e la t io n  
fu n c t io n :
R (T )= exp (-T )cos iT T  (5 .3 .2 )
These d a ta  had a ls o  been s im u la te d  i n  s u b -s e c t io n  3 .4 .1 ,  w i t h  At =0 .0 5  
and a sam ple s iz e  o f  30 000 . The e s t im a te s  o f  th e  la g  v a lu e s  R (0 )-> R (50 ), 
p lo t t e d  i n  F ig u re  3c , showed good agreem ent w i t h  th e  t r u e  f u n c t io n .
The 30 000 sam ple v a lu e s  have a g a in  been d iv id e d  in t o  s i x  b lo c k s  o f  
5 000 and th e  a u to c o r r e la t io n  c o e f f i c ie n t s  R (0 )-d l(5 0 ) e s t im a te d  in  each 
b lo c k ,  u s in g  e q u a tio n  ( S . X 3 ) .  As i n  th e  p re v io u s  c a s e , th e  e s t im a te s  
c o rre s p o n d in g  to  each b lo c k  a re  p lo t t e d  and com pared w i t h  th e  t r u e  
f u n c t io n .  F ig u re  14a shows th o s e  o f  th e  f i r s t  and f o u r t h  b lo c k s ,
F ig u re  14b d is p la y s  th o s e  o f  th e  second and t h i r d  b lo c k s  and F ig u re  
14c c o rre sp o n d s  to  th e  f i f t h  and s i x t h  b lo c k s .
A g a in , th e  e r r o r s  a re  c le a r l y  c o r r e la te d  and sm ooth a u to c o r r e la t io n  
e s t im a te s  a re  o b ta in e d  even fro m  c o m p a ra t iv e ly  s m a ll sam ple s iz e s .
As a f u r t h e r  d e m o n s tra t io n  o f  th e  sa m p lin g  fe a tu re s  o f  th e  
a u to c o r r e la t io n  e s t im a te s ,  th e  random d a ta  w i th  th e  a u to c o r r e la t io n  
fu n c t io n  g iv e n  by  e q u a tio n  ( 5 . 3 . 1 ) ,  w ere  s im u la te d  w i t h  a sam ple s iz e  
o f  5 000 and At =0 .0 5 . In  t h i s  ca se , how ever, la g  v a lu e s  R(0)-»-R(500) 
w ere  e s t im a te d . These a re  shown and com pared w i th  th e  t r u e  fu n c t io n  
i n  F ig u re  15a.
I t  i s  o b se rve d , fro m  th e  above f ig u r e ,  t h a t  o n ly  few  i n i t i a l  la g -  
v a lu e  e s tim a te s  a re  c lo s e  to  th e  t r u e  c u rv e  b u t  th e  g e n e ra l appearance 
o f  th e  e s t im a te d  a u to c o r r e la t io n  f u n c t io n  has been d is t o r t e d  and i t  
has f a i l e d  to  damp o u t .  The f a c t  t h a t  th e s e  in a c c u ra c ie s  a re  th e  
s a m p lin g  e f f e c t s  c o u ld  be v e r i f i e d  b y  u s in g  a la rg e  sam ple s iz e  and 
e x p e c t in g  im provem ent upon th e  e s t im a te d  fu n c t io n .  F o r t h i s ,
500 000 sam ple v a lu e s  were used and th e  la g  v a lu e s  R (0 )+ R (500 ) were 
e s t im a te d . These a re  shown and com pared w i th  th e  t r u e  c u rv e  in  
F ig u re  15b . I t  i s  seen t h a t  th e  a u to c o r r e la t io n  e s t im a te s ,  d e s c r ib in g  
th e  m a in  p a r t  o f  th e  fu n c t io n ,  a re  f a i r l y  a c c u ra te  and l i e  on th e  t r u e  
c u rv e . F o r th e  d e c a y in g  p a r t ,  to o ,  th e  e s t im a te s  a re  c lo s e  to  th e  
t r u e  v a lu e s  and th e  a m p litu d e  o f  th e  o s c i l l a t i o n s  has c o n s id e ra b ly  
d im in is h e d  and become n e g l ig ib le .  The e s t im a te d  fu n c t io n  i s  seen to  
decay and i t s  d i s t o r t i o n  has d is a p p e a re d . The e s t im a te d  fu n c t io n  i s ,  
how eve r, n o te d  to  be a s a t i s f a c t o r y  r e p re s e n ta t io n  o f  th e  t r u e  c u rv e .
The d a ta  s im u la te d  so f a r ,  i n  t h i s  s e c t io n ,  w ere  c o r r e la te d .  Now, 
u n c o r re la te d  d a ta  a re  a ls o  c o n s id e re d . In  s e c t io n  3 .1 ,  t h a t  30 000
sample v a lu e s  o f  G auss ian  d is c r e te  w h ite  n o is e  w ere s im u la te d ,  th e  
i n i t i a l  51 la g  e s t im a te s  w ere shown i n  F ig u re  1 and seen to  com p ly  
w i t h  th e  e x p e c te d  v a lu e s .  H e re , a s m a ll sam ple s iz e  i s  used  to  a l lo w  
th e  e s t im a te  in a c c u ra c ie s  to  be p ro noun ced . U s in g  1 000 sam ple 
v a lu e s ,  th e  la g  v a lu e s  R(0)->R(50) w ere  e s t im a te d  and a re  d is p la y e d  
in  F ig u re  16 . I t  can be seen fro m  t h is  f ig u r e  t h a t  th e  d e v ia t io n s  o f  
th e  e s t im a te s  fro m  t h e i r  t r u e  v a lu e s  (z e ro )  do n o t  s c a t t e r  c o m p le te ly  
ra n d o m ly  b u t  a re  a ls o  a p p a re n t ly  c o r r e la te d .  T h is  w o u ld  be an
e x p e c te d  r e s u l t ,  as d is c u s s e d  i n  s e c t io n  5 .1 ,  f o r  th e  u n c o r re la te d  
d a ta .
5 .3 .2  The E s t im a te  E r r o r s
T h is  s u b -s e c t io n  com pares th e  a u to c o r r e la t io n  e s t im a te  e r r o r s ,  
o b ta in e d  e m p i r ic a l ly  (b y  s im u la t io n ) ,  w i t h  B a r t l e t t ' s  fo rm u la  and 
a ls o  th e  s im p l i f ie d  e x p re s s io n , g iv e n  i n  s e c t io n  5 .2 .  The p r a c t i c a l  
u s e fu ln e s s  o f  th e s e  fo rm u la e , i s  hence in v e s t ig a te d .  E q u a tio n  (5 .1 .3 )
i s  used to  e s t im a te  th e  a u to c o r r e la t io n  c o e f f i c ie n t s  and th e  e r r o r s  a re  
c a lc u la te d  as th e  a b s o lu te  v a lu e s  o f  th e  d i f fe r e n c e s  be tw een th e  t r u e  
and e s t im a te d  c o e f f i c ie n t s .  F o r B a r t l e t t ’ s fo rm u la ,  how eve r, s u f f i c i e n t  
number o f  t r u e  a u to c o r r e la t io n  c o e f f i c ie n t s ,  a l lo w in g  th e  fu n c t io n  to  
de ca y , w ere  s u b s t i t u te d  i n  e q u a tio n  ( 5 . 1 . 5 ) .  In  u s in g  th e  s im p l i f i e d  
e x p re s s io n , g iv e n  by  e q u a t io n  ( 5 . 2 . 2 ) ,  p was p u t  e q u a l t o  e x p (-A x )  
o r  e x p ( -c A x ) ,  f o r  known v a lu e s  o f  c ,  as w i l l  be seen l a t e r .
C o n s id e r th e  random d a ta  f o r  th e  f i r s t  o rd e r  f i l t e r .  U s in g  1 000 
sam ple v a lu e s  and a sa m p lin g  i n t e r v a l  o f  A x= 0 .05 , th e  la g  v a lu e s  R (0 )-*R (990) 
and , h e n ce , th e  c o rre s p o n d in g  e s t im a te  e r r o r s  w ere  o b ta in e d .  The e r r o r s  
a re  p lo t t e d  v e rs u s  th e  la g  number and com pared w i t h  th e  B a r t l e t t  c u rv e , 
in  F ig u re  17a. I t  i s  seen t h a t  th e  e r r o r s  a re  a p p a re n t ly  c o r r e la te d  and 
f lu c t u a t e  a b o u t th e  B a r t l e t t  c u rv e . C le a r ly ,  th e  B a r t l e t t  e x p re s s io n  
g iv e s  o n ly  a rough  g u id e  to  th e  e r r o r s  t h a t  can be e xp e c te d  fro m  a p a r t i c u la r  
s e t  o f  d a ta .
55.
-To more p r o p e r ly  compare th e  e xp e c te d  e r r o r  m agn itude s  w i t h  th o s e  
g iv e n  by  B a r t l e t t ' s  fo rm u la ,  th e  above e x p e rim e n t was re p e a te d  f o r  
d i f f e r e n t  sequences to  o b ta in  an ave rage  (e x p e c te d ) v a lu e .  In  f a c t ,
50 000 sam ple v a lu e s  w ere d iv id e d  in t o  50 b lo c k s ,  each o f  s iz e  1 000 .
In  each b lo c k ,  th e  a u to c o r r e la t io n  c o e f f ic ie n t s  R (0)-+R(990) w ere 
e s t im a te d  and t h e i r  d i f fe r e n c e s  w i t h  th e  t r u e  v a lu e s  w ere o b ta in e d .
F o r e v e ry  c o e f f i c i e n t ,  th e s e  d i f fe r e n c e s  (fro m  each sequence) were 
squa red  and summed. The sums w ere  th e n  d iv id e d  by  th e  num ber o f  
sequences (50). and th e  r o o t  mean sq u a re  e r r o r s  w ere  com puted. F ig u re  
17b shows th e  r o o t  mean squa re  e r r o r s  and compares them  w i t h  th e  
B a r t l e t t  c u rv e . I t  i s  seen t h a t  th e  e r r o r s  now l i e  c lo s e  to  th e  
B a r t l e t t  c u rv e . I t  in d ic a te s  t h a t  B a r t l e t t ' s  fo rm u la  can g iv e  th e  
e x p e c te d  e r r o r  m agn itude s  a s s o c ia te d  w i t h  th e  a u to c o r r e la t io n  
e s t im a te s .
N e x t, c o n s id e r  th e  random d a ta  f o r  th e  underdam ped second o rd e r  
f i l t e r  w i th  th e  a u to c o r r e la t io n  fu n c t io n  g iv e n  by  e q u a t io n  ( 5 . 3 . 2 ) .
A sa m p lin g  in t e r v a l  o f  Ax=0.1  and 50 000 sam ple v a lu e s  w ere used to  
e s t im a te  th e  a u to c o r r e la t io n s .  The e s t im a te  e r r o r s ,  c o rre s p o n d in g  to  
R ( 0 ) , R (1 0 0 ) , R (2 0 0 ) , . . . ,  R(49 9 0 0 ) , a re  p lo t t e d  v e rs u s  th e  la g  number 
and compared w i t h  th e  B a r t l e t t  c u rv e , i n  F ig u re  18a. The s im p l i f ie d  
e x p re s s io n , by  assum ing a m odel o f  th e  fo rm  e x p ( -x )  f o r  th e  a u to c o r r e la t io n  
fu n c t io n ,  i s  a ls o  p lo t t e d  in  t h i s  f ig u r e .
H e re , t h a t  a r e l a t i v e l y  la r g e  sam ple s iz e  has been u se d , th e  
e r r o r  m agn itudes  a re  seen to  have c o n s id e ra b ly  re d u ce d . The B a r t l e t t
c u rv e  seems to  in d ic a te ,  a p p ro x im a te ly ,  th e  o rd e r  o f  m agn itude  o f  
th e  e r r o r s .  The c u rv e  c o rre s p o n d in g  to  th e  s im p l i f i e d  e x p re s s io n  
a ls o  appears to  g iv e  a u s e fu l  in d ic a t io n  o f  th e  e r r o r s .
Due to  th e  s m a ll o rd e r  o f  m a g n itu d e  o f  th e
e r r o r s  and a ls o  la r g e  t im e  d e la y s  be tw een th e  e s t im a te d  la g  v a lu e s ,
th e  c o r r e la t io n  be tw een th e  e r r o r s  i n  n o t  as a p p a re n t as in  th e  p re v io u s
case .
A g a in , as i n  th e  case o f  p re v io u s  a u to c o r r e la t io n  fu n c t io n ,  in
o rd e r  to  more p r o p e r ly  compare th e  e x p e c te d  e r r o r  m ag n itu d e s  w i th  th e  B a r t l e t t  
c u rv e , 50 000 sam ple v a lu e s  w ere d iv id e d  in t o  50 b lo c k s ,  each o f  s iz e  
1 000 . In  each b lo c k ,  th e  a u to c o r r e la t io n  c o e f f i c ie n t s  R(0)-+R(990) 
w ere e s t im a te d  and, c o n s e q u e n tly ,  th e  r o o t  mean squa re  e r r o r s  were 
o b ta in e d . F ig u re  18b shows th e  r o o t  mean square  e r r o r s  and compares 
them  w i t h  th e  B a r t l e t t  c u rv e . I t  i s  seen t h a t  th e  e r r o r s  l i e  c lo s e ly  
a b o u t th e  B a r t l e t t  c u rv e , in d ic a t in g  t h a t  th e  l a t t e r  g iv e s  th e  e xp e c te d  
e r r o r  m agn itudes a s s o c ia te d  w i th  th e  a u to c o r r e la t io n  e s t im a te s .
M oreover, th e  f o l lo w in g  a u to c o r r e la t io n  fu n c t io n ,  w h ic h  has a 
s lo w e r  r a te  o f  decay and more f r e q u e n t  o s c i l l a t i o n s ,  was a ls o  
c o n s id e re d :
R (x )= e x p (-x /5 )c o s l2 T rx  ( 5 .3 .3 )
The G auss ian  random p ro c e s s , w i t h  th e  above a u to c o r r e la t io n  fu n c t io n ,  
was s im u la te d  w i t h  a sa m p lin g  in t e r v a l  o f  Ax=0.025 and a sam ple s iz e  
o f  5 000 . The la g  v a lu e s  R ( 0 ) , R (1 0 ) , R (2 0 ) , . . . ,  R(4 900) w ere 
e s t im a te d  and th e  c o rre s p o n d in g  e r r o r s  w ere o b ta in e d . F ig u re  19a 
g iv e s  th e s e  e r r o r s ,  p lo t t e d  v e rs u s  th e  la g  num ber, and com pares them 
w i t h  th e  B a r t l e t t  c u rv e . I t  a ls o  g iv e s  th e  cu rve  re p re s e n t in g  th e
s im p l i f i e d  e x p re s s io n . The l a t t e r  was o b ta in e d  b y  s u b s t i t u t in g  th e  
q u a n t i t y  e x p ( - A x ^ )  f o r  p i n  e q u a t io n  ( 5 . 2 . 2 ) ;  t h a t  i s ,  th e  
a u to c o r r e la t io n  fu n c t io n  was m o d e lle d  by  e x p ( - x ^ )  to  p ro v id e  th e  
d e c a y in g  r a te .
F ig u re  19b d is p la y s  th e  same r e s u l t s  as above , e x c e p t t h a t  th e  
c u rv e , r e p re s e n t in g  th e  s im p l i f ie d  e x p re s s io n , was o b ta in e d  by
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s u b s t i t u t in g  e x p ( -A t ) f o r  p i n  e q u a t io n  ( 5 .2 .2 ) .  The a u to c o r r e la t io n  
fu n c t io n  was, hence , m o d e lle d  b y  e x p ( - x )  and th e  d e c a y in g  r a te  was 
assumed unknown.
The h ig h  c o r r e la t io n  be tw een  th e  e m p ir ic a l e r r o r s  i s  a p p a re n t 
i n  th e s e  f ig u r e s  and th e  o b s e rv a t io n s  a re  s im i la r  to  th o s e  made 
p r e v io u s ly .  The B a r t l e t t  c u rv e , a g a in ,  appears to  se rve  in d ic a t in g ,  
a p p ro x im a te ly ,  th e  o rd e r  o f  m ag n itu d e  o f  th e  e r r o r s ;  th e  p a t te r n  o f  
th e  c o r r e la t io n  betw een th e  e r r o r s  i s  n o t  p ronounced  b y  t h i s  c u rv e .
F o r th e  e r r o r  m agn itudes, th e  s im p l i f ie d  e x p re s s io n , w i t h  th e  in c lu s io n  
o f  th e  a u to c o r r e la t io n  d e c a y in g  r a t e ,  seems to  be a u s e fu l  a p p ro x im a t io n ;  
a lth o u g h  i t  l i e s  s l i g h t l y  above th e  B a r t l e t t  c u rv e . How ever, when th e  
r a te  o f  decay is  n o t  in c lu d e d  and s im p ly  a model o f  th e  fo rm  e x p ( -x )  
i s  assumed th e  o rd e r  o f  m ag n itu d e  o f  th e  e r r o r s  a re  u n d e re s t im a te d , 
r e la t i v e  to  th e  B a r t l e t t  c u rv e . N e v e r th e le s s , i t  seems t h a t ,  i f  th e  
r a te  o f  decay i s  n o t  known and b e fo re  th e  a u to c o r r e la t io n s  a re  
o b ta in e d  to  a l lo w  i t s  d e te rm in a t io n ,  'th e  model e x p ( -x )  may be fo u n d  a 
u s e fu l a p p ro x im a tio n , and used c o n s e r v a t iv e ly ,  i n  s e le c t in g  th e  sample 
s iz e ,  f o r  in s ta n c e ;  tho u g h  i t  g iv e s  a more c rude  assessm ent th a n  th e  
B a r t l e t t  c u rv e .
Y e t ,  a n o th e r  f u n c t io n  w i t h  a f a s t  r a te  o f  decay , was c o n s id e re d .
F o r t h i s ,  random d a ta  w i t h  th e  fo l lo w in g  a u to c o r r e la t io n  f u n c t io n ,  
w ere s im u la te d :
R (x )= e xp (-5 x )co s l2 7 T x  ( 5 .3 .4 )
I t  has th e  same w a v e le n g th , as th e  p re v io u s  f u n c t io n ,  b u t  decays much 
f a s t e r .  The d a ta  w ere s im u la te d  w i t h  th e  same sa m p lin g  in t e r v a l  
(At=0 .02S  ) and sam ple s iz e  (5 000) as b e fo re .
The e s t im a te  e r r o r s ,  c o rre s p o n d in g  to  R (0 ) , R (1 0 ) , R (2 0 ) , . . .
R(4 9 0 0 ), w ere o b ta in e d .  F ig u re  20a d is p la y s  th e s e , p lo t t e d  a g a in s t  
th e  la g  number and compares them  w i t h  th e  B a r t l e t t  c u rv e . The f ig u r e  
a ls o  g iv e s  th e  c u rv e  r e p re s e n t in g  th e  s im p l i f ie d  e x p re s s io n , w i t h  th e  
in c lu s io n  o f  th e  d e c a y in g  r a t e ;  in  o th e r  w o rd s , th e  a u to c o r r e la t io n  
f u n c t io n  was m o d e lle d  by e x p (-S x )  and th e  q u a n t i t y  e x p (-5 A x ) was
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s u b s t i t u te d  f o r  p in  e q u a t io n  ( 5 . 2 .2 ) .
F ig u re  20b a ls o  shows th e  same r e s u l t s  as above, e x c e p t t h a t  th e  
c u rv e , re p re s e n t in g  th e  s im p l i f i e d  e x p re s s io n , was o b ta in e d  by  u s in g  
a m odel o f  th e  fo rm  e x p ( - x ) .  The d e c a y in g  r a te  was, hence , assumed 
unknown and e x p (-A x )  was s u b s t i tu te d  f o r  p i n  e q u a tio n  ( 5 . 2 . 2 ) .
The c o r r e la t io n  be tw een  th e  e m p ir ic a l e r r o r s ,  i s  n o t  p ro noun ced ; 
t h is  w o u ld  be a t t r ib u t e d  to  th e  r a p id  decay o f  th e  a u to c o r r e la t io n  
fu n c t io n  and t l ie  r e l a t i v e l y  la rg e  t im e  d e la y  be tw een th e  e s t im a te d  la g  
v a lu e s .  T lie  f ig u r e s  g iv e  o b s e rv a t io n s  a lm o s t s im i la r  to  th o s e  made 
b e fo re .  T h a t i s ,  th e  B a r t l e t t  c u rv e  appea rs to  g iv e  th e  o rd e r  o f  
m agn itude  o f  th e  e r r o r s ;  th e  s im p l i f i e d  e x p re s s io n , w i t h  th e  in c lu s io n  
o f  th e  a u to c o r r e la t io n  d e c a y in g  r a t e ,  i s  a ls o  found  to  be e q u iv a le n t ly  
u s e fu l .  On t l ie  o th e r  hand , when th e  r a te  o f  decay i s  n o t  in c lu d e d  and 
s im p ly  a model o f  th e  fo rm  e x p ( -x )  i s  assumed, th e  c u rv e  l i e s  above 
th e  e r r o r s  and p re te n d s  to  s i g n i f y  th e  maximum p o s s ib le  v a lu e  o f  th e  
e s t im a t io n  e r r o r s .
5 .4  DISCUSSION AND CONCLUDING REMARKS
T h is  c h a p te r  has s tu d ie d  th e  s t a t i s t i c a l  p r o p e r t ie s  o f  th e  
a u to c o r r e la t io n  e s t im a te s ,  o b ta in e d  fro m  u n i fo r m ly  sam pled d a ta .  The 
c o rre s p o n d in g  t h e o r e t ic a l  r e s u l t s  w ere  d is c u s s e d  and B a r t l e t t ’ s 
fo rm u la ,  f o r  t l ie  a u to c o r r e la t io n  c o e f f i c ie n t  e s t im a t io n  e r r o r ,  was 
a ls o  c o n s id e re d .
F u rth e rm o re , G auss ian  random d a ta ,  w i t h  known a u to c o r r e la t io n  
fu n c t io n s ,  w ere  s im u la te d  on a d i g i t a l  com pu te r to  d e m o n s tra te  th e  
sa m p lin g  fe a tu re s  o f  th e  a u to c o r r e la t io n  e s t im a te s  and exam ine th e  
p r a c t i c a l  im p l ic a t io n s  o f  th e  t h e o r e t ic a l  r e s u l t s .
The t h e o r e t ic a l  a n a ly s e s  in d ic a te d  t h a t  th e  a u to c o r r e la t io n  
e s t im a te  e r r o r s  c o u ld  be h ig h ly  c o r r e la te d ;  th e  c o r r e la t io n  b e in g  
dependen t on th e  a u to c o r r e la t io n  f u n c t io n  o f  th e  d a ta .  In  f a c t ,  
i t  was n o te d  t h a t  even f o r  a u to c o r r e la t io n  e s t im a te s  fro m  w h ite  n o is e ,  
a s l i g h t  degree  o f  c o r r e la t io n  c o u ld  be e x p e c te d , w h ic h  w o u ld
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d is a p p e a r when u s in g  a f a i r l y  - la rg e  sam ple s iz e .  I t  was, f u r t h e r ,
a p p re c ia te d  t h a t  th e  c o r r e la t io n  be tw een  th e  e r r o r s  was in h e re n t  in  
th e  d e f i n i t i o n  o f  th e  a u to c o r r e la t io n  c o e f f ic ie n t s  and th e  way th a t
th e y  a re  o b ta in e d . T h e re fo re ,  even i f  th e  o r ig in a l  d a ta  a re  in d e p e n d e n t,
t h e i r  la g  p ro d u c t  ave rages  w o u ld  n o t  be p u r e ly  in d e p e n d e n t. and t h e i r
c o r r e la t io n  can  h ig h ly  in c re a s e ,  when th e  o r ig in a l  d a ta  a re  c o r r e la te d .
H ie  s im u la t io n  s tu d ie s  i l l u s t r a t e d  and c o n firm e d  th e  t h e o r e t ic a l
r e s u l t s .  I t  was o b se rve d  t h a t  th e  s t a t i s t i c a l  in a c c u ra c ie s  do n o t
cause th e  e s t im a te s  to  s c a t t e r  ra n d o m ly  a b o u t th e  t r u e  c u rv e  b u t
th e re  appears to  be some c o r r e la t io n  betw een th e  e r r o r s .
I t  was n o te d  t h a t ,  due to  th e  absence o f  random s c a t t e r ,  th e  a u to c o r r e la t io n  
c o e f f i c ie n t s  e s t im a te d  fro m  a s m a ll sam ple s iz e  c o u ld  have a 
d e c e p t iv e ly  smooth appea ra nce , d e s p ite  th e  f a c t  t h a t  th e y  may be h ig h ly
in a c c u r a te .
N e v e r th e le s s ,  i t  was seen t h a t  a t  h ig h e r  t im e  d e la y s  th e  
c o r r e la t io n  betw een th e  e r r o r s  c o u ld ,  e f f e c t i v e l y ,  d i s t o r t  th e  v is u a l  
appearance  o f  th e  a u to c o r r e la t io n  f u n c t io n  w h ich  may f a i l  to  damp o u t 
a c c o rd in g  to  e x p e c ta t io n .
The r e s u l t s ,  d is c u s s e d  above , w ere  f u r t h e r  i l l u s t r a t e d  and c o n f irm e d  
by  p l o t t i n g  th e  v a r ia t io n s  o f  th e  e s t im a te  e r r o r s  v e rs u s  th e  la g  num ber.
I t  was seen t h a t  th e  e s t im a te  e r r o r s ,  o b ta in e d  e m p i r ic a l ly ,  f o l lo w  some 
p a t te r n  and a re  c o r r e la te d .  The p a t te rn s  w ere seen to  be o s c i l l a t o r y  
and a t  some la g s  th e  e r r o r s  w ere  seen to  be c lo s e  to  z e ro ; t h i s  b e in g  
in d ic a t iv e  o f  th e  f a c t  t h a t  th e  e s t im a te d  fu n c t io n  o s c i l l a t e s  a b o u t th e  
t r u e  f u n c t io n  and th e  p o in ts  o f  ze ro  e r r o r  w o u ld  re p re s e n t  th e  p o in ts  
o f  in t e r s e c t io n  o f  th e  tw o .
To in v e s t ig a te  B a r t l e t t ' s  fo rm u la ,  f o r  th e  a u to c o r r e la t io n
e s t im a te  v a r i a b i l i t i e s ,  th e  e r r o r s  g iv e n  b y  t h i s  fo rm u la  w ere  a ls o  
p lo t t e d  and compared w i t h  th o s e  o b ta in e d  e m p ir ic a l ly .  F o r th e  exam ples 
s tu d ie d  h e re ,  th e  above m e n tio n e d  o s c i l l a t i o n s ,  s u s ta in e d  b y  t l ie  l a t t e r ,  
d id  n o t  appea r in  t l ie  fo rm e r .  The B a r t l e t t  c u rv e  w as, how eve r, fo u n d  
to  in d ic a te  th e  o rd e r  o f  m a g n itu d e  o f  th e  e r r o r s .  T h is  con fo rm s w i th  
B a r t l e t t ' s  rem ark  t h a t  th e  fo rm u la  i s  " r a t h e r  c ru d e  . . .  b u t  se rve s  to  
in d ic a te  th e  o rd e r  o f  m a g n itu d e  o f  th e  e r r o r s " .
B a r t l e t t ' s  " r a t h e r  c ru d e "  fo rm u la ,  n e v e r th e le s s ,  was seen to  
r e q u ir e  a know ledge o f  th e  w h o le  o f  th e  t r u e  a u to c o r r e la t io n  
c o e f f ic ie n t s  a t  la g s  be tw een z e ro  to  i n f i n i t y .  I n  p r a c t i c a l  s i t u a t io n s  
t h a t  t h i s  in fo r m a t io n  i s  n o t  a v a i la b le ,  th e  t r u e  v a lu e s  have to  be 
re p la c e d  by  t h e i r  e s t im a te s .  The p o s s i b i l i t i e s  o f  im p o s in g  s im p l i f i c a t io n s  
on B a r t l e t t ’ s fo rm u la  w e re , t h e r e fo r e ,  in v e s t ig a te d .  F o r t h i s ,  th e  
m o d e ll in g  o f  th e  a u to c o r r e la t io n  fu n c t io n  was c o n s id e re d ;-  i t  was seen 
t h a t  th e  sug g e s te d  m odel c o u ld  a p p ly  to  b o th  s im p le  and o s c i l l a t o r y  
d e c a y in g  fu n c t io n s .  W h ile  t l ie  use o f  B a r t l e t t ' s  fo rm u la  r e q u ir e d  
p rogram m ing on a d i g i t a l  c o m p u te r, th e  s im p l i f ie d  fo rm u la  c o u ld  be 
em ployed even m a n u a lly .
I t  was seen t h a t  some in fo r m a t io n ,  ab o u t th e  r a te  o f  decay o f  
th e  a u to c o r r e la t io n  fu n c t io n ,  c o u ld  be in c o rp o ra te d  in  th e  s im p l i f ie d  
fo rm u la .  F o r t h i s ,  i t  was su g g e s te d  to  use a m odel o f  th e  fo rm  
e xp (-C T ) f o r  th e  enve lo p e  o f  th e  fu n c t io n .  The c o n s ta n t c may be 
known o r  o b ta in a b le  fro m  th e  i n i t i a l  a u to c o r r e la t io n  e s t im a te s .  The 
s im u la t io n  s tu d ie s  appea red  to  in d ic a te  t h a t  t h i s  w o u ld  be a u s e fu l  
a p p ro x im a tio n  f o r  th e  assessm ent o f  t l ie  o rd e r  o f  m ag n itu d e  o f  th e  
e r r o r s .
F u rth e rm o re , a m odel o f  t l ie  fo rm  e x p ( - t )  was a ls o  c o n s id e re d  and 
a p p lie d  to  a u to c o r r e la t io n  fu n c t io n s  w i t h  r e l a t i v e l y  s lo w  and f a s t  
d e c a y in g  r a te s .  T h is  u n d e re s tim a te d  th e  e r r o r s  in  th e  fo rm e r  case and 
o v e re s t im a te d  i n  th e  l a t t e r  ca se . T h is  w o u ld  be u n d e rs to o d  and 
e x p e c te d  fro m  B a r t l e t t ' s  fo rm u la ,  n o t in g  t h a t  th e  a re a  u n d e r th e  
c u rv e  depends on i t s  r a te  o f  d ecay . N e v e r th e le s s ,  i t  appea red  t h a t ,
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i f  th e  r a te  o f  decay i s  n o t  known and b e fo re  th e  a u to c o r r e la t io n s  a re  
o b ta in e d  to  a l lo w  an e s t im a te  o f  th e  fo rm e r , th e  model e x p ( -x )  may 
become a u s e fu l  a p p ro x im a tio n  and be used c o n s e r v a t iv e ly  i n ,  f o r  
in s ta n c e ,  s e le c t in g  th e  sam ple s iz e ;  though  i t  g iv e s  a more c rude  
assessm ent th a n  th e  B a r t l e t t  c u rv e  o r  th e  s im p l i f i e d  fo rm u la  w i t h  
th e  in c lu s io n  o f  d e c a y in g  r a t e .
6.2.
SOME EMPIRICAL INVESTIGATIONS OF THE AUTOCORRELATION 
FUNCTION EXTRAPOLATION
F o r a v a r ie t y  o f  re a s o n s , e x p e r im e n ta l ly  o b ta in e d  a u to c o r r e la t io n  
fu n c t io n s  can be t r u n c a te d  b e fo re  th e  a u to c o r r e la t io n  has decayed to  
a v a lu e  c lo s e  t o  z e ro . T h is  le a d s  to  d i f f i c u l t i e s  i n  o b ta in in g  a 
p h y s ic a l ly  and t h e o r e t i c a l l y  r e a l i s t i c  power sp e c tru m . I f  th e  a u to ­
c o r r e la t io n  f u n c t io n  i s  used  i n  a t r u n c a te d  fo rm , th e n  th e  r e s u l t in g  
raw  pow er sp e c tru m  w i l l  c o n ta in  o s c i l l a t i o n s  and n e g a t iv e  lo b e s  a n d , 
hence , f a ls e  o r  m is le a d in g  c o n c lu s io n s  may f o l lo w  th e  e x a m in a tio n  o f  
a raw  sp e c tru m . T h is  i s  a n o n - t r i v i a l  p ro b le m , e s p e c ia l ly  when th e  
maximum number o f  o b ta in a b le  ( o r  r e l i a b le )  la g  v a lu e s  i s  a s i g n i f i c a n t  
f r a c t io n  o f  th e  w ho le  a u to c o r r e la t io n  fu n c t io n .
T ru n c a t io n  i s  u s u a l ly  caused b y  a f i n i t e  sam ple s iz e  (o r  f i n i t e  
m e a su rin g  t im e  b e fo re  d i g i t i z a t i o n ) ,  b y  c o m p u ta t io n a l r e s t r i c t i o n s ,  
o r  by  a f i n i t e  number o f  o b ta in a b le  la g  v a lu e s  due to  th e  p a r t i c u la r  
c o r r e la t o r  b e in g  used . Once, th e  sam ple s iz e  is  f i x e d ,  how eve r, th e  
fre q u e n c y  r e s o lu t io n  i s  a ls o  dependen t on th e  number o f  la g  v a lu e s  
used f o r  s p e c t r a l  e s t im a t io n ;  B lackm an & Tukey (1 9 5 9 ).
In  o rd e r  to  reduce  th e  p ro b le m  o f  t r u n c a t io n ,  a m ethod o f  
e x te n d in g  th e  a u to c o r r e la t io n  fu n c t io n  beyond th e  maximum known la g  
v a lu e  has been in t ro d u c e d ;  B urg  (1976) and Stone (1 9 7 8 ). In  th e  l a t t e r ,  
r e fe r r e d  to  as th e  maximum d e te rm in a n t e x t r a p o la t io n  m ethod , th e  
app roach  i s  s o le ly  based upon th e  t h e o r e t ic a l  p r o p e r t ie s  o f  th e  
a u to c o r r e la t io n  m a t r ix  and i t s  a s s o c ia te d  pow er s p e c tru m , w h i le  th e  
fo rm e r in c lu d e s  s t a t i s t i c s  and in fo r m a t io n  th e o ry  c o n c e p ts .
N e v e r th e le s s , th e  tw o m ethods a re  fo u n d  to  be e q u iv a le n t  and t h i s  w i l l  
be shown i n  th e  n e x t c h a p te r .
63.
CHAPTER 6
S a t is fa c to r y  r e s u l t s  have been o b ta in e d  by  S tone (1978) i n  a p p ly in g  
th e  e x t r a p o la t io n  method to  some e x a c t a n a ly t ic  a u to c o r r e la t io n  . fu n c t io n s .  
H ow ever, i t  appears t h a t  th e  p r a c t i c a l  a sp e c ts  o f  th e  m ethod re g a rd in g  th e  
e f f e c t s  o f  f i n i t e  sam ple s iz e  and o th e r  p r a c t i c a l  fa c to r s  have n o t  been 
s tu d ie d  y e t .  In  o th e r  w o rd s , th e  m ethod has to  be c o n s id e re d  in  
r e la t i o n  to  i t s  a p p l ic a t io n  to  th e  e s t im a te d  a u to c o r r e la t io n  fu n c t io n s ;  
p a r t i c u l a r l y  i n  th e  l i g h t  o f  th e  s a m p lin g  p r o p e r t ie s  o f  th e  
a u to c o r r e la t io n  e s t im a te s  s tu d ie d  i n  C h a p te r 5. F u rth e rm o re , th e  
r e l i a b i l i t y  o f  th e  e x t r a p o la te d  v a lu e s  and th e  b e s t  c h o ic e  o f  th e  
t r u n c a t io n  p o in t ,  fro m  w here a s a t is f a c t o r y  e x t r a p o la t io n  may ta k e  
p la c e ,  have a ls o  to  be c o n s id e re d .
I t  i s  d i f f i c u l t  to  see how th e  e m p ir ic  app roach  s h o u ld  be b e s t  
c a r r ie d  o u t and th e  app roach  a d o p te d  i n  t h i s  c h a p te r  i s  an h e u r is t i c  
a p p ro a ch . T h is  c h a p te r ,  th e r e fo r e ,  r e p o r ts  on e m p ir ic a l in v e s t ig a t io n s  
o f  th e  above p ro b le m s  b y  s im u la t in g  d a ta  w i t h  known a u to c o r r e la t io n  
fu n c t io n s .
The f i r s t  and second o rd e r  G auss ian  p ro ce sse s  a re  em ployed to  
e s t im a te  th e  i n i t i a l  a u to c o r r e la t io n  c o e f f ic ie n t s  and th e n  e x t r a p o la te  
th e  fu n c t io n .  A v a r ie t y  o f  e x t r a p o la te d  fu n c t io n s  and r e s u l t in g  
s p e c t r a l  e s t im a te s  a re  p re s e n te d . The r e l i a b i l i t y  t e s t ,  d is c u s s e d  b y  
S tone (1978) f o r  th e  s e le c t io n  o f  th e  minimum number o f  known la g  
v a lu e s  re q u ire d  f o r  a s a t i s f a c t o r y  e x t r a p o la t io n ,  i s  a ls o  exam ined.
The e x p e c te d  e x t r a p o la t io n  e r r o r  m agn itude s  a re  th e n  c o n s id e re d  b y  
co m p u tin g  th e  r o o t  mean squa re  e r r o r s  fro m  c o n t r ib u t io n s  o f  v a r io u s  
d a ta  sequences. The b e s t  c h o ic e  o f  th e  t r u n c a t io n  p o in t ,  fro m  w here 
a s a t is f a c t o r y  e x t r a p o la t io n  may ta k e  p la c e ,  i s  th e n  deduced and 
d is c u s s e d . An a p p ro x im a te  assessm ent o f  th e  e x t r a p o la t io n  e r r o r  
m a g n itu d e s , i s  a ls o  su g g e s te d  and exam ined.
F u r th e r  d e m o n s tra tio n s  a re  a ls o  p ro v id e d  b y  c o n s id e r in g  e x a c t
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a u to c o r r e la t io n  fu n c t io n s ,  in c lu d in g  a f u n c t io n  c o n ta in in g  two
p e r io d ic  com ponen ts .
F i r s t l y ,  how eve r, a b r i e f  o u t l in e  o f  th e  e x t r a p o la t io n  m ethod is  
g iv e n  i n  th e  f o l lo w in g  s e c t io n .
6 .1  AN OUTLINE OF THE EXTRAPOLATION METHOD
65.
The d eve lop m e n t and f u l l  d e t a i l s  o f  th e  a u to c o r r e la t io n  fu n c t io n  
e x t r a p o la t io n  m ethod may be fo u n d  i n  S tone (1 9 7 8 ). A b r i e f  o u t l in e  
o f  t h i s  i s  re v ie w e d  i n  t h i s  s e c t io n ,  as fo l lo w s .
Assume t h a t  th e  N a u to c o r r e la t io n  c o e f f i c ie n t s ,  R (0 )-+ R (N -1 ), a re  
known and t h a t  R (N ), R (N + 1 ), R (N +2), . . .  a re  r e q u ir e d  to  be e s tim a te d . 
L e t  th e  a u to c o r r e la t io n  m a t r ix ,  c o n s is t in g  th e  e le m e n ts  R (0 )-*R (N -2 ), 
be d o n o te d  by  A^_-^; t h a t  i s :
A
LN-1
A ls o ,  l e t :
R (0) R ( l )  R(N~2)
N \  i
R ( l)  v \  iv N •
! '  '  '* v > R(l)
N - l
R (N -2 )— R ( l )  R (0)
R(l) 
R(2)
I I I
(6 .1 .1 )
(6 .1 .2 )
JR (N -l)
I t  i s  shown i n  S tone (1 9 7 8 ), t h a t  th e  unknown la g  v a lu e  R(N) can 
b e , u n iq u e ly ,  e s t im a te d  b y  m a x im iz in g  th e  d e te rm in a n t o f  A^ (m id ­
p o in t  e s t im a te ) ; th e  d e te rm in a n t i s  p a r a b o l ic  i n  te rm s o f  R (N ). T h is  
e s t im a te  o f  R(N) i s  g iv e n  a s :
( 6 .1 .3 )
w here A ^ ^  i s  th e  in v e rs e  o f  m a t r ix  A ^_ ^ . Hence, th e  a ssu m p tio n  i s  
t h a t  th e  a u to c o r r e la t io n  m a t r ix  i s  n o n - s in g u la r .  F o r s i n g u la r i t y ,  
n o n e th e le s s , a u n iq u e  e s t im a te  i s  o b ta in a b le ,  b y  s t a r t i n g  th e  
e x t r a p o la t io n  a t  th e  d im e n s io n  t h a t  th e  m a t r ix  becomes s in g u la r ;
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S tone (1 9 7 8 ). In  th e  above e q u a t io n ,  V3" deno tes  th e  tra n s p o s e  o f
v e c to r  V and I  i s  th e  fo l lo w in g  sym m e tric  m a t r ix ,  known as th e  e le m e n ta ryIT
m a tr ix  [W ilk in s o n  (1 9 6 5 ) ] ,
0 0 ------0 1/✓
( 6 .1 .4 )
/
✓
1 0 —  0 0^
Ip  has t l ie  p r o p e r ty  t h a t  when p o s t - m u l t ip ly in g  a m a t r ix ,  i t  in te rc h a n g e s  
i t s  co lum ns; t h a t  i s ,
T h is  e s t im a te  o f  R(N) can  be used  f o r  f u r t h e r  e x t r a p o la t io n .  I t  i s  
shown i n  S tone (1978) t h a t ,  on  th e  b a s is  o f  maximum d e te rm in a n t,  R(N+1) 
can  be e s t im a te d  a s :
where R (N )e s t  r e fe r s  to  th e  e s t im a te  v a lu e  o b ta in e d  f o r  R(N) fro m
e q u a t io n  ( 6 . 1 . 6 ) .  The subsequ en t unknown c o e f f ic ie n t s  can  be o b ta in e d
s im i l a r l y ,  t h a t  i s  b y  e x te n d in g  th e  r i g h t  hand s id e  co lum n v e c to r ,  i n
e q u a t io n  ( 6 . 1 . 7 ) ,  b y  z e ro s . T lie  unknown la g  v a lu e s  may, th u s ,  be
c a lc u la te d  b y  a s im p le  m u l t i p l i c a t i o n  and a d d i t io n  p ro c e d u re , w h i le
—1t l ie  e le m e n ts  o f  th e  co lum n v e c to r  A ^ V j ^  a re  d e te rm in e d .
The d e te rm in a t io n  o f  th e  co lum n v e c to r  n e i t h e r  re q u ire s
R (N )= [R ( N - 1 ) ------- R ( l ) ]  AnV n -1 (6 .1 .6 )
R(N+l M R ( N ) e s t  —  R ( l ) ] ( 6 .1 .7 )
0
c a lc u la t io n  o f  th e  in v e rs e  m a t r ix  n o r  th e  s to ra g e  o f  a u to c o r r e la t io n  
m a t r ix  as an NxN d im e n s io n a l m a t r ix .  On a d i g i t a l  co m p u te r, f o r  
in s ta n c e ,  i t  w o u ld  s u f f ic e  to  s to re  th e  known la g  v a lu e s  R(0)->-R(N-l) 
o n ly .  In  f a c t ,  i t  can  be shown, S tone (1 9 7 8 ), t h a t  f o r  an a u to c o r r e la t io n  
m a t r ix  o f  o rd e r  n+1 , th e  v e c to r  A ^ ©  i s  o b ta in a b le  fro m  i t s  p re v io u s  
s ta te ,  i . e .  A ^ - jV  p  co rre sp o n d o n g  to  th e  nxn  s u b m a tr ix .
One can , th e r e fo r e ,  s t a r t  w i t h  th e  2x2 and 3x3 s u b m a tr ic e s  and 
a r r iv e  a t  th e  v e c to r  , c o rre s p o n d in g  to  th e  m a t r ix  in v o lv in g
th e  l a s t  known la g  v a lu e  R ( N - l ) , b y  s u c c e s s iv e  i t e r a t io n s .  . The 
i t e r a t i v e  r e la t io n s h ip s  may be fo u n d , in  S tone (1 9 7 8 ), a s :
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-1
n  n
6
A"1 ©  i — 7r~A ~ 1 -11 V ,  n -1  n -1  d ^  n -1  p n -1
5n + l
dn
(6 .1 .8 )
w h e re ,
and,
W R<nK - M - i V i  c6 -1 -10)P
The i n i t i a l  i t e r a t i v e  r e la t io n s h ip s  f o r  s t a r t i n g  th e  s o lu t io n  to  th e  above 
e q u a t io n s ,  may a ls o  be w r i t t e n  a s :
A^1V1= R (1 ) /R (0 )  , d1 =R(0) 
d 2= R ( 0 ) { l - R ( l ) 2/R ( 0 ) 2 }
63=R (2)-V ppA- 1Vi
-1Once 5^ has been o b ta in e d , A2 V2 and d^ can be c a lc u la te d  fro m  
e q u a tio n s  ( 6 .1 .8 )  and ( 6 .1 .9 )  r e s p e c t iv e ly .  T h is ,  i n  t u r n ,  a llo w s  
c a lu c la t io n  o f  6^ fro m  (6 .1 .1 0 )  and , hence , th e  e q u a tio n s  may be 
s o lv e d  f o r  th e  subsequ en t d im e n s io n s , up to  t h a t  a s s o c ia te d  w i t h  th e  
l a s t  known la g  v a lu e ,  i . e .  to  o b ta in  .
As f a r  as p rogram m ing on a d i g i t a l  com pute r i s  co n ce rn e d , th e
known a u to c o r r e la t io n  c o e f f i c ie n t s  ( fo rm in g  v e c to r  V ^_^) n ^ y  be s to re d
as o n e -d im e n s io n a l a r r a y ;  th e  v e c to r  A FV , and i t s  re v e rs e  can  a ls o
'  n  n -1
be s to re d  as tw o o t i ie r  o n e -d im e n s io n a l a r ra y s  to  a l lo w  easy  c o m p u ta tio n
o f  th e  re q u ire d  p a ra m e te rs . I t  i s  n o te d  t h a t ,  due to  th e  p r o p e r t ie s
o f  th e  e le m e n ta ry  m a t r ix  I  , th e  v e c to r  I  A V  - i s  th e  re v e rs e  o f  J p p n~l n-1
A l1iV  a ls o ,  s in c e  A . i s  a T o e p l i t z  m a t r ix ,  v e c to r  I  A~1,V . i s  n -1  n -1  n -1  r  ’ p  n -1  n -1
-1th e  same as An_ ^ Ip V n _-^. The d i g i t a l  com pu te r f lo w  c h a r t ,  a BASIC 
p rogram  and th e  program m ing d e t a i l s  may, how ever, be fo u n d  i n  S tone 
(1 9 7 8 ).
6 .2  SIMULATION STUDIES OF THE EXTRAPOLATION METHOD
The s im u la t io n  s tu d ie s ,  re p o r te d  i n  t h i s  s e c t io n ,  m a in ly  c o n s is t  
o f  th e  f i r s t  and second o rd e r  G auss ian  p ro ce sse s  and a ls o  in c lu d e  
some e x a c t a u to c o r r e la t io n  fu n c t io n s ,  used f o r  f u r t h e r  d e m o n s tra t io n s . 
T h is  s e c t io n  i s ,  how eve r, d iv id e d  in t o  th re e  p a r t s ;  th e  f i r s t  p a r t  
p re s e n ts  a v a r ie t y  o f  th e  e s t im a te d  f u n c t io n  e x t r a p o la t io n s  and th e  
r e s u l t in g  s p e c t r a l  e s t im a te s ,  th e  second p a r t  co rre s p o n d s  to  e x a c t 
a u to c o r r e la t io n  fu n c t io n s  and th e  t h i r d  p a r t  c o n s id e rs  th e  e x t r a p o la t io n  
e r r o r s  and th e  s e le c t io n  o f  th e  t r u n c a t io n  p o in t .
S im u la t io n s  o f  th e  f i r s t  and second o rd e r  G auss ian  p ro ce sse s  
( w ith  known a u to c o r r e la t io n  f u n c t io n s ) , b y  e m p lo y in g  th e  m ethods g iv e n  
i n  C h a p te r 3 , c o u ld  be used  to  e s t im a te  th e  t r u n c a te d  d is c r e te  
a u to c o r r e la t io n  fu n c t io n s .  These e q u i-s p a c e d  a u to c o r r e la t io n s  were 
in c o rp o ra te d  w i t h  th e  e x t r a p o la t io n  p rog ram  to  e x te n d  th e  fu n c t io n s .
The e s t im a te d  and e x t r a p o la te d  la g  v a lu e s  w i l l  be shown and compared 
w i t h  th e  t r u e  fu n c t io n s .  By e x te n d in g  th e  a u to c o r r e la t io n s  s u f f i c i e n t l y  
so t h a t  th e y  e f f e c t i v e l y  decay t o  z e ro ,  th e  s p e c tra  w ere  a ls o  e s t im a te d  
and com pared w i t h  th e  t r u e  s p e c t ra .  The i n i t i a l  a u to c o r r e la t io n  
c o e f f i c ie n t s  w e re  e s t im a te d  fro m  e q u a tio n  (A .1 .2 0 ) .  The e s t im a te d  
s p e c tra  w ere  o b ta in e d  b y  a t r a p e z o id a l  a p p ro x im a tio n  o f  th e  c o s in e  
t ra n s fo rm  o f  th e  d is c r e te  a u to c o r r e la t io n  fu n c t io n s ,  as g iv e n  by  
e q u a tio n  (A .1 .2 1 ) .  The t r u e  s p e c tra  w ere  a ls o  c a lc u la te d  fro m  th e  
t h e o r e t ic a l  e x p re s s io n s  d e r iv e d  by  c o s in e  t r a n s fo r m a t io n  o f  th e  t r u e  
a u to c o r r e la t io n  fu n c t io n s ,  as in  A p p e n d ix  A . l .
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The a u to c o r r e la t io n  fu n c t io n s ,  used h e re , w o u ld  g iv e  p o s i t iv e  
d e f in i t e  a u to c o r r e la t io n  m a tr ic e s ,  when em ployed i n  t h e i r  e x a c t fo rm s .
6 .2 .1  F i r s t  and Second O rd e r G auss ian  P rocesses
C o n s id e r t l ie  f i r s t  o rd e r  G auss ian  p ro ce ss  w i t h  a u to c o r r e la t io n  
fu n c t io n :
R (x )= e x p ( -x )  ( 6 .2 .1 )
The random d a ta  w ere s im u la te d  w i t h  a sa m p lin g  in t e r v a l  o f  Ax=0.05 
and a sam ple s iz e  o f  30 0 00 . The i n i t i a l  15 la g  v a lu e s ,  t h a t  i s  
R (0 )+ R (1 4 ), w ere  e s t im a te d . These w ere  in c o rp o ra te d ,  as th e  known 
a u to c o r r e la t io n s ,  i n  th e  e x t r a p o la t io n  p rog ram  and th e  c o e f f ic ie n t s  
R (15) t o  R (50) w ere o b ta in e d .  The r e s u l t s  a re  shown and compared 
w i t h  t l ie  t r u e  f u n c t io n  i n  F ig u re  21a. The e x tende d  fu n c t io n  i s  seen 
to  be i n  good agreem ent w i t h  th e  t r u e  c u rv e .
The sp e c tru m  was th e n  e s t im a te d  b y  e x te n d in g  th e  d is c r e te  
a u to c o r r e la t io n  fu n c t io n  to  R (2 0 0 ), w h ic h  a llo w e d  th e  f u n c t io n  to  
decay. T h is  i s  shown and compared w i t h  th e  t r u e  s p e c tru m  in  F ig u re  
21b. They a re  fo u n d  to  be i n  good agreem ent and no r in g in g  o r  
n e g a t iv e  lo b e s  ap p e a r i n  th e  e s t im a te d  spec tium .
Now, in s te a d  o f  u s in g  R (0 )+ R (1 4 ) , as th e  known la g  v a lu e s  
R(0)-+R(2) w ere  used o n ly  and R (3)-*R (50) w ere e x t r a p o la te d .  The r e s u l t s  
a re  shown and compared w i t h  th e  t r u e  c u rv e  in  F ig u re  21c . By 
e x te n d in g  th e  a u to c o r r e la t io n s  to  R (2 0 0 ), th e  sp e c tru m  was a ls o  
e s t im a te d . T h is  i s  shown and com pared w i t h  t l ie  t r u e  sp e c tru m  in  
F ig u re  21d. I t  can  be seen , fro m  th e s e  f ig u r e s ,  t h a t  t l ie  r e s u l t s  a re  
as s a t is f a c t o r y  as i n  th e  p re v io u s  ca se . T h is  w i l l  be  d is c u s s e d  
in  s u b -s e c t io n  6 .2 .3  and s e c t io n  6 .3 .
N e x t, a r e l a t i v e l y  s m a ll sam ple s iz e  was chosen ; 5 000 sam ple 
v a lu e s  w ere  used  to  e s t im a te  th e  i n i t i a l  la g  v a lu e s .  As b e fo r e ,  th e  
e s t im a te s  o f  R (0 )+ R (14 ) w ere  used as th e  known la g  v a lu e s .  The 
c o e f f i c ie n t s  R (15) to  R (500) w ere e s t im a te d ; th e  r e s u l t s  a re  shown
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and compared w i t h  th e  t r u e  c u rv e  in  F ig u re  21e. I t  i s  in t e r e s t in g  
to  compare t h i s  f ig u r e  w i t h  F ig u re  15a. I n  th e  l a t t e r ,  th e  la g  v a lu e s  
R (0 )+R (500) w ere d i r e c t l y  e s t im a te d  fro m  th e  d a ta ,  u s in g  th e  same 
sample s iz e  as h e re . W h ile  th e  e s t im a te d  fu n c t io n  i n  F ig u re  15a i s  
o s c i l l a t o r y  and d is t o r t e d ,  th e  e x t r a p o la te d  fu n c t io n  i n  F ig u re  21e 
has a d e s ir a b le  and s a t i s f a c t o r y  a ppea ra nce , c o n fo rm in g  w i th  th e  
t r u e  fu n c t io n .
I t  i s  a ls o  seen fro m  F ig u re  21e t h a t ,  due to  th e  use o f  a 
r e l a t i v e l y  s m a ll sam ple s iz e ,  th e  la g  v a lu e s  o b ta in e d  d i r e c t l y  fro m  
th e  d a ta  and th e  e x t r a p o la te d  c o e f f i c ie n t s  f o l lo w in g  them  d e v ia te  fro m  
th e  t r u e  c u rv e  b u t  th e  e x t r a p o la te d  v a lu e s  appea r to  te n d  to  th e  t r u e  
c u rv e  as f u r t h e r  e x t r a p o la t io n  ta k e s  p la c e .  To show t h i s  more c le a r l y ,  
th e  la g  v a lu e s  up to  R (50) o n ly ,  a re  d is p la y e d  in  F ig u re  2 1 f .  The 
c o rre s p o n d in g  sp e c tru m  was a ls o  e s t im a te d  b y  u s in g  R (0 )-+R (200 ). T h is  
i s  shown and compared w i t h  t l ie  t r u e  sp e c tru m  in  F ig u re  21g. The 
e s t im a te d  sp e c tru m  i s  seen to  be s a t is f a c t o r y ,  d e s p ite  th e  r e l a t i v e l y  
s m a ll sam ple s iz e  u se d ; th e re  i s  a s h i f t  a t  ze ro  fre q u e n c y  w h ich  
seems to  be in s ig n i f i c a n t .
I t  was, p r e v io u s ly ,  o b se rve d  f o r  t h i s  f u n c t io n  t h a t  o n ly  th re e  
i n i t i a l  la g  v a lu e s  w ere s u f f i c i e n t  f o r  a s a t is f a c t o r y  e x t r a p o la t io n  
and subsequen t s p e c t r a l  e s t im a t io n .  Now, a g a in , th e  a u to c o r r e la t io n s  
R (0)-+R (2 ), o b ta in e d  fro m  5 000 sam ple v a lu e s ,  w ere used to  e x t r a p o la te  
th e  fu n c t io n .  To show th e  d e v ia t io n s  fro m  th e  t r u e  v a lu e s  more 
c le a r l y ,  t l ie  e x tende d  c o e f f i c ie n t s  up to  R (50) o n ly  a re  shown and 
com pared w i t h  th e  t r u e  c u rv e , i n  F ig u re  21h. Tlie c o rre s p o n d in g  sp e c tru m  
was a ls o  o b ta in e d  b y  u s in g  R (0 )-^R (2 0 0 ); th e s e  w ere s u f f i c i e n t  to  
a l lo w  th e  ex te n d e d  fu n c t io n  to  decay . I t  i s  shown and compared w i t h  
th e  t r u e  sp e c tru m  in  F ig u re  2 1 i.  These f ig u r e s  show th a t  th e  e x t r a p o la te d  
fu n c t io n  and th e  c o rre s p o n d in g  sp e c tru m  have become le s s  a c c u ra te ,  by  
re d u c in g  th e  number o f  i n i t i a l  c o e f f i c ie n t s  used  as known la g  v a lu e s .
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The decay of the function has become slower and consequently the
s p e c t r a l  e s t im a te  a t  ze ro  fre q u e n c y  has in c re a s e d . These o b s e rv a t io n s  
w i l l  be c o n s id e re d  i n  s u b -s e c t io n  6 .2 .3  and s e c t io n  6 .3 .
The n e x t  random p ro c e s s  c o n s id e re d  was a G auss ian  second o rd e r  
w i t h  th e  a u to c o r r e la t io n  fu n c t io n :
R (t ) ~ 2 [e x p ( -T ) + e x p ( -2 x ) ] ( 6 .2 .2 )
The d a ta  w ere s im u la te d  w i t h  At =0 .0 4  and th e  same sam ple s iz e s  as 
b e fo re ,  t h a t  i s  30 000 and 5 000 .
U s in g  30 000 sam ple v a lu e s ,  th e  a u to c o r r e la t io n s  R(0)->R(14) were 
o b ta in e d  and used  to  e x t r a p o la te  th e  fu n c t io n .  The r e s u l t s ,  up to  
R (5 0 ) , a re  shown and com pared w i t h  th e  t r u e  c u rv e  i n  F ig u re  22a. The 
sp e c tru m  o b ta in e d ,  b y  e x te n d in g  th e  f u n c t io n  up to  R (2 0 0 ) , i s  a ls o  
shown and com pared w i t h  th e  t r u e  sp e c tru m  in  F ig u re  22b. The number 
o f  i n i t i a l  la g  v a lu e s  was re d u ce d  and R(0)-+R(4) w ere  o n ly  used f o r  
e x t r a p o la t io n .  The r e s u l t s  c o r re s p o n d in g  to  t h i s  a re  shown and 
com pared w i th  th e  t r u e  c u rv e s  i n  F ig u re s  22c and 22d. The fo rm e r 
d is p la y s  th e  a u to c o r r e la t io n s  and th e  l a t t e r  compares th e  s p e c tra .
S im i la r  r e s u l t s  w ere  o b ta in e d  f o r  a sam ple s iz e  o f  5 000 .
F i r s t l y ,  th e  e s t im a te s  o f  R(0)-+R(14) w ere used f o r  e x t r a p o la t io n .
The ex te n d e d  a u to c o r r e la t io n  fu n c t io n  and th e  r e s u l t in g  sp e c tru m  a re  
shown and compared w i t h  th e  t r u e  c u rv e s  i n  F ig u re s  22e and 2 2 f,  
r e s p e c t iv e ly .  S e c o n d ly , th e  e s t im a te s  o f  R (0)-*R (4) w ere o n ly  used . 
The c o rre s p o n d in g  r e s u l t s  a re  d is p la y e d  i n  F ig u re s  22g and 22h.
The above s im u la t io n  r e s u l t s  have le d  to  o b s e rv a t io n s  s im i la r  
to  th o s e  n o te d  p r e v io u s ly ,  by  s im u la t in g  th e  f i r s t  o rd e r  p ro c e s s . I t  
i s  seen t h a t ,  f o r  th e  r e l a t i v e l y  la r g e  sam ple s iz e ,  th e  e x t r a p o la te d  
la g  v a lu e s  and th e  r e s u l t in g  s p e c tra  a re  p la u s ib le  and re d u c in g  th e  
number o f  i n i t i a l  a u to c o r r e la t io n s  to  a b o u t a minimum re q u ire d  
t h e o r e t i c a l l y ,  as w i l l  be  seen i n  s u b -s e c t io n  6 .2 .3 ,  does n o t  a f f e c t  
th e  r e l i a b i l i t y .  F o r th e  r e l a t i v e l y  s m a ll sample s iz e ,  how eve r, th e  
in a c c u ra c ie s  o f  th e  i n i t i a l  a u to c o r r e la t io n  e s t im a te s  a re  m a n ife s te d  
i n  th e  e x t r a p o la te d  v a lu e s  im m e d ia te ly  f o l lo w in g  them . Y e t ,  th e
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subsequ en t s p e c t r a l  e s t im a te s  a re  s a t i s f a c t o r y ;  a lth o u g l re duc ing , 
th e  number o f  i n i t i a l  a u to c o r r e la t io n s ,  s l i g h t l y  a f f e c t s  th e  a c c u ra c y  
o f  th e  e x tende d  fu n c t io n  and th e  r e s u l t in g  sp e c tru m .
F in a l l y ,  a second o r d e r ,  G a u ss ia n , random p ro c e s s  w i t h  th e  
fo l lo w in g  a u to c o r r e la t io n  f u n c t io n  was c o n s id e re d :
R(T)=exp(-T)cosTTT (6 .2 .3 )
The d a ta  w ere s im u la te d  w i t h  a s a m p lin g  in t e r v a l  o f  At O . 1 , th e  same 
sam ple s iz e s  as used p r e v io u s ly  and a ls o  a s m a ll sam ple s iz e  o f  500.
The a u to c o r r e la t io n  c o e f f i c ie n t s  R(0)-+R(9) w ere o b ta in e d  fro m  
30 000 sam ple v a lu e s ,  and used  f o r  e x t r a p o la t io n .  The e x t r a p o la te d  
fu n c t io n  i s  shown and com pared w i t h  th e  t r u e  c u rv e , i n  F ig u re  23a.
The sp e c tru m  o b ta in e d  by  c o s in e  t r a n s fo rm a t io n  o f  th e  fu n c t io n  ex tended  
to  la g  number 200, i s  a ls o  shown and com pared w i th  th e  t r u e  sp e c tru m  
in  F ig u re  23b. The e x t r a p o la te d  f u n c t io n  and th e  c o r re s p o n d in g  sp e c tru m  
a g ree  re a s o n a b ly  c lo s e ly  w i t h  th e  t r u e  fu n c t io n s  b u t  s t a t i s t i c a l  
in a c c u ra c ie s  i n  th e  i n i t i a l  la g  e s t im a te s  appear to  r e f l e c t  in  s im i la r  
e r r o r s  i n  th e  e x t r a p o la te d  a u to c o r r e la t io n  fu n c t io n .
Now, th e  number o f  i n i t i a l  c o e f f i c ie n t s  was re d u ce d  and th e  
e s t im a te s  o f  R (0 )+ R (6 ) w ere  o n ly  used  f o r  e x t r a p o la t io n .  F ig u re s  23c 
and 23d g iv e  th e  c o rre s p o n d in g  e x t r a p o la te d  fu n c t io n  and s p e c tru m , 
r e s p e c t iv e ly .  The r e s u l t s  have become r a th e r  more in a c c u ra te ;  th e  
p o s i t io n  o f  th e  peak has s l i g h t l y  changed and i t s  a m p litu d e  re d u ce d . 
These o b s e rv a t io n s  w i l l  be f u r t h e r  c o n s id e re d  i n  s u b -s e c t io n  6 .2 .3 .
N e x t,  a sam ple s iz e  o f  5 OCX) was em ployed t o  o b ta in  th e  i n i t i a l  
a u to c o r r e la t io n  c o e f f i c ie n t s  used  f o r  e x t r a p o la t io n .  F i r s t l y ,  th e  
e s t im a te s  o f  R (0)-vR (9) w ere  used  f o r  e x t r a p o la t io n .  The ex te n d e d  
a u to c o r r e la t io n  fu n c t io n  and th e  r e s u l t in g  sp e c tru m  a re  sh o rn  and 
com pared w i t h  th e  t r u e  c u rv e s  i n  F ig u re s  23e and 2 3 f , r e s p e c t iv e ly .
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S e c o n d ly , th e  e s t im a te s  o f  R (0)-*R (15) w ere  used and th e  c o rre s p o n d in g  
r e s u l t s  a re  g iv e n  i n  F ig u re s  23g and 23h. F in a l l y ,  th e  num ber o f  
i n i t i a l  c o e f f i c ie n t s  was f u r t h e r  in c re a s e d  and e s t im a te s  o f  R(0)-+R(25) 
w e re  used f o r  e x t r a p o la t io n .  F ig u re s  2 3 i and 2 3 j g iv e  th e  e x te n d e d  
fu n c t io n  and subsequ en t s p e c t r a l  e s t im a te s 9 r e s p e c t iv e ly ,  co m p a rin g  
them  w i t h  th e  t r u e  c u rv e s .
W ith  5 000 sam ples i t  i s  seen t h a t  f o r  th e  f i r s t  c a s e , u s in g  
i n i t i a l  c o e f f i c ie n t s  R (0 )+ R (9 ) , th e  e x t r a p o la te d  f u n c t io n  i s  s a t i s ­
f a c t o r y  and th e  e s t im a te d  sp e c tru m  ag re e s  c lo s e ly  w i t h  th e  t r u e  
s p e c tru m , even th o u g h  o n ly  a r e l a t i v e l y  s m a ll number o f  la g : v a lu e s  
w ere  u se d . When th e  i n i t i a l  c o e f f i c ie n t s  w ere  in c re a s e d  to  R (1 5 ) ,  th e  
e x te n d e d  fu n c t io n  and th e  r e s u l t in g  sp e c tru m  became more in a c c u ra te .  
T h u s ,th e  in a c c u ra c ie s  w e re  in c re a s e d  b y  in c re a s in g  th e  number o f  
g iv e n  i n i t i a l  c o e f f i c ie n t s  and t h i s  t r e n d  c o n t in u e d  when th e  i n i t i a l  
c o e f f i c ie n t s  w e re  f u r t h e r  in c re a s e d  to  in c lu d e  R (0 )->R (25 ). I t  i s  a ls o  
in t e r e s t in g  to  compare F ig u re s  23g and 2 3 i and o b se rve  t h a t  o n ly  th e  
e x t r a p o la te d  c o e f f i c ie n t s ,  im m e d ia te ly  f o l lo w in g  th e  known la g  v a lu e s ,  
s u s ta in  th e  sa m p lin g  e r r o r s .  These in a c c u ra c ie s  seem to  re d u ce  
g r a d u a l ly  and th e  e x te n d e d  fu n c t io n  seems to  app roach  th e  t r u e  c u rv e .
A s m a lle r  sam ple s iz e  was used  to  a l lo w  th e  e f f e c t  o f  sam ple 
s iz e  t o  be s tu d ie d  f u r t h e r ;  500 sam ple v a lu e s  w ere used to  e s t im a te  
th e  a u to c o r r e la t io n s  R (0 ) t o  R (1 5 ) . F ig u re  23k g iv e s  th e  e x tende d  
fu n c t io n  compared w i t h  th e  t r u e  c u rv e .  The r e s u l t in g  sp e c tru m  is  a ls o  
shown and com pared w i t h  th e  t r u e  c u rv e  i n  F ig u re  231.
I t  I s  seen t h a t  th e  i n i t i a l  a u to c o r r e la t io n  c o e f f i c ie n t s ,  
o b ta in e d  fro m  500 sam ple v a lu e s ,  a re  in a c c u ra te .  These in a c c u ra c ie s  
have a f f e c te d  th e  e x t r a p o la te d  v a lu e s ,  b u t ,a g a in ,  th e y  g r a d u a l ly  seem 
t o  app roach  th e  t r u e  c u rv e .  The in a c c u ra c y  i s  a ls o  m a n ife s te d  in  th e  
r e s u l t in g  s p e c tru m . The e s t im a te d  sp e c tru m  i s  in a c c u r a te ,  a lth o u g h  
th e  p o s i t io n  o f  th e  peak a ppea rs  t o  re m a in  unchanged.
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O f c o u rs e , th e  c o n c lu s io n  based on is o la t e d  exam ples o f  th e  s o r t  j u s t  
d is c u s s e d , m ust be t r e a te d  w i t h  c o n s id e ra b le  c a u t io n .  H owever, th e  
exam ples do seem t o  show t h a t  th e  f i n a l  a c c u ra c y  o f  th e  s p e c t r a l  
e s t im a te s  depends on th e  a c c u ra c y  o f  th e  i n i t i a l  e s t im a te s ,  and t h a t  
a p p a re n t ly  more a c c u ra te  e s t im a te s  can  be o b ta in e d  fro m  a s m a ll number 
o f  h ig h  a c c u ra c y  e s tim a te s  r a t h e r  th a n  a la r g e r  number o f  lo w e r 
a c c u ra c y  e s t im a te s .
6 .2 .2  Some E x a c t A u to c o r r e la t io n  F u n c tio n s
I n  th e  p re v io u s  s u b -s e c t io n ,  i t  was n o te d  t h a t  f o r  th e  d e c a y in g  
c o s in u s o id a l fu n c t io n ,  p la u s ib le  e x t r a p o la te d  v a lu e s  c o u ld  be o b ta in e d  
b y  u s in g  a u to c o r r e la t io n s  R (0 )-+R (9 ). When R (6 ) was used  as th e  
maximum known la g  v a lu e ,  how eve r, th e  e x t r a p o la t io n  became le s s  
a c c u ra te .  The sa m p lin g  t im e  in t e r v a l  used  f o r  th e s e , was A x O . l  .
Now, to  in v e s t ig a te  th q s e  o b s e rv a t io n s  f u r t h e r ,  t l ie  same 
a u to c o r r e la t io n  f u n c t io n  g iv e n  b y  e q u a t io n  ( 6 .2 .3 )  was sam pled w i t h  
At =0 .5  . The e x a c t a u to c o r r e la t io n  f u n c t io n  was used  to  a v o id  th e  
sa m p lin g  e f f e c t s .  Then th e  a u to c o r r e la t io n  c o e f f i c ie n t s  R (0 ) , R ( l )  
and R (2 ) ,  o n ly ,  w ere  used f o r  e x t r a p o la t io n .  The e x t r a p o la te d  
c o e f f i c ie n t s  a re  shown and com pared w i t h  th e  t r u e  c u rv e , t i l l  i t  
d e ca ys , c lo s e  t o  ze ro  i n  F ig u re  23m.
The e x t r a p o la t io n  i s  seen to  be s a t is f a c t o r y .  By in c re a s in g  th e  
s a m p lin g  t im e  i n t e r v a l  Ax, a r e d u c t io n  i n  t l ie  num ber o f  i n i t i a l  la g  
v a lu e s  r e q u ir e d  f o r  e x t r a p o la t io n ,  i s  o b se rve d . T h is  shows t h a t ,  i t  i s  
n o t  m e re ly  th e  number o f  r e q u ir e d  i n i t i a l  c o e f f i c ie n t s ,  b u t  a know ledge 
o f  th e  shape o f  th e  fu n c t io n  t h a t  p la y s  th e  im p o r ta n t  r o le .  T h a t i s ,  
f o r  a la r g e r  Ax, t h a t  more in fo r m a t io n  i s  p ro v id e d  re g a rd in g  th e  t o t a l  
shape o f  t l ie  d is c r e te  f u n c t io n ,  le s s  number o f  known v a lu e s  i s  
r e q u ir e d  f o r  e x t r a p o la t io n .  F u r th e r  d is c u s s io n  w i l l  be g iv e n  in  
s e c t io n  6 .3 .
The a u to c o r r e la t io n  fu n c t io n s  c o n s id e re d , so f a r  i n  t h i s  c h a p te r ,  
c o n ta in e d  e i t h e r  no p e r i o d i c i t y  o r  a s in g le  p e r io d ic  com ponent. Now, 
c o n s id e r  th e  fo l lo w in g  a u to c o r r e la t io n  fu n c t io n :
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R(t) = sexp(-x) (cos2irT+cosl4iTT) (6 .2 .4 )
w h ic h  c o n ta in s  two p e r io d ic  com ponents. The d is c r e te  v a lu e s  were 
o b ta in e d  fro m  t h i s  fu n c t io n  w i t h  a s a m p lin g  in t e r v a l  o f  At=0 .0 2 5  ; 
t h i s  v a lu e  o f  At g iv e s  a c u t - o f f  fre q u e n c y  w e l l  above th e  m a in  pe a ks .
F i r s t l y ,  10 i n i t i a l  a u to c o r r e la t io n  c o e f f i c ie n t s ,  t h a t  i s  R (0 )-+ R (9 ), 
w ere used to  e x t r a p o la te  th e  fu n c t io n .  The ex te n d e d  fu n c t io n  i s  shown 
and com pared w i t h  th e  t r u e  c u rv e , i n  F ig u re  24a. The e x t r a p o la te d  v a lu e s
a re  seen n o t  to  be as a c c u ra te  as th e  e x te n s io n  in  th e  p re v io u s  s e c t io n .
By e x te n d in g  th e  f u n c t io n ,  so t h a t  i t  decayed c lo s e  to  z e ro , th e
sp e c tru m  was a ls o  o b ta in e d ,  u s in g  d is c r e te  c o s in e  t r a n s fo r m a t io n .  T h is
i s  shown and compared w i t h  th e  t r u e  sp e c tru m  in  F ig u re  24b. The
e s t im a te d  sp e c tru m  i s  a ls o  seen t o  be in a c c u ra te .  The c o n t r ib u t io n
to  th e  lo w e r  fre q u e n c y  has been re d u ce d  and th e  c o n t r ib u t io n  to  th e
h ig h e r  fre q u e n c y  in c re a s e d . T h is  i s  u n d e rs ta n d a b le , s in c e  th e  few
i n i t i a l  la g  v a lu e s ,  used to  e x t r a p o la te  th e  f u n c t io n ,  w ere s u f f i c i e n t
to  p ro v id e  in fo r m a t io n ,  a b o u t th e  h ig h e r  fre q u e n c y  and n o t  th e  lo w e r
fre q u e n c y .
S e co n d ly , 25 i n i t i a l  a u to c o r r e la t io n  c o e f f i c ie n t s ,  t h a t  i s  R(0)-+
R (2 4 ) , were used f o r  e x t r a p o la t io n .  The ex tende d  fu n c t io n  is  g iv e n  
i n  F ig u re  24c and compared w i t h  th e  t r u e  c u rv e . F ig u re  24d a ls o  g iv e s  
th e  c o rre s p o n d in g  sp e c tru m , e s t im a te d  fro m  th e  f u n c t io n  b e in g  e x tende d  
to  decay , and compares i t  w i t h  th e  t r u e  sp e c tru m . The e x t r a p o la te d  v a lu e s  
and th e  r e s u l t in g  sp e c tru m  a re  seen to  be a lm o s t e x a c t.  T h is  im provem ent 
has been a c h ie v e d  b y  in c re a s in g  th e  number o f  known la g  v a lu e s  and w i l l  
be d is c u s s e d  i n  s e c t io n  6 .3 .
6 .2 .3  E x t r a p o la t io n  E r r o r s  and S e le c t io n  o f  th e  T ru n c a t io n  P o in t
T h is  s u b -s e c t io n  c o n s id e rs  th e  r e l i a b i l i t y  o f  th e  e x t r a p o la te d  
a u to c o r r e la t io n  c o e f f i c ie n t s  and th e  p ro b le m  o f  s e le c t in g  th e  t r u n c a t io n  
p o in t .  These have to  be c o n s id e re d  fro m  two p o in ts  o f  v ie w : one i s  th e  
minimum number o f  la g  v a lu e s  r e q u ir e d  f o r  e x t r a p o la t io n  and th e  o th e r  
i s  an assessm ent o f  th e  o rd e r  o f  m ag n itu d e  o f  e r r o r s  i n  th e  e x t r a p o la te d
v a lu e s ,  w h ic h  w o u ld  f o l lo w  th e  s t a t i s t i c a l  e r r o r s  i n  th e  i n i t i a l  
c o e f f i c ie n t s  used f o r  e x t r a p o la t io n .  However, i t  i s  r e c a l le d  fro m  
C h a p te r 5 t h a t  B a r t l e t t ' s  fo rm u la  may be used to  assess th e  o rd e r  o f  
m agn itude s  o f  th e  s t a t i s t i c a l  e r r o r s  i n  th e  ( i n i t i a l )  la g  v a lu e s  
e s t im a te d  fro m  th e  d a ta .
A r e l i a b i l i t y  t e s t ,  f o r  s e le c t io n  o f  th e  r e q u ir e d  minimum number 
o f  known la g  v a lu e s  has been sug g e s te d  and e x te n s iv e ly  d is c u s s e d  b y  
S tone (1 9 7 8 ); i t  appea rs  to  be a u s e fu l  c r i t e r i o n  f o r  th e  e x t r a p o la t io n  
m ethod. I t  s ta te s  t h a t  th e  fo l lo w in g  q u a n t i t y ,  B, s h o u ld  approach  
u n i t y  and s t a b i l i z e :
B=1" ( V l /d n )Z  t 6 - 2<5+
The q u a n t i t ie s  dn  and <$n+q a re  g iv e n  b y  e q u a tio n s  ( 6 .1 .9 )  and ( 6 .1 .2 0 ) .
The q u a n t i t y  B i s  a lw ays  com puted i n  th e  e x t r a p o la t io n  p rog ram  
and s h o u ld  be in s p e c te d  f o r  th e  known c o e f f i c ie n t s ,  b e fo re  e x t r a p o la t io n  
ta k e s  p la c e .  A r e l i a b le  e x t r a p o la t io n  w o u ld  n o t  be p o s s ib le  b e fo re  B 
s t a b i l i z e s  a t  u n i t y  b u t  w h i le  th e  t e s t  i s  s a t i s f i e d  f o r  a m a t r ix  o f  
d im e n s io n  n x n , e x t r a p o la t io n  can  th e n  ta k e  p la c e  fro m  th e  n e x t  d im e n s io n .
In  f a c t ,  S tone (1978) has shown t h a t  th e  p o s i t i v e  d e f in i t e  
a u to c o r r e la t io n  m a tr ic e s ,  i n  g e n e ra l,  te n d  to  app roach  t h i s  p r o p e r ty .  
N e v e r th e le s s ,  i t  i s  ( e m p i r ic a l ly )  known th a t  f o r  many a u to c o r r e la t io n  
m a tr ic e s ,  th e  p r o p e r ty  i s  app roached  f a i r l y  r a p id ly ;  th e  m a t r ix  
c o r re s p o n d in g  to  th e  a u to c o r r e la t io n  fu n c t io n  e x p ( -T ) ,  f o r  in s ta n c e ,  
s a t i s f i e s  th e  r e l i a b i l i t y  t e s t  fro m  d im e n s io n  2x2 ; S tone  (1 9 7 8 ).
However, th e  r e l i a b i l t i y  t e s t  has to  be in v e s t ig a te d  e m p ir ic a l ly ,  as 
f a r  as i t s  a p p l ic a t io n  to  th e  a u to c o r r e la t io n  e s t im a te s  fro m  a f i n i t e  
sam ple s iz e  i s  co n ce rn e d .
In  C h a p te r 5 , th e  f i r s t  o T d e r p ro c e s s  w i t h  th e  a u to c o r r e la t io n  
fu n c t io n  g iv e n  by  e q u a t io n  ( 6 .2 .1 )  was c o n s id e re d ; 5 OCX) sample 
v a lu e s  ( w i th  At =0 .0 5  ) w ere  used to  e s t im a te  R(0)-+R(500) and th e  r e s u l t  
has been shown i n  F ig u re  15a . The e s t im a te d  fu n c t io n  has f a i l e d  to  
damp o u t and i t s  g e n e ra l appea rance  has been d is t o r t e d .  Now* th e
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r e l i a b i l i t y  t e s t  was a p p l ie d  to  th e s e  e s t im a te d  c o e f f i c ie n t s ,  i . e .  
R (0 )-*R (5 0 0 ), and th e  com puted v a lu e s  o f  B were p lo t t e d  v e rs u s  th e  
m a t r ix  d im e n s io n . I t  i s  shown and com pared w i t h  th e  c u rv e  c o rre s p o n d in g  
to  th e  t r u e  a u to c o r r e la t io n  fu n c t io n  in  F igue  25a, where i t  i s  seen 
t h a t  f o r  t h i s  f u n c t io n ,  B approaches u n i t y  f a i r l y  r a p id ly  ( fro m  
d im e n s io n  3 x 3 ) . I t  is .o b s e rv e d  t h a t ,  a lth o u g h  th e  a u to c o r r e la t io n  
e s t im a te s  a re  h ig h ly  in a c c u ra te  b u t  th e  in a c c u ra c ie s  have n o t  caused 
B to  d e s ta b i l iz e  a f t e r  a p p ro a c h in g  u n i t y ;  o n ly  a m in o r  f lu c t u a t io n  o f  
t l ie  p o in ts  can  be o b s e rv e d .
S im i la r  r e s u l t s  w ere  a ls o  o b ta in e d  f o r  th e  second o rd e r  p ro ce ss  
w i t h  th e  d e c a y in g  c o s in u s o id a l a u to c o r r e la t io n  fu n c t io n  g iv e n  b y  
e q u a t io n  ( 6 . 2 . 3 ) ,  u s in g  a s a m p lin g  in t e r v a l  At =0 .1  . F ig u re  25b 
shows t l ie  r e s u l t s  c o r re s p o n d in g  to  a sam ple s iz e  o f  5 000 and F ig u re  
25c c o rre sp o n d s  to  a sam ple s iz e  o f  500. The c u rv e s  c o rre s p o n d in g  
to  th e  e x a c t a u to c o r r e la t io n  f u n c t io n  show th a t  B w o u ld  e s ta b l is h  a t  
u n i t y  fro m  d im e n s io n  10x10 . The o b s e rv a t io n s  fro m  th e  case t h a t  5 000 
sam ple v a lu e s  w ere u se d , a re  s im i la r  to  th e  p re v io u s  ( f i r s t  o rd e r  
p ro c e s s )  ca se . F ig u re  25c, how eve r, shows th a t  f o r  500 sam ple v a lu e s ,  
t l ie  f lu c t u a t io n  o f  t l ie  p o in ts  has been f u r t h e r  p ron o u n ce d . T h is  w o u ld  
in d ic a te  why r e l i a b le  r e s u l t s  w ere n o t  o b ta in e d , e a r l i e r ,  when 
e x t r a p o la t io n  to o k  p la c e  b y  u s in g  o n ly  500 sam ple v a lu e s .  The p lo t s  
o f  B , f o r  th e  d e c a y in g  e x p o n e n t ia l and c o s in u s o id a l f u n c t io n s ,  w o u ld  
a ls o  e x p la in  why more c o e f f i c ie n t s  w ere r e q u ire d  in  th e  l a t t e r  ca se , 
f o r  a s a t is f a c t o r y  e x t r a p o la t io n .  I t  i s  n o te d  t h a t  f o r  th e  fo rm e r case 
B s t a b i l i z e s  a t  u n i t y  f a i r l y  r a p id ly ,  w h i le  th e  app roach  o f  B to  
u n i t y  i s  s lo w  i n  th e  l a t t e r  c a se . I n  f a c t ,  i t  has been seen (F ig u re s  
23c, d ) t h a t ,  f o r  th e  d e c a y in g  c o s in u s o id ,  when a m a t r ix  o f  d im e n s io n  
7x7 was used f o r  e x t r a p o la t io n ,  u n r e l ia b le  r e s u l t s  w ere o b ta in e d .
T lie  p lo t s  o f  B, f o r  t h i s  f u n c t io n ,  in d ic a te  t h a t  B does n o t  approach  
u n i t y  f o r  th e  d im e n s io n  7x7 and appea rs  to  do so a t  th e  d im e n s io n  10x10.
I t  has been e s ta b l is h e d  i n  C h a p te r 5 t h a t ,  d e s p ite  th e  in a c c u ra c ie s
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i n  th e  a u to c o r r e la t io n  e s t im a te s  fro m  a f i n i t e  sam ple s iz e ,  th e y  may 
p roduce  a d e c e p t iv e ly  sm ooth appea rance . However, i t  i s  in t e r e s t in g  
to  n o te  t h a t  th e  f lu c t u a t io n s  i n  th e  B p lo t s  can in d ic a te  t h a t  th e  
e s t im a te s  may be in a c c u ra te ,  a lth o u g h  th e y  ca n n o t p ro v id e  any in d ic a t io n  
o f  th e  deg rees o f  in a c c u ra c ie s .
H ie  a p p l ic a t io n  o f  th e  r e l i a b i l i t y  t e s t  can y i e l d  th e  minimum 
num ber o f  c o e f f i c ie n t s  r e q u ir e d  f o r  e x t r a p o la t io n  b u t  c a n n o t p ro v id e  
any in fo r m a t io n  a b o u t th e  a c c u ra c ie s  o f  th e  e x t r a p o la te d  v a lu e s  o r  
s e le c t io n  o f  an optim um  t r u n c a t io n  p o in t  fro m  where e x t r a p o la t io n  may 
ta k e  p la c e .  H ow ever, i t  i s  known th a t  an e x a c t a u to c o r r e la t io n  
fu n c t io n  may be t ru n c a te d  fro m  th e  p o in t  t h a t  th e  r e l i a b i l i t y  t e s t  i s  
s a t i s f i e d  and e x t r a p o la te d  e x a c t ly ;  S tone  (1 9 7 8 ). H ie  a c c u ra c y  i n  
e x t r a p o la t in g  an e s t im a te d  f u n c t io n  w o u ld , t h e r e fo r e ,  depend on th e  
a c c u ra c y  o f  th e  la g  v a lu e s  o b ta in e d  d i r e c t l y  fo rm  th e  d a ta .  B a r t l e t t ’ s 
fo rm u la ,  e q u a t io n  ( 5 . 1 . 5 ) ,  in d ic a te s  t h a t ,  i n  u n ifo rm  s a m p lin g , th e  
e r r o r s  i n  th e  a u to c o r r e la t io n  e s t im a te s  depend on th e  fu n c t io n  to  be 
e s t im a te d ,  th e  sam ple s iz e ,  th e  la g  number and th e  s a m p lin g  p e r io d .
H ie  e x t r a p o la t io n  e r r o r s  w o u ld , h ence , be e x p e c te d  to  depend on th e  
a u to c o r r e la t io n  fu n c t io n ,  th e  sam ple s iz e ,  th e  t r u n c a t io n  p o in t  and th e  
s a m p lin g  p e r io d .  A tte m p ts  to  d e r iv e  a n a ly t ic  e x p re s s io n s  f o r  th e  e r r o r  
i n  e x t r a p o la te d  fu n c t io n s  have been m ade ,bu t u n fo r tu n a te ly ,  no p ro g re s s  was 
H ie  f o l lo w in g  e m p ir ic a l  in v e s t ig a t io n s  w ere th e n  u n d e rta k e n .
H ie  r o o t  mean squa re  e r r o r s  w ere  com puted fro m  c o n t r ib u t io n s  o f  
d i f f e r e n t  sequences, i n  o rd e r  to  c o n s id e r  th e  e x p e c te d  e r r o r  m a g n itu d e s .
F o r t h i s ,  50 000 sam ple v a lu e s  w ere  d iv id e d  in t o  50 sequences, each 
o f  s iz e  1 000 . H ie  i n i t i a l  a u to c o r r e la t io n  c o e f f ic ie n t s  were o b ta in e d  
i n  each sequence and used f o r  e x t r a p o la t io n  to  a l lo w  th e  fu n c t io n s  
d ecay . H ie  d i f fe r e n c e s  be tw een  th e  e s t im a te d  and th e  t r u e  c o e f f ic ie n t s  
w ere c a lc u la te d .  F o r e v e ry  c o e f f i c i e n t ,  th e s e  d i f fe r e n c e s  ( fro m  each 
sequence) w ere  sq u a re d  and summed. H ie  sums w ere th e n  d iv id e d  b y  th e  
num ber o f  sequences (50 ) and th e  r o o t  mean square  e r r o r s  w ere com puted
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and p lo t t e d  v e rs u s  th e  la g  num ber. The e x p e r im e n t was re p e a te d , u s in g  
10 , 20, 30, 40 and 50 la g  v a lu e  e s t im a te s  as th e  known i n i t i a l  
c o e f f i c ie n t s  f o r  e x t r a p o la t io n .
The r e s u l t s  f o r  th e  f i r s t  o rd e r  p ro c e s s , w i t h  th e  a u to c o r r e la t io n  
fu n c t io n  g iv e n  by  e q u a t io n  ( 6 .2 .1 )  and At =0 .0 5  , a re  shown in  F ig u re s  
26a , b , c ,  d , and e . The r e s u l t s  c o rre s p o n d in g  to  th e  second o rd e r  
p ro c e s s , w i t h  th e  a u to c o r r e la t io n  fu n c t io n  g iv e n  b y  e q u a tio n  ( 6 .2 .3 )  
and AtO . 1 , a re  shown in  F ig u re s  2 6 f ,  g , h , i  and j .  The f ig u r e s  
a ls o  p ro v id e  com parisons  w i t h  th e  B a r t l e t t  c u rv e s , g iv in g  th e  e r r o r  
m agn itudes  o f  th e  a u to c o r r e la t io n :  e s t im a te s  fro m  th e  d a ta .
I t  i s  in t e r e s t in g  to  n o te  t h a t  t l ie  e r r o r s  in  t l ie  e x t r a p o la te d  v a lu e s  
show a d e c a y in g  t r e n d .  The e r r o r s  i n  th e  la g  v a lu e s  e s t im a te d  d i r e c t l y  
fro m  t l ie  d a ta  have an in c re a s in g  t r e n d  (as e xp e c te d  fro m  B a r t l e t t ’ s 
fo rm u la )  and th e  f i r s t  fe w  e x t r a p o la te d  v a lu e s ,  f o l lo w in g  th e s e , appea r 
to  f o l lo w  t h i s  t r e n d .  N e v e r th e le s s ,  a f t e r  re a c h in g  a p e a k , s l i g h t l y  
h ig h e r  th a n  th e  e x p e c te d  e r r o r  i n  t l ie  l a s t  known c o e f f i c i e n t ,  th e  
e x t r a p o la t io n  e r r o r s  a ppea r to  f o l lo w  a d e c re a s in g  t r e n d ,  w h ic h  i s  i n  
c o n t r a r y  to  th e  B a r t l e t t  c u rv e . The d e c a y in g  p a t te r n  i s  seen to  be 
o s c i l l a t o r y  f o r  t l ie  c o s in u s o id  f u n c t io n  and monotonous f o r  th e  
e x p o n e n t ia l f u n c t io n .
However, t l ie  e x t r a p o la t io n  e r r o r s  a re  fo u n d  to  depend on th e  
t r u n c a t io n  p o in t  and in c re a s e  as more known e s t im a te s  a re  used f o r  
e x t r a p o la t io n .  The m inimum number o f  a l lo w a b le  la g  v a lu o s ,  used f o r  
e x t r a p o la t io n ,  i s  r e s t r i c t e d  b y  th e  r e l i a b i l i t y  t e s t .  T h e re fo re ,  i t  
appea rs  t h a t  w h i le  th e  m inimum number o f  r e q u ire d  c o e f f ic ie n t s  has 
been y ie ld e d  b y  th e  r e l i a b i l i t y  t e s t ,  e x t r a p o la t io n  w o u ld  b e s t  ta k e  
p la c e  b y  t r u n c a t in g  c lo s e  to  th e  m inimum re q u irm e n t.
The above s im u la t io n  s tu d ie s  a ls o  appea r to  in d ic a te  t h a t  th e  
e x p e c te d  o rd e r  o f  m agn itude  o f  th e  maximum e r r o r  i n  th e  e x t ra p o la te d  
v a lu e s  w o u ld  be s l i g h t l y  h ig h e r  th a n  t h a t  o f  th e  t r u n c a t io n  p o in t .
T lie  l a t t e r  i s ,  how eve r, o b ta in a b le  fro m  B a r t l e t t ' s  fo rm u la .
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F u rth e rm o re , i t  was a tte m p te d  to  in v e s t ig a te  w h e th e r a know ledge 
o f  th e  e r r o r  m agn itude s  o f  th e  known e s t im a te s ,  as g iv e n  b y  B a r t l e t t ' s  
fo rm u la ,  c o u ld  c o n t r ib u te  i n  a s s e s s in g  th e  e x t r a p o la t io n  e r r o r  
m a g n itu d e s . In  f a c t ,  i t  was a tte m p te d  to  exam ine how th e  e r r o r  
m agn itude s  o f  th e  known e s t im a te s  a re  r e f le c t e d  i n  th e  e x t ra p o la te d  
v a lu e s .  F o r t h i s  th e  e r r o r  m ag n itu d e s  w ere  o b ta in e d  fro m  B a r t l e t t ’ s 
fo rm u la  and s u b tra c te d  fro m  th e  known e s t im a te s  to  g iv e  th e
c o e f f i c ie n t s  R '( 0 ) ,  R ' ( 1 ) ,  R '( 2 ) ,  . . .  ; i t  i s  n o te d  t h a t  
R ' ( 0 ) = R (0 )= 1 . These c o e f f i c ie n t s  w ere th e n  used to  e x t r a p o la te  th e  
fu n c t io n  and th e  d i f fe r e n c e s  be tw een th e  e x t r a p o la te d  v a lu e s ,  
o b ta in e d  from these c o e f f i c ie n t s ,  and th o s e  o b ta in e d  fro m  th e  known 
e s t im a te s ,  w ere c a lc u la te d .  The a b s o lu te  v a lu e s  o f  th e s e  d i f fe r e n c e s  
w ere  p lo t t e d  v e rs u s  th e  la g  number and compared w i t h  th e  t r u e  
e x t r a p o la t io n  e r r o r s ,  i . e .  th e  d i f fe r e n c e s  be tw een th e  e x t r a p o la te d  
v a lu e s  and th e  t r u e  a u to c o r r e la t io n  c o e f f i c ie n t s .
The e r r o r  m agn itude s  w ere reduced  fro m  th e  known e s t im a te s  r a th e r  
th a n  b e in g  added to  them . F o r an a u to c o r r e la t io n  m a t r ix  c o m p r is in g  
p o s i t i v e  e le m e n ts , t h i s  w o u ld  le a v e  th e  m a t r ix  d ia g o n a l ly  dom inan t 
r e la t i v e  to  th e  o th e r  e le m e n ts ; n o t in g  t h a t  th e  le a d in g  d ia g o n a l 
e lem en ts  R (0) a re  n o t  changed b u t  o th e r  e lem en ts  a re  re d u c e d . The 
e f f e c t  w o u ld  be to  keep th e  m a t r ix  n o n -n e g a tiv e  and i s  ana logous to  
th e  w h ite  n o is e  a d d i t io n ;  S tone (1 9 7 8 ). However, f o r  an a u to c o r r e la t io n  
m a t r ix  c o rre s p o n d in g  to  an o s c i l l a t o r y  f u n c t io n  and c o m p r is in g  b o th  
p o s i t i v e  and n e g a t iv e  c o e f f i c ie n t s ,  th e  a d d i t io n  and s u b t r a c t io n  o f  
th e  e r r o r  m agn itude s  w o u ld  a c t  e q u iv a le n t ly .
The f i r s t  o rd e r  p ro c e s s  w i t h  th e  a u to c o r r e la t io n  fu n c t io n  g iv e n  
b y  e q u a t io n  ( 6 .2 .1 )  was s im u la te d ,  u s in g  a sa m p lin g  in t e r v a l  At=0 .0 5  
and a sam ple s iz e  o f  1 0 0 0 . The c o rre s p o n d in g  r e s u l t s  a re  shown i n  
F ig u re s  26k and 261, f o r  10 and 20 la g  v a lu e  e s t im a te s  b e in g  used f o r  
e x t r a p o la t io n .  S im i la r  r e s u l t s ,  f o r  th e  second o rd e r  p ro ce ss  w i t h  th e  
c o s in u s o id a l a u to c o r r e la t io n  fu n c t io n  g iv e n  by  e q u a t io n  ( 6 .2 . 2 ) ,  a re  
a ls o  shown in  F ig u re s  26m and 26n. T h is  p ro ce ss  has been s im u la te d
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w ith  At =0 .1  , a sam ple s iz e  o f  1 000 , 10 and 20 la g  v a lu e  e s t im a te s  
have been used f o r  e x t r a p o la t io n .  These f ig u r e s  appear to  in d ic a te  
t h a t  th e  above d is c u s s e d  te c h n iq u e  can p ro v id e  a u s e fu l  means o f  
a s s e s s in g  th e  e x t r a p o la t io n  e r r o r  m a g n itu d e s . H ie  assessed  e x t r a p o la t io n  
e r ro rs  a re  seen to  p ro d u ce  p a t te r n s  s im i la r  to  th o s e  p roduced  by  t r u e  
e r r o r s  (o b ta in e d  e m p ir ic a l ly )  and appear to  be u s e fu l  a p p ro x im a tio n s  
to  them .
6 .3  DISCUSSION AND CONCLUDING REMARKS
T h is  c h a p te r  has u n d e rta k e n  some e m p ir ic a l  in v e s t ig a t io n s  o f  th e  
maximum d e te im in a n t m ethod o f  a u to c o r r e la t io n  fu n c t io n  e x t r a p o la t io n .
The f i r s t  and second o rd e r  G auss ian  p ro c e s s e s , w ere  s im u la te d  on a 
d i g i t a l  c o m p u te r; t r u n c a te d  d is c r e te  a u to c o r r e la t io n  fu n c t io n s  w ere 
o b ta in e d  fro m  th e  d a ta  and th e n  e x t r a p o la te d . .
Some a n a ly t ic  a u to c o r r e la t io n  fu n c t io n s  w ere a ls o  em ployed f o r  f u r t h e r  
d e m o n s tra t io n s .
The e x t r a p o la te d  fu n c t io n s  w ere used f o r  s p e c t r a l  e s t im a te s ;  th e  
s p e c tra  w ere e s t im a te d  b y  d is c r e te  c o s in e  t r a n s fo rm a t io n  o f  th e  
e x te n d e d  a u to c o r r e la t io n  fu n c t io n s .  The e x t ra p o la te d  v a lu e s  and th e  
r e s u l t in g  s p e c tra  w ere com pared w i t h  th e  c o rre s p o n d in g  t r u e  c u rv e s .
In  C h a p te r 5 , i t  had been o b se rve d  t h a t  an a u to c o r r e la t io n  
fu n c t io n ,  e s t im a te d  w i t h  a s m a ll sam ple s iz e ,  c o u ld  f a i l  to  damp o u t .
In  t h i s  c h a p te r ,  how eve r, i t  was n o te d  t h a t  such e s t im a te d  fu n c t io n s  
c o u ld  be damped o u t  b y  e x t r a p o la t io n .
No r in g in g  o r  n e g a t iv e  lo b e s  w ere  p re s e n t i n  th e  s p e c tra  o b ta in e d  
fro m  th e  e x te n d e d  a u to c o r r e la t io n  fu n c t io n s .  Even when a sample s iz e  o f  
500 was used to  e s t im a te  a t r u n c a te d  a u to c o r r e la t io n  fu n c t io n ,  th e  
sp e c tru m  o b ta in e d  b y  e x te n d in g  t h i s  f u n c t io n  d id  n o t  c o n ta in  any 
n e g a t iv e  lo b e s . N e v e r th e le s s ,  t h i s  spec trum  was in a c c u ra te  and 
r e f le c t e d  th e  in a c c u ra c ie s  o f  th e  i n i t i a l  a u to c o r r e la t io n  c o e f f ic ie n t s  
b e in g  e s t im a te d  fro m  a s m a ll sam ple s iz e .  In  g e n e ra l,  as w o u ld  be
81*
e xp e c te d , th e  s p e c t r a l  e s t im a te s  w ere obse rve d  to  r e f l e c t  th e  
in a c c u ra c ie s  o f  th e  e x t r a p o la te d  fu n c t io n s .
However, t l ie  r e l i a b i l i t y  o f  th e  e x t ra p o la te d  c o e f f i c ie n t s  had to  
be c o n s id e re d  fro m  two p o in ts  o f  v ie w ; nam ely th e  minimum number o f  
la g  v a lu e s  r e q u ir e d  f o r  a s a t i s f a c t o r y  e x t r a p o la t io n  and th e  e r r o r  
m a g n itu d e s  in  th e  e x t r a p o la te d  v a lu e s .  An optim um  t r u n c a t io n  p o in t ,  
f o r  a g iv e n  s e t  o f  a u to c o r r e la t io n  e s t im a te s ,  w o u ld  have been s e le c te d  
on th e  b a s is  o f  th e s e  two v ie w p o in ts .  F o r th e  s e le c t io n  o f  th e  
m inimum number o f  known la g  v a lu e s ,  th e  r e l i a b i l i t y  t e s t  d is c u s s e d  b y  
S tone  (1978) was c o n s id e re d ; th e  c r i t e r i o n  b e in g  t h a t  th e  q u a n t i t y  B, 
g iv e n  b y  e q u a t io n  ( 6 . 2 . 5 ) ,  s h o u ld  be c lo s e  to  u n i t y .  The q u a n t i t y  
B was p lo t t e d  v e rs u s  the  m a t r ix  d im e n s io n , b y  s im u la t in g  th e  f i r s t  and 
second o rd e r  G auss ian  p ro c e s s e s  w i t h  s m a ll and r e l a t i v e l y  s m a ll sam ple 
s iz e s .  The o b s e rv a t io n s  in d ic a te d  t h a t  B approached u n i t y  and th e  
r e l a t i v e l y  h ig h  in a c c u ra c ie s  o f  t l ie  a u to c o r r e la t io n  e s tim a te s  d id  n o t  
cause B to  d e s t a b i l i z e ;  o n ly  a m in o r f lu c t u a t io n  o f  th e  p o in ts  c o u ld  
be o b se rve d . I t  was in t e r e s t in g  to  n o te  t h a t  a lth o u g h  th e  a u to c o r r e la t io n  
e s t im a te s  ( fro m  a s m a ll sam ple s iz e )  w o u ld  them se lves  p ro d u ce  a 
d e c e p t iv e ly  sm ooth appea ra nce , b u t  th e  f lu c t u a t io n s  i n  th e  B p lo t s  
c o u ld  s ig n i f y  th e  f a c t  t h a t  th e  e s t im a te s  w ere in a c c u ra te .
N e v e r th e le s s ,  th e  a p p l ic a t io n  o f  th e  r e l i a b i l i t y  t e s t  c o u ld  y ie ld  
th e  minimum number o f  c o e f f i c ie n t s  re q u ire d  f o r  e x t r a p o la t io n ,  b u t  
c o u ld  n o t  p ro v id e  any in fo r m a t io n  a b o u t th e  a c c u ra c ie s  o f  th e  
e x t r a p o la te d  v a lu e s  o r  th e  s e le c t io n  o f  an optim um  t r u n c a t io n  p o in t  
fro m  w here e x t r a p o la t io n  w o u ld  b e s t ta k e  p la c e .  H ow ever, s in c e  an 
e x a c t a u to c o r r e la t io n  fu n c t io n  may be t ru n c a te d  fro m  th e  p o in t  t h a t  th e  
r e l i a b i l i t y  t e s t  i s  s a t i s f i e d  and e x t r a p o la te d  e x a c t ly ,  S tone (1 9 7 8 ), 
th e  e x t r a p o la t io n  a c c u ra c y  w o u ld , th e r e fo r e ,  depend on th e  a c c u ra c y  o f  
t l ie  i n i t i a l  a u to c o r r e la t io n s  e s t im a te d  fro m  th e  d a ta .  The e r r o r  
m agn itude s  i n  th e  a u to c o r r e la t io n  e s t im a te s  fro m  u n i fo r m ly  sam pled d a ta ,  
a re  g iv e n  by  B a r t l e t t ' s  fo rm u la  and depend on th e  fu n c t io n  to  be
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e s t im a te d , th e  sam ple s iz e ,  th e  la g  number and th e  s a m p lin g  p e r io d .
The e x t r a p o la t io n  e r r o r s  w o u ld , hence , be e x p e c te d  to  depend on th e  
a u to c o r r e la t io n  fu n c t io n ,  th e  sam ple s iz e ,  th e  t r u n c a t io n  p o in t  and 
th e  s a m p lin g  p e r io d .  I t  was a tte m p te d  to  app roach  a n a l y t i c a l l y  an 
e x p re s s io n  f o r  th e  e x t r a p o la t io n  e r r o r s  b u t ,  u n fo r tu n a te ly ,  no p ro g re s s  
was made and, hence , some e m p ir ic a l  in v e s t ig a t io n s  w ere u n d e rta k e n  f o r  
t h i s .
The r o o t  mean squa re  e r r o r s  i n  th e  e x t ra p o la te d  v a lu e s ,  w ere  
com puted fro m  c o n t r ib u t io n s  o f  d i f f e r e n t  sequences, in  o rd e r  to  c o n s id e r  
th e  e x p e c te d  e r r o r  m a g n itu d e s . I t  was in t e r e s t in g  to  n o te  t h a t  th e  
e x t r a p o la t io n  e r r o r s  showed a d e c a y in g  t r e n d ,  w h ic h  was i n  c o n t r a r y  
to  th e  B a r t l e t t  c u rv e . In  f a c t ,  th e  e r r o r s  i n  th e  f i r s t  few  e x t r a p o la te d  
v a lu e s ,  f o l lo w in g  th e  known c o e f f i c ie n t s ,  reached  a peak s l i g h t l y  
h ig h e r  th a n  th e  e r r o r  i n  th e  l a s t  known c o e f f i c ie n t  and th e n  fo l lo w e d  
a d e c re a s in g  t r e n d .  The d e c a y in g  p a t te r n  was seen to  be o s c i l l a t o r y  
f o r  th e  c o s in u s o id  a u to c o r r e la t io n  fu n c t io n  and m onotonous f o r  th e  
e x p o n e n t ia l f u n c t io n .
The d e c re a s in g  t r e n d  o f  th e  e x t r a p o la t io n  e r r o r s  con fo rm ed  w i t h  
th e  o b s e rv a t io n s  made fro m  th e  e x t ra p o la te d  fu n c t io n s ,  t h a t  th e  
e x t r a p o la te d  v a lu e s  w ere te n d in g  to  th e  t r u e  c u rv e s  as f u r t h e r  
e x t r a p o la t io n s  to o k  p la c e .  How ever, th e  e x t r a p o la t io n  e r r o r s  were 
fo u n d  to  depend on th e  t r u n c a t io n  p o in t  and in c re a s e d  as more known 
e s t im a te s  w ere used f o r  e x t r a p o la t io n .  N e v e r th e le s s , th e  minimum 
number o f  r e q u ir e d  la g  v a lu e s  s h o u ld  be r e s t r i c t e d  b y  th e  r e l i a b i l i t y  
t e s t .  T h e re fo re ,  i t  w o u ld  appea r t h a t  w h i le  th e  r e l i a b i l i t y  t e s t  has 
in d ic a te d  th e  m inimum number o f  r e q u ir e d  c o e f f i c ie n t s ,  e x t r a p o la t io n  
c o u ld  b e s t  ta k e  p la c e  b y  t r u n c a t in g  c lo s e  to  th e  minimum re q u ire m e n t.
I t  was, how eve r, o b se rve d  t h a t  s t a r t i n g  th e  e x t r a p o la t io n  b e lo w  th e  
minimum re q u ire m e n t c o u ld  le a d  to  h ig h ly  in a c c u ra te  r e s u l t s .  M o re o ve r, 
th e  o b s e rv a t io n s  made fro m  a v a r ie t y  o f  e x t r a p o la te d  fu n c t io n s  and th e  
r e s u l t in g  s p e c t ra ,  in d ic a te d  t h a t  f o r  d e c a y in g  e x p o n e n t ia ls ,  when a
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r e l a t i v e l y  la rg e  sam ple s iz e  has n o t  been em ployed, u s in g  a s l i g h t l y  
la r g e r  number o f  known e s t im a te s  th a n  t h a t  r e q u ire d  by  th e  r e l i a b i l i t y  
t e s t ,  c o u ld  im prove  upon th e  r e s u l t s .  F o r p e r io d ic  fu n c t io n s ,  t h i s  
d id  n o t  appea r to  be th e  c a se ; because th e  more th e  number o f  e s t im a te s  
b e in g  used , th e  more w o u ld  be th e  l i a b i l i t y  o f  th e  t r u e  w a v e le n g th  
b e in g  s l i g h t l y  d is t o r t e d .
However, th e  s im u la t io n  s tu d ie s  appeared  to  in d ic a te  t h a t  th e  
e x p e c te d  o rd e r  o f  m ag n itu d e  o f  th e  maximum e x t r a p o la t io n  e r r o r  w o u ld  
be s l i g h t l y  h ig h e r  th a n  t h a t  o f  th e  t r u n c a t io n  p o in t ;  th e  l a t t e r  b e in g  
o b ta in a b le  fro m  B a r t l e t t ' s  fo rm u la .  I t  was a t te n p te d  to  in v e s t ig a te  
w h e th e r a know ledge o f  th e  e r r o r  m agn itude s  i n  th e  known e s t im a te s ,  
as g iv e n  by  B a r t l e t t ' s  fo rm u la ,  c o u ld  p ro v id e  an assessm ent o f  th e  
e x t r a p o la t io n  e r r o r  m a g n itu d e s . In  f a c t ,  i t  was d e m o n s tra te d  t h a t  by  
s u b t r a c t in g  th e  e r r o r  m a g n itu d e s , g iv e n  b y  B a r t l e t t ' s  fo rm u la ,  fro m  
th e  known e s t im a te s  and e x t r a p o la t in g  th e  r e s u l t in g  fu n c t io n ,  th e  
a b s o lu te  v a lu e s  o f  th e  d i f fe r e n c e s  betw een th e s e  e x t r a p o la te d  v a lu e s  
and th o s e  o b ta in e d  fro m  th e  known e s tim a te s  c o u ld  y i e l d  an a p p ro x im a te  
assessm ent o f  th e  e x t r a p o la t io n  e r r o r  m a g n itu d e s . I t  was e x p la in e d  
t h a t  th e  e r r o r  m agn itude s  w ere  p r e fe r a b ly  re d u ce d  fo rm  th e  known 
e s t im a te s  r a th e r  th a n  a d d in g  to  them ; t h i s  c o u ld  a s s is t  i n  k e e p in g  th e  
m a t r ix  n o n -n e g a t iv e .
Some e x a c t a u to c o r r e la t io n  fu n c t io n s  were a ls o  s im u la te d  f o r  
f u r t h e r  d e m o n s tra t io n s . I t  was n o te d  th a t  f o r  a s a t is f a c t o r y  
e x t r a p o la t io n ,  i t  i s  n o t  m e re ly  th e  number o f  known la g  v a lu e s  t h a t  
p la y s  th e  im p o r ta n t  r o le ,  b u t  a ls o  th e  sa m p lin g  in t e r v a l  Ax. F o r a 
g iv e n  fu n c t io n ,  th e  h ig h e r  th e  v a lu e  o f  Ax, th e  le s s  i s  th e  number 
o f  known la g  v a lu e s  b e in g  r e q u ir e d .  T h is  i s  due to  th e  f a c t  t h a t  f o r  
a la r g e r  Ax, le s s  number o f  c o e f f i c ie n t s  a re  re q u ir e d  to  d e f in e  th e  
t o t a l  shape o f  th e  d is c r e te  f u n c t io n .  I t  w o u ld  i n f e r  t h a t  a know ledge 
o f  th e  shape o f  th e  d is c r e te  f u n c t io n  i s  th e  b a s ic  re q u ire m e n t f o r  a 
s a t is f a c t o r y  e x t r a p o la t io n .
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M o re o ve r, an a u to c o r r e la t io n  f u n c t io n  c o n ta in in g  two p e r io d ic  
com ponents was a ls o  c o n s id e re d . U s ing  10 la g  v a lu e s  f o r  e x t r a p o la t io n  
le d  to  in a c c u ra te  r e s u l t s ;  i n  t l ie  r e s u l t in g  sp e c tru m , th e  c o n t r ib u t io n  
to  th e  lo w e r  fre q u e n c y  was re d u ce d  and t h a t  to  th e  h ig h e r  fre q u e n c y  
was in c re a s e d . H owever, when 25 la g  v a lu e s  w ere u se d , e x t r a p o la t io n  
to o k  p la c e  a c c u r a te ly  and th e  e s t im a te d  sp e c tru m  was e x a c t .  T h is  
w o u ld  be u n d e rs to o d  b y  in s p e c t in g  th e  v a lu e s  o f  B. In  f a c t ,  f o r  th e  
f i r s t  ca se , B had n o t  approached u n i t y  and was e q u a l to  0 .9 8 0 9 , w h i le  
f o r  th e  second case B was a p p ro a c h in g  u n i t y  and was e q u a l to  0 .9 9 9 9 .
I t  i s ,  th e r e fo r e ,  a p p re c ia te d  how im p o r ta n t  th e  in s p e c t io n  o f  th e  v a lu e s  
o f  B w o u ld  be f o r  a s a t i s f a c t o r y  e x t r a p o la t io n  to  ta lce p la c e .
O v e r a l l ,  i t  i s  i n t e r e s t in g  to  n o te  t h a t  even i n  th e  case o f  s m a ll 
sam ple s iz e s ,  w h ite  n o is e  a d d i t io n  d id  n o t  become n e c e s s a ry  and th e  
a u to c o r r e la t io n  m a tr ic e s  appea red  to  re m a in  n o n -n e g a t iv e .
F in a l l y ,  i t  i s  hoped t h a t  t h i s  c h a p te r  has c o n t r ib u te d  i n  
c o n v e y in g  some p r a c t i c a l  e x p e r ie n c e s  on th e  e x t r a p o la t io n  m ethod.
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THE AUTOCORRELATION FUNCTION EXTRAPOLATION AND EQUIVALENCE 
OF DETERMINANT AND ENTROPY MAXIMIZATIONS
As a s o lu t io n  to  th e  t r u n c a t io n  p ro b le m  a m ethod, te rm ed  as 
Maximum E n tro p y  S p e c t ra l A n a ly s is ,  has been in t ro d u c e d  b y  B urg (1 9 6 7 ), 
(1 9 7 5 ). T h is  m ethod i s  based  on th e  in fo r m a t io n  th e o ry  co n c e p t o f  
e n tro p y ;  Burg  (1 9 7 5 ), Shannon & Weaver (1 9 4 9 ).
The p ro b le m  o f  s t a r t i n g  w i t h  a t r u n c a te d  s e t  o f  a u to c o r r e la t io n s  
and d e te rm in in g  some p a r t i c u la r  pow er sp e c tru m  t h a t  i s  c o n s is te n t  
w i t h  th e s e  v a lu e s  i s  e q u iv a le n t  to  d e te rm in in g  a p a r t i c u la r  e x te n s io n  
o f  th e  i n f i n i t e  a u to c o r r e la t io n  fu n c t io n .  The maximum e n tro p y  m ethod 
r e ta in s  a l l  th e  known la g  v a lu e s  w ith o u t  m o d i f ic a t io n  and uses a non­
ze ro  e s t im a te  f o r  th e  unknown la g  v a lu e s .  B urg  (1967) has shown t h a t  
th e  unknown a u to c o r r e la t io n  c o e f f i c ie n t s  may be i n d i r e c t l y  e s t im a te d  
and th e  maximum e n tro p y  sp e c tru m  o b ta in e d  d i r e c t l y .
W h ile  B u rg 's  a n a ly s is  uses in fo r m a t io n  th e o ry  c o n ce p ts  and 
s t a t i s t i c s ,  S tone (1978) has app roached  th e  e x t r a p o la t io n  o f  
a u to c o r r e la t io n  fu n c t io n  on th e  b a s is  o f  t h e o r e t ic a l  p r o p e r t ie s  o f  
th e  a u to c o r r e la t io n  m a t r ix .  I n  f a c t ,  t h i s  method s e le c ts  a u n iq u e  
s o lu t io n  to  th e  unknown la g  v a lu e s  b y  m a x im iz in g  th e  a u to c o r r e la t io n  
m a t r ix  d e te rm in a n t.
F o r G auss ian  s ig n a ls ,  f o r  in s ta n c e ,  i t  i s  known t h a t  th e  e n tro p y  
i s  p r o p o r t io n a l  to  th e  d e te rm in a n t o f  th e  a u to c o v a r ia n c e  m a t r ix ;
Shannon & Weaver (1 9 4 9 ). T h is  may im p ly  th e  e q u iv a le n c e  o f  d e te rm in a n t 
and e n tro p y  m a x im iz a t io n s , a t  le a s t  f o r  G auss ian  s ig n a ls .
T h is  c h a p te r  a tte m p ts  to  show th e  e q u iv a le n c e  o f  b o th  a pp roach es ; 
t h a t  i s ,  to  show t h a t  th e  e s t im a t io n  p a ra m e te rs  and th e  a u to c o r r e la t io n  
e x te n s io n  r e la t io n s h ip s  a re  th e  same i n  b o th  m ethods. I t  a ls o  p ro v id e s  
an a l t e r n a t i v e  d e r iv a t io n  o f  th e  maximum d e te rm in a n t m ethod, based on
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th e  t h e o r e t ic a l  p r o p e r t ie s  o f  th e  a u to c o r r e la t io n  m a t r ix  b u t u s in g  
le s s  c o m p lic a te d  m a t r ix  a lg e b ra .
7 .1  DIFFERENTIATION OF THE AUTOCORRELATION MATRIX DETERMINANT BY 
PARTITIONING
C o n s id e r th e  a u to c o r r e la t io n  m a t r ix  in v o lv in g  th e  la g  v a lu e s  
R (0 )+ R (N ), d e n o te d  b y  T ^ , t h a t  i s :
R (0) R ( l )  RCN-1) R(N)
V
R(l) R (N -1 )
I
I
L e t
R(N-1) '  x ^  ^ ' R(l)
'N
R(N) R ( N - l ) -  -  -  R ( l )  "  R(O)
uJj= [R (N ) R (N - l)  - - -  R ( l )  ] ( 7 .1 .2 )
where d e n o te s  th e  tra n s p o s e  o f  th e  v e c to r  U ^. I t  i s  seen fro m  
e q u a t io n  ( 7 .1 .1 )  t h a t  th e  m a t r ix  T^ can be p a r t i t i o n e d  a s :
lN
_N-1_ 
U1
UN
( 7 .1 .3 )
'N iRf°)
Assum ing t h a t  T^_^ i s  n o n -s in g u la r  th e n  D ^, th e  d e te rm in a n t o f
T ^ , can  be shown, W ib e rg  (1 9 7 1 ), to  be g iv e n  b y :
v l
( 7 .1 .4 )
w here T^_-^ and D^_^ a re  th e  in v e rs e  and d e te rm in a n t o f  T ^ _ ^ , r e s p e c t iv e ly .
S in ce  T^_^ does n o t  in c lu d e  R (N ), th e n  T ^ ^  and D^_^ a re  in d e p e n d e n t 
o f  R (N ). D i f f e r e n t i a t i o n  o f  e q u a t io n  ( 7 .1 .4 )  w i l l ,  th u s ,  y ie ld :
- t
-1  t  -1-Tx, + uv,+urx
•}dn - idR(N) \dR (N ) N - l  N N N - ld R (N )(
D i f f e r e n t ia t io n  o 'f e q u a t io n  ( 7 .1 .2 )  w o u ld  a ls o  g iv e :
rl
( 7 .1 .5 )
dUN dUM
d R W = [l  0 —  °1 dR(N)
0
(7 .1 .6 )
The m a t r ix  T ^_q i s  s ym m e tric  and , hence , i t s  in v e rs e  w i l l  a ls o  be 
a sym m e tric  m a t r ix ;  A y re s  (1 9 6 2 ). Now l e t  th e  e le m e n ts  i n  th e  f i r s t  
row  o f  T j ^  be r  , r ^ ,  r 2 , th e n  th e se  w i l l  a ls o  c o n s t i t u t e
th e  e lem en ts  i n  th e  f i r s t  co lum n o f  t h i s  m a t r ix ,  t h a t  i s :
f 1 : 
N-1
r l  r N - l
A1 I
i !i
( 7 .1 .7 )
l N - l !  - - -
S u b s t i tu t io n s  fro m  e q u a tio n s  ( 7 . 1 . 2 ) ,  ( 7 .1 .6 )  and ( 7 .1 .7 )  in t o  
e q u a t io n  ( 7 .1 .5 )  w i l l ,  a f t e r  s im p l i f i c a t io n *  y ie ld :
dnN
dE^ j = - 2 { r 0 R (N )+r 1R ( N - l ) + . . .  T ^ R d ) (7 .1 .8 )
Now, c o n s id e r  th e  f i r s t  e le m e n t i n  th e  in v e rs e  o f  i * e * r 0 5
t h i s  can  be w r i t t e n  a s :
r o =Ml l /D N - l
w here d e n o te s  th e  m in o r  o f  th e  f i r s t  e le m e n t, R (0 ) , i n  m a t r ix  
^ N - l '  W ibe rg  (1 9 7 1 ). T h is  i s  e q u a l to  th e  d e te rm in a n t o f  T ^_ ^ , 
hence ,
V dn V dn - i
E q u a tio n  ( 7 .1 .9 )  c o u ld  a ls o  b e , a l t e r n a t i v e l y ,  d e r iv e d  as 
fo l lo w s .  D i f f e r e n t ia t i o n  o f  ( 7 . 1 . 8 ) ,  w i t h  re s p e c t to  R(N) g iv e s :
©
dR(N)
= -2 r (7 .1 .1 0 )
I t  can  a ls o  be shown, S tone (1 9 7 8 ), b y  d e te rm in a n t c a lc u lu s ,  A y res  
(1 9 6 2 ), t h a t  f o r  th e  a u to c o r r e la t io n  m a t r ix :
dY
2~~2DN-2dR(N)
I t  i s  seen fro m  th e s e  two r e s u l t s  t h a t  e q u a tio n  ( 7 .1 .9 )  fo l lo w s .
E q u a tio n s  ( 7 .1 .8 )  and ( 7 .1 .9 )  w i l l  be em ployed, i n  th e  n e x t  
s e c t io n ,  to  app roach  th e  e s t im a t io n  o f  th e  unknown a u to c o r r e la t io n  
c o e f f i c ie n t s .
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7.2 EXTRAPOLATION OF THE AUTOCORRELATION FUNCTION
The p ro d u c t o f  a m a t r ix  and i t s  in v e rs e  e q u a ls  to  th e  i d e n t i t y
m a t r ix ;  t h a t  i s  a m a t r ix  w i t h  u n i t  d ia g o n a l e lem en ts  and a l l  o th e r  
e le m e n ts  b e in g  z e ro . F o r m a t r ix  th e r e fo r e ,  fro m  e q u a tio n s
(7 .1 .1 )  and ( 7 .1 .7 )  one can  w r i t e :
"r o
r
R (0) R ( l )  R (N - l)
'  i
N I
r l  r N - l
( 7 .2 .1 )
R ( l ) \  N \
N. \  N
R(l)
R ( N - l )  R ( l )  R (0)
I t  i s  seen fro m  e q u a t io n  ( 7 .2 .1 )  t h a t  th e  f o l lo w in g  can be w r i t t e n :
Lr N - l
1 0- — o"
° i 0 !sr i \ w
i \ I
i f )  N iU  Y
J 0 ---- 1
R (0) R ( l ) ---R (N - l) '
R(i) Ns j
l N \   ^ 1
; V  ©  > d )1 N
R (N -1 ) --------X R (1) R (0)
r Y0
rl
i =
0
!
1i 1
0
(7 ,2 .2 )
I t  i s  assumed t h a t  T^_^ i s  n o n - s in g u la r ,  nam e ly  D^_^ i s  n o t  z e ro . 
T h is  w o u ld  im p ly  t h a t  D ^ 2 I s a l s °  e q u a l to  z e ro ; S tone (1 9 7 8 ), 
B urg (1 9 6 7 ). I t  i s ,  hence , seen fro m  e q u a tio n  ( 7 .1 .9 )  t h a t  r Q i s  
n o n -z e ro , n o t in g  t h a t  th e  a u to c o r r e la t io n  m a t r ix  d e te rm in a n t i s  f i n i t e .  
D iv id in g  e q u a t io n  ( 7 .2 .2 )  b y  r  , d e n o t in g  \ / t q b y  and 1 / r  by  
p ^ _ l>  th e  fo l lo w in g  i s  o b ta in e d :
R (0) R ( l )  R (N -l)"
S v \  l
R(i) N  '  i
. ©  %  s  '
' ^  ©  R ( l )
' "v X
R (N -1 ) --------- 'R ( l )  R (0 )
E q u a tio n  ( 7 .1 .8 )  can  a ls o  be d iv id e d  th ro u g h  by  r Q to  g iv e :
1 ' V i
a l
1
1
=
0
1
1
1
-aN - l-
1
_0
(7 .2 .3 )
R(N)=-a1R (N -l)- aN -lR^
pN - i
2DN_1 dR(N) (7.2.4)
I t  can be seen fro m  e i t h e r  o f  e q u a tio n s  (7 .1 .1 1 )  and (7 .2 .4 )  
t h a t  i s  p a r a b o l ic  i n  te rm s  o f  R (N ) . S in ce  th e  a u to c o r r e la t io n  
m a t r ix  i s  assumed to  be p o s i t i v e  d e f i n i t e ,  has to  be p o s i t i v e  and, 
hence , th e  p a ra b o la  e x h ib i t s  a maximum. I f  th e  c h o ic e  o f  R(N) i s  made 
b y  m a x im iz in g  th e  a u to c o r r e la t io n  m a t r ix  d e te rm in a n t,  D ^, th e n  R(N) 
i s  o b ta in a b le  fro m  e q u a tio n  ( 7 .2 .4 )  b y  p u t t in g  dD ^/dE (N ) e q u a l to  ze ro .
T h is  can  be w r i t t e n  i n  v e c to r  fo rm  a s :
R(N) = [R (N -1 ) —  R ( l )  ]
-a.,
-aN-1
(7 .2 .5 )
E q u a tio n  ( 7 .2 .5 )  can be e a s i ly  in c o rp o ra te d  w i t h  e q u a tio n
( 7 .2 .3 )  to  w r i t e :
RCO)^ R ( l ) -------- R (N )e s t ' 1 w
R ( l )  +  Y  1 a i 0
i v  x
< i  | ss 1
1 N  '  R ( l ) aN - l
1
1j
R (N )e s t --------R ( l )  R (0) . 0 0
(7 .2 .6 )
w here r e fe r s  to  th e  v a lu e  o f  R(N) e s t im a te d  b y  e q u a t io n  ( 7 . 2 . 5 ) .
I t  i s  seen t h a t  th e  co lum n v e c to r ,  on  th e  l e f t  hand s id e  o f  e q u a tio n
( 7 . 2 . 6 ) ,  has been e x te n d e d  by  z e ro . On th e  b a s is  o f  maximum d e te rm in a n t 
s e le c t io n  o f  th e  unknown v a lu e s ,  t h e r e fo r e ,  one can  w r i t e  f o r  th e  n e x t  
d im e n s io n  o f  th e  a u to c o r r e la t io n  m a t r ix :
R (N + l) = [R (N )e s t  —  R ( l )  ]
f l
N-1
0
( 7 .2 .7 )
The s te p s  fo l lo w e d  to  o b ta in  e q u a t io n  ( 7 .2 .5 )  may be re p e a te d  f o r  th e  
n e x t d im e n s io n  to  o b ta in  e q u a t io n  ( 7 . 2 . 7 ) ,  n o t in g  t h a t  a ^  i s  z e ro , 
on th e  b a s is  o f  maximum d e te rm in a n t as can  be seen fro m  e q u a t io n
( 7 . 2 . 6 ) .  The p ro c e d u re  may th e n  be re p e a te d  f o r  th e  subsequen t 
d im e n s io n s .
T h e re fo re ,  i f  th e  a u to c o r r e la t io n  c o e f f ic ie n t s  R (0 )+ R (N -1 ) a re  
known, th e  unknown c o e f f i c ie n t s  R (N ), R (N +1), . . .  may be e s t im a te d  b y  
e q u a tio n s  ( 7 . 2 . 5 ) ,  ( 7 .2 .7 )  and s im i la r  e q u a t io n s , e x te n d in g  th e  r i g h t  
hand s id e  co lum n v e c to r  b y  z e ro s . The p a ra m e te rs  may a ls o  be 
o b ta in e d  fro m  known la g  v a lu e s ,  as can  be seen fro m  e q u a t io n  ( 7 . 2 . 3 ) .
As i t  was o u t l in e d  i n  s e c t io n  6 .1 ,  on th e  b a s is  o f  maximum 
d e te rm in a n t,  S tone (1978) has approached  a m ethod w h ic h  i s  th e  same 
as t l ie  above m ethod. T h is ,  i n  f a c t ,  uses e lem en ts  o f  th e  v e c to r
Am- i ^ n - I  b n s tead  tb e  p a ra m e te rs  - a ^ ;  A ^  i s  th e  a u to c o r r e la t io n  
m a t r ix  c o n s is t in g  o f  la g  v a lu e s  R (0)-*R (N -2) and
Frcd
V,N - l
R(2)
R (N - l) ,
I t ,  th e re fo re , re m a in s  to  show t h a t  th e  e lem en ts  -a ^  a re  th e  same as 
th e  e lem en ts  o f  A^?qVN ~ l‘ I n  o r d e r  to  show t h i s ,  c o n s id e r  e q u a t io n
(7 .2 .3 )  fro m  w h ic h , by  e x c lu d in g  th e  f i r s t  ro w , one can w r i t e :
R(l) R(0)
N \  X \R(2) \  \  x
R (N -2)
i
i
' N ' \  \  \ l
1 \  \  \  R ( l )
' X \  \
R (N - l)  -  x  -  R ( l ) ' R (0)
*1 o ‘
a l
1
=
0
1
1
1
-aN - l-
i
0
( 7 .2 .6 )
The m a t r ix  on th e  l e f t  hand s id e  i s  r e c ta n g u la r  and o f  o rd e r  NxN-1, 
E q u a tio n  ( 7 .2 .6 )  can  be re a rra n g e d  a s :
N
R (0) R ( l )   --------- R (N -2)
R(l) '
i <
! V
R (N -2 ) -  -  -  R (1)V R (0)
R(l)
a l R ( l )
a 2
i
■*(2)
i
i
I
i
8
aN - l- R (N - l)^
( 7 .2 .7 )
The l e f t  hand s id e  m a t r ix  i s  th e  a u to c o r r e la t io n  m a t r ix  c o n s is t in g  o f  
th e  la g  v a lu e s  R (0)-^R (N -2) and i s  e q u a l to  A ^ - jy  The r i g h t  hand s id e
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v e c to r  i s  a ls o  seen to  be V ^ .  E q u a tio n  ( 7 .2 .7 )  may, hence , be w r i t t e n  
a s :
A,N-1
■aN - l
=-V1
N-1
I t  fo l lo w s  t h a t :  
- a .
r -1
=AN -1VN-1 (7 .2 .8 )
-‘ V l -
I t  i s ,  t h e r e fo r e ,  seen t h a t  th e  m ethod d e r iv e d  in  t h i s  c h a p te r  i s
th e  same as t h a t  approached i n  S tone (1 9 7 8 ).
So f a r ,  in  t h i s  c h a p te r ,  th e  a u to c o r r e la t io n  m a t r ix  was assumed 
to  be n o n -s in g u la r .  F o r s in g u la r i t y ,  n e v e r th e le s s ,  e x t r a p o la t io n  can 
ta k e  p la c e  fro m  th e  d im e n s io n  t h a t  th e  m a t r ix  becomes s in g u la r  and 
th e re  i s  o n ly  one p o s s ib le  v a lu e  f o r  each e s tim a te d  la g  v a lu e ;  S tone 
(1 9 7 8 ).
7 .3  EQUIVALENCE OF MAXIMUM DETERMINANT AND MAXIMUM ENTROPY METHODS
L e t th e  f i r s t  N a u to c o r r e la t io n  c o e f f i c ie n t s ,  R (0 )-> R (N -1 ), be 
known. On th e  maximum e n tro p y  b a s is ,  as u n d e rs to o d  i n  in fo rm a t io n  
th e o ry ,  B urg  (1975) has shown t h a t  th e  unknown a u to c o r r e la t io n s  may 
be i n d i r e c t l y  e s t im a te d  and th e  maximum e n tro p y  sp e c tru m  c a lc u la te d  
d i r e c t l y  as :
Pn_]/2At
E ( f )  = .N-1 - j 2 i r f k  2 
1+ E a e 
lc= l k
(7 .3 .1 )
where A t is  th e  s a m p lin g  in t e r v a l  and th e  p a ra m e te rs  a^ and P j ^  a re  
g iv e n  b y  th e  fo l lo w in g  m a t r ix  e q u a t io n :
R (0) R ( l )  R (N - l)
© ©
R ( l) ©
N RQ)©
© ©
lR (N -1 )  R ( l )  R (0)
"1 pN - l
a l
1
0
1
1
(
1
1
V l J 0
(7.3.2)
The c o rre s p o n d in g  maximum e n tro p y  e x te n s io n  o f  th e  a u to c o r r e la t io n  
fu n c t io n  i s  a ls o  g iv e n  as :
R (m )= -ffo R (m -k )a v  , m >N -l ( 7 .3 .3 )
k = l K
I t  i s  seen t h a t  e q u a t io n  ( 7 .3 .3 )  i s  th e  same as e q u a t io n s ( 7 . 2 . 5 ) ,
( 7 .2 .7 )  and s im i la r  e q u a tio n s  f o r  th e  subsequen t d im e n s io n s . I t  i s  
a lso , seen t h a t  e q u a t io n  ( 7 . 2 . 3 ) ,  d e r iv e d  b y  m a x im iz in g  th e  d e te rm in a n t,  
i s  th e  same as e q u a t io n  ( 7 . 3 . 2 ) ,  g iv e n  b y  maximum e n tro p y  m ethod. I t  
i s  known, B urg  (1 9 7 5 ), t h a t  th e  p a ra m e te rs  and g iv e n  b y  th e s e
e q u a t io n s ,  a re  u n iq u e . The e q u iv a le n c e  o f  th e  maximum d e te rm in a n t
and maximum e n tro p y  m ethods, i s  th e r e fo r e  e s ta b l is h e d .
7 .4  CONCLUDING REMARKS
The t h e o r e t ic a l  p r o p e r t ie s  o f  th e  a u to c o r r e la t io n  m a t r ix  (b e in g  
o f  T o e p l i t z  fo rm ) w ere used to  app roach  th e  a u to c o r r e la t io n  fu n c t io n  
e x t r a p o la t io n .  The d e te rm in a n t o f  th e  a u to c o r r e la t io n  m a t r ix ,  w h ic h  
i s  a p o s i t i v e  q u a n t i t y ,  was seen to  be p a r a b o l ic  i n  te rm s o f  th e  
unknown la g  v a lu e .  A u n iq u e  s o lu t io n  to  an unknown la g  v a lu e  
c o u ld ,  hence , be s e le c te d  b y  m a x im iz in g  th e  d e te rm in a n t.  T h is  c h o ic e  
w o u ld  a ls o  keep th e  a u to c o r r e la t io n  m a t r ix  m ost p o s i t i v e  d e f i n i t e .
The r e s u l t  was fo u n d  to  be th e  same as t h a t  g iv e n  b y  S tone  (1 9 7 8 ).
T h is  c h a p te r  used d e te rm in a n t c a lc u lu s  b y  m a t r ix  p a r t i t i o n in g  and 
em ployed le s s  c o m p lic a te d  m a t r ix  a lg e b ra .
The maximum d e te rm in a n t p a ra m e te rs  and e q u a tio n s  f o r  a u to c o r r e la t io n  
fu n c t io n  e x t r a p o la t io n ,  approached  i n  t h i s  c h a p te r ,  w ere  compared 
w i t h  th o se  o f  maximum e n tro p y ,  g iv e n  b y  B urg (1 9 7 5 ), and w ere  fo u n d  to  
be th e  same. The e q u iv a le n c e  o f  maximum d e te rm in a n t and maximum 
e n tro p y  m ethods, was th e r e fo r e  e s ta b l is h e d .
I t  i s  th e n  deduced t h a t  th e  maximum d e te rm in a n t e x t r a p o la t io n  
p rog ram  may a ls o  be used f o r  c o m p u ta tio n  o f  maximum e n tro p y  sp e c tru m . 
E q u a tio n  ( 7 .2 .8 )  shows t h a t  th e  p a ra m e te rs  a re  th e  same as th e  
e le m e n ts  o f  v e c to r  A ^ V ^ ,  m u l t ip l ie d  b y  - 1 .  E q u a tio n  ( 7 .3 .2 )  a ls o  
shows t h a t  i s  e a s i ly  o b ta in a b le  fro m  th e se  p a ra m e te rs  and th e  
known c o e f f i c ie n t s .  Thus th e  maximum e n tro p y  sp e c tru m  can be c a lc u la te d  
fro m  e q u a tio n  ( 7 . 3 . 1 ) .
CHAPTER 8
SOME EMPIRICAL STUDIES OF THE METHOD OF MAXIMUM 
ENTROPY SPECTRAL ANALYSIS
In  C h a p te r 7 , th e  maximum d e te rm in a n t and maximum e n tro p y  m ethods 
w ere seen to  be e q u iv a le n t .  Some e m p ir ic a l  in v e s t ig a t io n s  o f  th e  
maximum d e te rm in a n t m e th o d 'o f a u to c o r r e la t io n  e x t r a p o la t io n  and th e . 
subsequen t s p e c t r a l  e s t im a t io n  w ere  a ls o  re p o r te d  in  C h a p te r 6 . T h is  
c h a p te r  u n d e rta k e s  some e m p ir ic a l s tu d ie s  o f  th e  m ethod o f  maximum 
e n tro p y  s p e c t r a l  a n a ly s is .
I t  was n o te d  i n  C h a p te r 7 t h a t  u s in g  th e  t ru n c a te d  d is c r e te  
f u n c t io n , th e  unknown a u to c o r r e la t io n s  may be i n d i r e c t l y  e s t im a te d  and 
th e  maximum e n tro p y  sp e c tru m  com puted d i r e c t l y  fro m  e q u a t io n  ( 7 . 3 . 1 ) .
I t  was a ls o  o b se rve d  t h a t  th e  maximum d e te rm in a n t e x t r a p o la t io n  
p rog ram  c o u ld  be used f o r  th e  maximum e n tro p y  s p e c t r a l  e s t im a t io n ;  
t h i s  i s  em ployed i n  t h i s  c h a p te r .
In  t h i s  c h a p te r ,  th e  f i r s t  and second o rd e r  G auss ian  p ro c e s s e s , 
w i t h  known a u to c o r r e la t io n  fu n c t io n s ,  a re  s im u la te d  on a d i g i t a l  
co m p u te r; some o f  th e  sam ple s iz e s  and known la g  v a lu e s  as in  
C h a p te r 6 , a re  a ls o  used  to  a l lo w  a co m p a riso n  be tw een th e  r e s u l t s  
o b ta in e d  h e re  and th o s e  c o rre s p o n d in g  to  th e  maximum d e te rm in a n t 
e x t r a p o la t io n  m ethod.
M o re o ve r, th e  maximum e n tro p y  s p e c tra  a re  tra n s fo rm e d  back  to  
th e  a u to c o r r e la t io n  dom ain ; i . e .  d is c r e te  a u to c o r r e la t io n  fu n c t io n s  a re  
o b ta in e d  by  in v e rs e  F o u r ie r  t r a n s fo r m a t io n  o f  th e  s p e c tra .  T h is  
w o u ld  p ro v id e  a co m p a riso n  be tw een  th e  tra n s fo rm e d  v a lu e s  and th e  
o r i g i n a l  a u to c o r r e la t io n s ,  on th e  one hand, and th e  e x t r a p o la te d  
fu n c t io n s ,  g iv e n  i n  C h a p te r 6 , on th e  o th e r  hand.
8 .1  SIMULATION STUDIES
T ru n c a te d  d is c r e te  a u to c o r r e la t io n  fu n c t io n s  w ere o b ta in e d  by
s im u la t in g  th e  f i r s t  and second o r d e r  G auss ian  p ro c e s s e s , w i t h  known 
a u to c o r r e la t io n  fu n c t io n s ,  u s in g  th e  m ethods g iv e n  i n  C h a p te r 3 . H ie  
i n i t i a l  la g  v a lu e s  w ere  e s t im a te d  fro m  e q u a tio n  ( A .1 .2 0 )  and w ere  
used  to  e s t im a te  th e  maximum e n tro p y  s p e c t ra .  These s p e c tra  w i l l  be 
shown and com pared w i t h  th e  t r u e  s p e c t r a .  The t r u e  s p e c tra  w ere 
com puted fro m  th e  t h e o r e t ic a l  e x p re s s io n s  d e r iv e d  b y  c o s in e  t r a n s fo r m a t io n  
o f  th e  t r u e  a u to c o r r e la t io n  fu n c t io n s ,  as may be fo u n d  in  A p p e n d ix  A . l .
The maximum e n tro p y  s p e c tra  w ere  tra n s fo rm e d  back  to  th e  
a u to c o r r e la t io n  dom a in , u s in g  F o u r ie r  in v e rs e  c o s in e  t r a n s fo rm  g iv e n  
b y  e q u a t io n  (A . 1 .1 7 ) .  The in t e g r a t io n  was a p p ro x im a te d  b y  th e  t r a p e z o id a l  
r u le  and th e  a u to c o r r e la t io n  c o e f f i c ie n t s  w e re , h e n ce , o b ta in e d  fro m :
R(r) T i i b  tE C°) +2n f i E Cn) ( - U  % (m)) ( 8 .1 .1 )
wheie At i s  th e  sa m p lin g  t im e  i n t e r v a l  and i t  i s  assumed t h a t  th e  
d is c r e te  s p e c t r a l  v a lu e s  E (0 ) t o  E (m ), a t  fre q u e n c y  in t e r v a ls  , 
a re  a v a i la b le .  T h is  e q u a t io n  y ie ld s  m+1 la g  v a lu e s  R ( r )  a t  t im e  d e la y s  
rAi.
The e s t im a te d  a u to c o r r e la t io n s  w i l l  be shown and com pared w i t h  
th e  c o rre s p o n d in g  t r u e  c u rv e  and th e  i n i t i a l  c o e f f i c ie n t s  b e in g  
o b ta in e d  fro m  th e  d a ta  and used  f o r  maximum e n tro p y  s p e c t r a l  e s t im a t io n .
The a u to c o r r e la t io n  f u n c t io n s ,  used  h e re ,  g iv e  p o s i t i v e  d e f i n i t e  
m a tr ic e s  when em ployed in  t h e i r  e x a c t fo rm s .
The f i r s t  o r d e r  G auss ian  p ro c e s s  w i t h  a u to c o r r e la t io n  f u n c t io n :
R(T)=exp(-T) ( 8 .1 .2 )
was c o n s id e re d . The d a ta  w ere  s im u la te d  w i t h  a sa m p lin g  in t e r v a l  o f  
At=0.05 .
A sam ple s iz e  o f  30 000 was used  and th e  a u to c o r r e la t io n  
c o e f f i c ie n t s  R(0)-+R(14) w ere  o b ta in e d .  These c o e f f i c ie n t s  w ere  em ployed 
f o r  maximum e n tro p y  s p e c t r a l  e s t im a t io n .  The e s t im a te d  sp e c tru m  is  
shown and com pared w i t h  th e  t r u e  sp e c tru m  i n  F ig u re  27a. The maximum 
e n tro p y  sp e c tru m  was th e n  tra n s fo rm e d  to  th e  a u to c o r r e la t io n  dom ain and 
f o r  t h i s  a fre q u e n c y  in t e r v a l  o f  A f= 0 .02 ' was used . F ig u re  27b g iv e s
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th e  r e s u l t in g  a u to c o r r e la t io n s ;  i t  compares th e se  w i t h  th e  t r u e  
fu n c t io n  and th e  i n i t i a l  c o e f f i c ie n t s  o b ta in e d  d i r e c t l y  fro m  th e  d a ta .
T lie  sp e c tru m  i s  seen to  be e x a c t and i t s  t ra n s fo rm  ( i . e .  th e  d is c r e te  
a u to c o r r e la t io n  fu n c t io n )  i s  o b se rve d  to  be a good r e p re s e n ta t io n  o f  
th e  t r u e  c u rv e . The f i r s t  15 la g  v a lu e s  a re  a ls o  seen to  l i e  on th e  
o r i g i n a l  v a lu e s .
Then, in s te a d  o f  u s in g  R (0 )+ R (1 4 ) as th e  known la g  v a lu e s ,  R (0)
->R(2) w ere o n ly  u se d . The c o r re s p o n d in g  maximum e n tro p y  sp e c tru m  i s  
shown and com pared w i t h  th e  t r u e  sp e c tru m  i n  F ig u re  27c. The r e s u l t s  
o f  th e  s p e c t r a l  in v e r s e - t r a n s fo r m a t io n  ( i . e .  th e  a u to c o r r e la t io n s )  
a re  a ls o  g iv e n  and com pared w i t h  th e  t r u e  c u rv e  and th e  o r ig in a l  
c o e f f i c i e n t s , i n  F ig u re  27d. The o b s e rv a t io n s  made fro m  th e s e  f ig u r e s  
a re  s im i la r  to  th o s e  o f  th e  p re v io u s  ca se .
N e x t, a r e l a t i v e l y  s m a ll sam ple s iz e  was u se d ; 5 000 sam ple 
v a lu e s  w e re  em ployed to  e s t im a te  th e  i n i t i a l  la g  v a lu e s .  The e s t im a te s  
o f  R(0)->R(14) w ere used  as known v a lu e s  and th e  maximum e n tro p y  
sp e c tru m  was com puted. F ig u re  27e shows t h is  and com pares i t  w i t h  th e  
t r u e  sp e c tru m . The a u to c o r r e la t io n s ,  o b ta in e d  fro m  t l ie  in v e rs e  
t r a n s fo rm a t io n  o f  t l ie  maximum e n tro p y  sp e c tru m , a re  a ls o  shown and 
compared w i t h  th e  t r u e  c u rv e  and th e  o r i g i n a l  c o e f f i c ie n t s ,  in  
F ig u re  2 7 f .  The e s t im a te d  sp e c tru m  i s  seen to  be s a t i s f a c t o i y ,  d e s p ite  
th e  r e l a t i v e l y  s m a ll sam ple s iz e  u se d ; th e re  i s  o n ly  an in s ig n i f i c a n t  
s h i f t  a t  ze ro  fre q u e n c y . The s a m p lin g  in a c c u ra c ie s  a re ,  how eve r, 
p ronounced  b y  th e  a u to c o r r e la t io n  c o e f f i c ie n t s  o b ta in e d  fro m  in v e rs e  
t r a n s fo rm a t io n .  The i n i t i a l  a u to c o r r e la t io n s  a re  a ls o  seen to  l i e  on 
th e  v a lu e s  e s t im a te d  d i r e c t l y  fro m  th e  random d a ta .
The number o f  i n i t i a l  a u to c o r r e la t io n s ,  used as known v a lu e s ,  was 
a g a in  reduced  and th e  e s t im a te s  o f  R(0)->R(2) w ere o n ly  u se d . The 
r e s u l t in g  sp e c tru m  i s  shown i n  F ig u re  27g and th e  subsequen t a u to c o r r e la t io n s ,  
o b ta in e d  fro m  th e  s p e c tru m , a re  shown in  F ig u re  27h. The o b s e rv a t io n s  
a re  s im i la r  to  th e  l a t t e r  case b u t  th e  e s t im a te d  sp e c tru m  and th e
97.
subsequen t a u to c o r r e la t io n  e s t im a te s  have become le s s  a c c u ra te .  
N e v e r th e le s s ,  th e  o r i g i n a l  la g  v a lu e s  have been r e v e r te d .
The second o rd e r  G auss ian  p ro c e s s  w i t h  d e c a y in g  c o s in u s o id  
a u to c o r r e la t io n  f u n c t io n :
R (x )= e x p (-x )c o s 7 rx  ( 8 .1 .3 )
was a ls o  c o n s id e re d . T h is  f u n c t io n  c o n ta in s  a p e r io d ic  com ponent 
and g iv e s  b o th  p o s i t i v e  and n e g a tiv e  v a lu e s . The d a ta  w ere  s im u la te d  
w i t h  a sa m p lin g  in t e r v a l  o f  A x O . l  and th e  same sam ple s iz e s  as 
b e fo re  ( i . e .  30 000 and 5 0 0 0 ) .
The la g  v a lu e s  R(0)-+R(9) w ere e s t im a te d  b y  s im u la t in g  30 000 
sam ple v a lu e s .  They w ere  used  to  e s t im a te  th e  maximum e n tro p y  
sp e c tru m  w h ic h  i s  shown and com pared w i t h  th e  t r u e  sp e c tru m  in  
F ig u re  28a. The e s t im a te d  sp e c tru m  was th e n  tra n s fo rm e d , u s in g  a 
fre q u e n c y  in t e r v a l  o f  0 .0 1  ; th e  r e s u l t in g  a u to c o r r e la t io n s  a re
shown and com pared w i t h  th e  t r u e  c u rv e  and th e  o r i g i n a l  v a lu e s ,  in  
F ig u re  28b. The maximum e n tro p y  sp e c tru m  i s  n o t  e x a c t b u t  i s  seen 
to  be a s a t is f a c t o r y  r e p re s e n ta t io n  o f  th e  t r u e  s p e c tru m . The o r ig in a l  
a u to c o r r e la t io n  c o e f f i c ie n t s  have a ls o  been re v e r te d .  The o v e r a l l  
w a v e le n g th  o f  th e  tra n s fo rm e d  d is c r e te  f u n c t io n  h a s , how eve r, been 
s l i g h t l y  a l t e r e d  r e la t i v e  to  th e  t r u e  a u to c o r r e la t io n  fu n c t io n .  T h is  
i s  u n d e rs to o d  b y  n o t in g  fro m  th e  e s t im a te d  spec trum  t h a t  p o s i t io n  o f  
th e  peak i s  n e g l ig ib ly  d i f f e r e n t  fro m  th e  t r u e  case .
F u rth e rm o re , th e  number o f  known c o e f f ic ie n t s  was re d u ce d  and 
th e  e s t im a te s  o f  R (0 )+ R (6 ) o n ly ,  w ere used  f o r  maximum e n tro p y  s p e c t r a l  
e s t im a t io n .  The r e s u l t in g  sp e c tru m  i s  shown in  F ig u re  2 8 c . The 
a u to c o r r e la t io n s  o b ta in e d  fro m  in v e rs e  t r a n s fo rm a t io n  a re  a ls o  shown 
i n  F ig u re  28d, where th e y  a re  com pared w i t h  th e  t r u e  c u rv e  and th e  
o r ig in a l  a u to c o r r e la t io n  c o e f f i c ie n t s .  The r e s u l t s  have become 
in a c c u ra te ;  n e v e r th e le s s ,  th e  o r i g i n a l  la g  v a lu e s  have been re v e r te d .  
The p o s i t io n  o f  th e  peak has changed and i t s  a m p litu d e  re d u ce d . These 
have a ls o  been m a n ife s te d  b y  th e  tra n s fo rm e d  d is c r e te  f u n c t io n .  I t
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w i l l  be f u r t h e r  d is c u s s e d  i n  s e c t io n  8 .2 .
The r e l a t i v e l y  s m a ll sam ple s iz e  (5 OCX)) was a ls o  used to  e s t im a te  
th e  i n i t i a l  a u to c o r r e la t io n s .  The la g  v a lu e s  R(0)-+R(9) w ere  a g a in  
e s t im a te d  and used f o r  maximum e n tro p y  s p e c t r a l  e s t im a t io n .  F ig u re  28e 
shows th e  e s t im a te d  sp e c tru m  and compares i t  w i t h  th e  t in e  sp e c tru m .
The spec trum  was tra n s fo rm e d  to  th e  a u to c o r r e la t io n  dom a in ; th e  
tra n s fo rm e d  v a lu e s  a re  d is p la y e d  and com pared w i th  t r u e  c u rv e  in  
F ig u re  2 8 f ,  where th e  o r i g i n a l  a u to c o r r e la t io n s  a re  a ls o  g iv e n . The 
e s t im a te d  sp e c tru m  i s  n o t  e x a c t b u t  seems to  be a s a t i s f a c t o r y  sp e c tru m  
o b ta in e d  fro m  a r e l a t i v e l y  s m a ll sam ple s iz e .  The tra n s fo rm e d  d is c r e te  
f u n c t io n  i s  a ls o  fo u n d  to  be a s a t i s f a c t o r y  r e p r e s e n ta t io n  o f  th e  t r u e  
a u to c o r r e la t io n  f u n c t io n  and th e  i n i t i a l  c o e f f i c ie n t s ,  R (0 )+ R (9 ) ,  have 
been r e v e r te d .
Now, th e  - r e s u lts  g iv e n  i n  t h i s  c h a p te r  a re  com pared w i t h  th e  
c o rre s p o n d in g  f ig u r e s  o f  C h a p te r 6 , r e la t i n g  to  th e  maximum d e te rm in a n t 
e x t r a p o la t io n  o f  th e  a u to c o r r e la t io n  fu n c t io n s .  F ig u re s  27a, b ,  c ,  d ,
e , f ,  g , h  may b e , r e s p e c t iv e ly ,  compared w i t h  F ig u re s  21b , a , d , c ,  g ,
f ,  i ,  h . F ig u re s  28a, b , c ,  d , e , f ,  may a ls o  b e , r e s p e c t iv e ly ,  
com pared w i t h  F ig u re s  23b, a , d , c ,  £ ,  e .  The co m pa rison  o f  th e s e  
f ig u r e s  shows t h a t  th e  maximum e n tro p y  s p e c tra  a re  s im i la r  to  th o se  
o b ta in e d  b y  d is c r e te  c o s in e  t r a n s fo rm a t io n  o f  th e  e x t r a p o la te d  
a u to c o r r e la t io n  fu n c t io n s  (w h ic h  w ere  ex te n d e d  to  d e c a y ) . In  f a c t ,  i t  
appea rs  t h a t  th e  s p e c tra  in  b o th  cases e x h ib i t  s im i la r  c h a r a c t e r is t ic s  
and a c c u ra c ie s  r e la t i v e  to  th e  t r u e  c u rv e s . S im i la r  o b s e rv a t io n s  a re  
made fro m  th e  co m p a riso n  o f  th e  e x t r a p o la te d  fu n c t io n s  and th o s e  
o b ta in e d  by  in v e r s e - t r a n s fo r m a t io n  o f  th e  maximum e n tro p y  s p e c tra .
The i n s ig n i f i c a n t  d i f f e r e n c e s  t h a t  may be fo u n d  be tw een some o f  th e s e , 
may be a t t r ib u t e d  to  th e  in a c c u ra c ie s  r e s u l t in g  fro m  th e  d is c r e te  
in v e r s e - t r a n s fo r m a t io n  o f  th e  s p e c tra .
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Some e m p ir ic a l  s tu d ie s  o f  th e  m ethod o f  maximum e n tro p y  s p e c t r a l  
a n a ly s is  w ere re p o r te d  i n  t h i s  c h a p te r .  T lie  f i r s t  and second o rd e r  
G auss ian  p ro c e s s e s , w i t h  known a u to c o r r e la t io n  fu n c t io n s ,  w ere 
s im u la te d  w i t h  sam ple s iz e s  o f  30 000 and 5 000 . The i n i t i a l  
a u to c o r r e la t io n  fu n c t io n s ,  w ere  o b ta in e d  and used f o r  maximum e n tro p y  
s p e c t r a l  e s t im a t io n .  The e s t im a te d  s p e c tra  w ere com pared w i t h  th e  
t r u e  cu rve s  and a ls o  t ra n s fo rm e d  back  to  t l ie  a u to c o r r e la t io n  dom ain 
b y  d is c r e te  F o u r ie r  in v e rs e -c o s in e  t r a n s fo r m a t io n .  T lie  tra n s fo rm e d  
v a lu e s  w ere com pared w i t h  th e  t r u e  fu n c t io n s  and th e  i n i t i a l  la g  
v a lu e s  w h ic h  w ere o b ta in e d  d i r e c t l y  fo rm  th e  d a ta .  The r e s u l t s  o b ta in e d  
b y  maximum e n tro p y  m ethod w ere  a ls o  com pared w i t h  th e  c o rre s p o n d in g  
r e s u l t s  o b ta in e d  b y  th e  a p p l ic a t io n  o f  maximum d e te rm in a n t m ethod.
In  th e  e s t im a te d  s p e c t r a ,  no r in g in g  o r  n e g a t iv e  lo b e s  were 
p re s e n t .  They w ere fo u n d  to  be s a t i s f a c t o r y  r e p r e s e n ta t io n s  o f  th e  
t r u e  s p e c tra .  The a c c u ra c ie s  o f  th e  maximum e n tro p y  s p e c t r a l  e s t im a te s  
w e re , how eve r, a f fe c te d  b y  th e  a c c u ra c ie s  o f  th e  la g  v a lu e s  o b ta in e d  
fro m  th e  d a ta  and used as known c o e f f i c ie n t s .
The in v e rs e  t r a n s fo rm a t io n  o f  th e  maximum e n tro p y  s p e c tra  
y ie ld e d  t l ie  o r i g i n a l  i n i t i a l  la g  v a lu e s  used f o r  s p e c t r a l  e s t im a t io n . 
T h is  i s  e xp e c te d  and u n d e rs to o d  as B urg  (1967) has e x p la in e d  t h a t  i t  
i s  one o f  th e  c o n s t r a in ts  used in  th e  maximum e n tro p y  a p p ro a ch ; th e  
m ethod d e te rm in e s  some p a r t i c u la r  pow er sp e c tru m  th a t  i s  c o n s is te n t  
w i t h  th e  known la g  v a lu e s .  I n  f a c t ,  t h i s  i s  e q u iv a le n t  to  d e te rm in in g  
a p a r t i c u la r  e x te n s io n  o f  th e  i n f i n i t e  a u to c o r r e la t io n  f u n c t io n  w h i le  
r e t a in in g  th e  known c o e f f i c ie n t s  w i th o u t  m o d i f ic a t io n .
The agreem ent o f  th e  tra n s fo rm e d  v a lu e s  w i t h  th e  t r u e  fu n c t io n s ,  
was seen to  depend on th e  a c c u ra c y  o f  t l ie  i n i t i a l  la g  v a lu e s  b e in g  
o b ta in e d  fro m  t l ie  d a ta ,  and th e  in fo r m a t io n  conveyed b y  th e s e  a b o u t th e  
f u n c t io n .  Some w ere in  good agreem ent w i t h  th e  t in e  c u rv e s  and some
8.2 DISCUSSION AND CONCLUDING REMARKS
r e f le c t e d  th e s e  d e f ic ie n c ie s .  An a d d i t io n a l  in a c c u ra c y ,  caused by  
th e  d is c r e te  in v e r s e - t r a n s fo r m a t io n ,  c o u ld  a ls o  be p re s e n t .
However, th e  d is c r e te  fu n c t io n s  b b ta in e d  b y  in v e rs e  t r a n s fo r m a t io n ,  
beyond th e  known v a lu e s ,  w ere  fo u n d  to  be th e  same as th e  e x t r a p o la te d  
a u to c o r r e la t io n  fu n c t io n s  o b ta in e d  b y  maximum d e te rm in a n t a p p ro a ch .
The in s ig n i f i c a n t  d i f fe r e n c e s  t h a t  c o u ld  be fo u n d  be tw een some o f  
th e s e , w ere  due to  th e  in a c c u ra c ie s  caused b y  th e  d is c r e te  in v e r s e -  
t r a n s fo rm a t io n  o f  th e  s p e c tra .  N e v e r th e le s s ,  th e y  appea red  to  
e x h ib i t  s im i la r  fe a tu re s  and c h a r a c t e r is t ic s .  S im i la r  o b s e rv a t io n s  
w ere made fro m  co m pa rison  o f  th e  maximum e n tro p y  s p e c tra  and th o s e  
o b ta in e d  b y  d is c r e te  c o s in e  t r a n s fo r m a t io n  o f  th e  e x te n d e d  a u to c o r r e la t io n  
fu n c t io n s  g iv e n  i n  C h a p te r 6 ( p r io r  to  th e  c o s in e  t r a n s fo r m a t io n ,  th e  
fu n c t io n s  had been e x tende d  to  d e c a y ) . I t  was a ls o  n o te d  t h a t ,  when 
th e  number o f  known la g  v a lu e s  was to o  s m a ll,  b o th  m ethods y ie ld e d  
s im i la r  r e s u l t s .
The s im u la t io n  r e s u l t s ,  re p o r te d  i n  t h i s  c h a p te r ,  appea red  to  
i n f e r  th e  e q u iv a le n c e  o f  th e  maximum e n tro p y  and maximum d e te rm in a n t 
a p p ro a ch e s . T h is  w o u ld  be an e x p e c te d  r e s u l t ,  as was a n a ly t i c a l l y  
e s ta b l is h e d  i n  C h a p te r 7 . I t  w o u ld  th e n  appea r t h a t  th e  same p o in ts  
d is c u s s e d  i n  s e c t io n  6 .3 ,  i n  r e la t i o n  to  th e  maximum d e te rm in a n t 
e x t r a p o la t io n  m ethod, s h o u ld  be a p p l ic a b le  h e re . F o r in s ta n c e ,  th e  
r e l i a b i l i t y  t e s t  used  f o r  th e  e x t r a p o la t io n  m ethod and th e  s e le c t io n  
o f  th e  t r u n c a t io n  p o in t ,  seem to  be e q u iv a le n t ly  u s e fu l  f o r  th e  
maximum e n tro p y  ap p ro a ch .
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CHAPTER 9
C e r ta in  methods o f  d is c r e t e ly  s a m p lin g  a t im e  s e r ie s ,  to  e s t im a t  
an a u to c o r r e la t io n  f u n c t io n ,  may le a d  to  a p a r t  know ledge o f  th e  w hol 
d is c r e te  f u n c t io n .  Exam ples o f  t h i s ,  a re  in  random s a m p lin g , as - 
e n co u n te re d  b y  G aster&  B ra d b u ry  (1 9 7 6 ), and in  s e q u e n t ia l sa m p lin g  
t h a t  w i l l  be re p o r te d  l a t e r  i n  t h i s  t h e s is .  I n  th e s e  s i t u a t io n s ,  th e  
ze ro  la g  c o e f f i c i e n t ,  R ( 0 ) , i s  known th e n  th e re  a re  a num ber o f  
unknown c o e f f i c ie n t s ,  fo l lo w e d  b y  know ledge -o f th e  c o e f f i c ie n t s  
d e s c r ib in g  th e  re m a in in g  p a r t  o f  th e  fu n c t io n .
Power sp e c tru m  e s t im a te s  ca n n o t be o b ta in e d  u n le s s  a p p ro p r ia te  
v a lu e s  can  be assumed f o r  th e  m is s in g  c o e f f i c ie n t s .  A m ethod o f  
e s t im a t in g  th e  unknown c o e f f ic ie n t s -  h a s , how eve r, been in t ro d u c e d  
b y  S tone  (1 9 7 8 ).
The m ethod i s  based on th e  t h e o r e t ic a l  p r o p e r t ie s  o f  th e  a u to c o r r e la t io n  
m a t r ix  and em ploys th e  same p r in c ip le s  as th e  e x t r a p o la t io n  m ethod.
The m ethod, when a p p lie d  to  c e r t a in  a u to c o r r e la t io n  fu n c t io n s ,  
has g iv e n  p la u s ib le  r e s u l t s ;  S tone  (1 9 7 8 ). I t  w i l l  a ls o  be f u r t h e r  
em ployed and c o n s id e re d  i n  th e  c o u rs e  o f  s im u la t io n  s tu d ie s  o f  th e  
s e q u e n t ia l s a m p lin g , u s in g  G auss ian  p ro c e s s e s , l a t e r  in  t h i s  t h e s is .
The i n i t i a l  c o e f f i c ie n t s  e s t im a t io n  m ethod y e t  r e q u ir e s  f u r t h e r  
in v e s t ig a t io n s ,  p a r t i c u l a r l y ,  i n  r e la t i o n  to  th e  s e le c t io n  o f  th e  
e s t im a te s ;  S tone (1 9 7 8 ). T h is  ta s k  i s  u n d e rta k e n  i n  t h i s  c h a p te r .
Some e x a c t a u to c o r r e la t io n  fu n c t io n s  w i l l  be c o n s id e re d  f o r  s im u la t io n  
s tu d ie s .  P r im a r i ly ,  how eve r, a b r i e f  o u t l in e  o f  th e  m ethod and th e  
s e le c t io n  o f  th e  e s t im a te s ,  w i l l  be g iv e n  in  th e  n e x t  s e c t io n .
9 . i  AN OUTLINE OF THE ESTIMATION METHOD
The deve lop m e n t and f u l l  d e t a i ls  o f  th e  m ethod o f  e s t im a t in g  
th e  i n i t i a l  a u to c o r r e la t io n  c o e f f i c ie n t s  may be fo u n d  in  S tone (1 9 7 8 ).
103.
I t  i s  based  on t l ie  t h e o r e t ic a l  p r o p e r t ie s  o f  th e  a u to c o r r e la t io n  
m a t r ix  and em ploys th e  same p r in c ip le s  as th e  e x t r a p o la t io n  m ethod. 
C o n s id e r t l ie  a u to c o r r e la t io n  m a t r ix ,  fo rm ed  b y  th e  f i r s t  N c o e f f i c ie n t s ,  
R (0 )-> R (N -1 ), o f  a d is c r e te ,  e q u i-s p a c e d , a u to c o r r e la t io n  fu n c t io n ,  
t h a t  i s ,
Here, a b r ie f  outline of th is  is  reviewed.
T h is  i s  a s q u a re , s y m m e tr ic , n o n -n e g a t iv e  d e f in i t e  m a t r ix  and i s  o f  
T o e p l i t z  fo rm .
I t  was seen in  C h a p te r 6 t h a t  in  e x t r a p o la t io n ,  when R(N) i s  
unknown an e s t im a te  f o r  t h i s  may be s e le c te d  such th a t  th e  m a t r ix  o f  
d im e n s io n  N +lxN +1, in c o r p o r a t in g  th e  e s t im a te ,  re m a in s  n o n -n e g a tiv e  
d e f i n i t e  and has th e  maximum p o s s ib le  d e te rm in a n t.  In  t h i s  way, th e  
a u to c o r r e la t io n  fu n c t io n  may be ex te n d e d  i n d e f i n i t e l y  i n  a m a th e m a t ic a lly  
a c c e p ta b le  fa s h io n .
E x t r a p o la t io n  i s ,  hence , based on m a x im iz in g  th e  d e te rm in a n t o f  
th e  a u to c o r r e la t io n  m a t r ix  w i t h  re s p e c t  to  th e  e le m e n t t h a t  i s  b e in g  
e x t r a p o la te d .  M a x im iz a t io n  o f  th e  d e te rm in a n t a r is e s  c e r t a in  p r o p e r t ie s ;  
th e s e  p r o p e r t ie s  c o n s t i t u t e  th e  b a s is  o f  i n i t i a l  c o e f f i c ie n t s  
e s t im a t io n  m ethod. The m a in  p r o p e r ty  i s  t h a t :
w here dn  and a re  g iv e n  by  e q u a tio n s  ( 6 .1 .9 )  and ( 6 .1 .1 0 ) .  T h is  
p r o p e r ty  was seen , in  C h a p te r 6 , to  be used  as a r e l i a b i l i t y  t e s t  f o r
be o b ta in e d  fro m  re c u r re n c e  r e la t io n s h ip s ,  s t a r t in g  fro m  th e  2x2 m a t r ix  
and r e c u r r in g  to  nxn  d im e n s io n . T he re  i s  no need , i n  f a c t ,  t o  s to re  
th e  w h o le  m a t r ix  and o n ly  th e  s to ra g e  o f  th e  c o e f f i c ie n t s ,  R (0 )-*R (N ), 
i s  s u f f i c i e n t .
R (0) R ( l )  R (N - l)
\  t
A,lN - l ( 9 .1 .1 )
R ( N - l )  R ( l )  R (0)
(9 .1 .2 )
e x t r a p o la t io n .  I t  was a ls o  seen t h a t  th e  q u a n t i t ie s  d ^  and 5 ^ may
Now, c o n s id e r  th e  case t h a t  th e  a u to c o r r e la t io n  m a t r ix  co m p rise s  
N + l c o e f f i c ie n t s ,  R(0)->-R(N), where R ( l )  i s  unknown. T h is  unknown 
c o e f f i c ie n t  may be g iv e n  an e s t im a te  b y  an i t e r a t i v e  p ro c e d u re . I t  
em ploys th e  s u b s t i t u t io n  o f  a c c e p ta b le  v a lu e s  f o r  R ( l )  i n  th e  
a u to c o r r e la t io n  m a t r ix ;  t h a t  i s  th e  v a lu e s  betw een + R (0 ) . The 
s u b s t i t u t io n  may be t r i e d  i n  s te p s  o f  0 .0 1 ,  0 .0 0 1 , e t c . ,  depend ing  
on th e  r e q u ir e d  a c c u ra c y . Those v a lu e s  th a t  f a i l  to  m a in ta in  th e  
m a t r ix  n o n -n e g a t iv e  d e f i n i t e ,  a re  im m e d ia te ly  d is c a rd e d ;-  o th e r  v a lu e s  
a re  te m p o r a r i ly  s to re d .  From th e s e , th e  one t h a t  g iv e s  th e  g re a te s t  
v a lu e  o f  B i s  s e le c te d  as th e  e s t im a te  f o r  R ( l ) .
T l i is  can be a re a s o n a b le  p ro c e d u re , i f  th e  a u to c o r r e la t io n  d a ta  
a re  p e r f e c t ,  b u t  i f  th e  l a s t  known c o e f f i c ie n t ,  f o r  in s ta n c e ,  i s  
in a c c u ra te  th e n  th e  e s t im a te  f o r  R ( l )  w i l l  be a f f e c te d .  In  p r a c t ic e ,  
t h e r e fo r e ,  i t  i s  p r e fe r r e d  to  c o n s id e r  a c r i t e r i o n  EB r a th e r  th a n  
B. S tone (1978) has su g g e s te d  t h a t  th e  q u a n t i t y  B , f o r  e v e ry  a l lo w a b le  
v a lu e  o f  R ( l ) ,  be com puted a t  e v e ry  m a t r ix  d im e n s io n  g r e a te r  th a n  
2x2 and th e  c o rre s p o n d in g  sum EB o b ta in e d .  The t r i a l  v a lu e  c o r re s p o n d in g  
to  th e  la r g e s t  sum EB i s  th e n  s e le c te d  as th e  e s t im a te  f o r  R ( l ) . T h is ,  
e f f e c t i v e l y ,  i s  an a v e ra g in g  p ro c e s s  t h a t  f in d s  th e  'b e s t '  e s t im a te  
f o r  th e  e n t i r e  a v a i la b le  f u n c t io n .
The s i t u a t io n  t h a t  s e v e ra l la g  v a lu e s ,  R (1 )+ R (K ), a re  m is s in g  can  
now be c o n s id e re d . L e t  th e  u n ifo rm  t im e  d e la y  o f  th e  d is c r e te  
a u to c o r r e la t io n  f u n c t io n  be A t ;  th e n  R(K) s h o u ld  be th e  f i r s t  c o e f f i c ie n t  
to  e s t im a te  b y  u s in g :  R ( 0 ) , R(K) ( t o  be e s t im a te d ) ,  R (2 K ) , R (3 K ), . . .  . 
T h is  i s  e q u iv a le n t  to  e s t im a t in g  a second c o e f f i c ie n t  R ( l ) , w i t h  an 
e f f e c t i v e  t im e  d e la y  o f  KAt.
T h e re fo re ,  th e  p ro b le m  i s  a lw a ys  r e d u c ib le  t o  e s t im a t in g  a second 
c o e f f i c ie n t  R ( l ) . T h u s , th e  m ethod a llo w s  th e  a u to c o r r e la t io n  
m a tr ic e s  to  be fo rm ed  fro m  th e  known c o e f f i c ie n t s ,  w i t h  v a r io u s  t im e  
d e la y s ,  and g iv e  e s t im a te s  to  R (K ) , R ( K - l ) , . . .  R ( l ) ,  r e s p e c t iv e ly .
The d i g i t a l  co m p u te r f lo w  c h a r t ,  a BASIC p rog ram  and th e  program m ing
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d e t a i l s  may, how eve r, be fo u n d  i n  S tone (1 9 7 8 ).
9 .2  SOME INTERESTING RESULTS
T h is  s e c t io n  p re s e n ts  th e  r e s u l t s  o f  s im u la t in g  th re e  e x a c t 
a u to c o r r e la t io n  f u n c t io n s ;  a f u n c t io n  t h a t  c a n , t h e o r e t i c a l l y ,  
re p re s e n t  a f i r s t  o rd e r  p ro c e s s  and two re p re s e n t in g  second o rd e r  
p ro c e s s e s . Some o f  th e  i n i t i a l  c o e f f i c ie n t s  a re  assumed m is s in g  and 
e s t im a te s  o f th e s e  a re  o b ta in e d .
The f ig u r e s  g iv in g  th e  r e s u l t s ,  d is p la y  th e  t r u e  f u n c t io n ,  th e  
known c o e f f i c ie n t s  and th e  e s t im a te d  v a lu e s .  The e s t im a te d  v a lu e s  
have been com puted to  two d e c im a l p la c e s ;  t h a t  is ,  th e  v a lu e s  betw een 
±R(0) have been t r i e d  in  s te p s  o f  0 .0 1 . O n ly  i n  one case .has  
h ig h e r  a c c u ra c y  been used .
C o n s id e r th e  a u to c o r r e la t io n  f u n c t io n  f o r  a f i r s t  o rd e r  p ro c e s s :
R(T)=exp(-x) (9.2.1)
T h is  f u n c t io n  i s  a lw ays p o s i t i v e  and has no p e r io d ic  com ponents.
The d is c r e te  e x a c t c o e f f i c ie n t s  w ere o b ta in e d , u s in g  an in t e r v a l  
o f  Ax=0.05 . The c o e f f i c ie n t s  R (0) and R (5) to  R (12) were assumed 
to  be known and R ( l )  to  R (4 ) m is s in g .  The f i r s t  e s t im a te d  c o e f f i c ie n t ,  
R (4 ) ,  was o b ta in e d  by  u s in g  o n ly  th re e  known c o e f f i c ie n t s :  R ( 0 ) , R (8) 
and R (1 2 ) . The e s t im a te  o f  R (3) i s  in d e p e n d e n t o f  th e  fo rm e r  e s t im a te ,  
i . e .  R (4 )e s t ; i t  o n ly  u se s : R ( 0 ) , R ( 6 ) , R (9 ) and R (1 2 ) . The e s t im a t io n  
o f  R (2 ) ,  how eve r, uses R (4 )e s .^ and t h a t  o f  R ( l )  in c o rp o ra te s  a l l  th e  
e s t im a te d  c o e f f i c ie n t s .  I t  i s ,  t h e r e fo r e ,  th e  l a t t e r  e s t im a te  t h a t  may 
be m o s t ly  s u b je c t  to  e r r o r .
The known and th e  e s t im a te d  c o e f f i c ie n t s  a re  shown and compared 
w i t h  th e  t r u e  c u rv e  in  F ig u re  29. The e s t im a te s  a re  seen to  be good 
r e p re s e n ta t io n s  o f  th e  a c tu a l v a lu e s  and l i e  on th e  t r u e  c u rv e .
F o r each o f  th e  above e s t im a te s ,  EB was com puted b y  summing th e  
v a lu e s  o f  B a t  a l l  d im e n s io n s  g r e a te r  th a n  2x2 . I t  i s  a ls o  in t e r e s t in g
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to  n o te  t h a t  th e  fo u r  unknown c o e f f i c ie n t s  have been fo l lo w e d  b y  o n ly  
8 known v a lu e s ;  th e s e  fo rm  o n ly  a s m a ll p o r t io n  o f  th e  w h o le  fu n c t io n .
N ex t c o n s id e r  th e  fo l lo w in g  a u to c o r r e la t io n  f u n c t io n  t h a t  may 
re p re s e n t  a second o rd e r  p ro c e s s :
R (t ) = | [ e x p ( -T )+ e x p ( -2 x ) ]  ( 9 .2 .2 )
T h is  f u n c t io n  i s  a lw a ys  p o s i t i v e  and has no p e r io d ic  com ponents.
The d is c r e te  e x a c t v a lu e s  w ere o b ta in e d  w i t h  a t im e  in t e r v a l  o f  
At=0 .04 , . The c o e f f i c ie n t s  R (0 ) and R (5 ) to  R (12) w ere  assumed to  
be known and R ( l )  t o  R (4 ) unknown. The m is s in g  c o e f f i c ie n t s ,  R (0 )
*>R(4), were e s t im a te d  and i n  th e  e s t im a t io n  o f  each , EB was com puted 
b y  summing th e  v a lu e s  o f  B o v e r  e v e ry  d im e n s io n  g r e a te r  th a n  2x2 .
F ig u re  30 g iv e s  th e  r e s u l t s  com pared w i t h  th e  t r u e  c u rv e . I t  i s  seen 
t h a t  th e  c o e f f i c ie n t s  used  as th e  known v a lu e s  c o n s t i t u t e  o n ly  a 
s m a ll p o r t io n  o f  th e  w h o le  f u n c t io n .  The e s t im a te d  v a lu e s  a re  a ls o  
seen to  be good re p re s e n ta t io n s  o f  th e  a c tu a l v a lu e s  and l i e  on th e  
t r u e  c u rv e .
F in a l l y ,  l e t  a n o th e r  a u to c o r r e la t io n  f u n c t io n ,  r e p re s e n t in g  a 
second o rd e r  p ro c e s s , be c o n s id e re d :
R (T )= e x p (—r)co s irT  ( 9 .2 .3 )
T h is  f u n c t io n  has a p e r io d ic  com ponent w i t h  p o s i t iv e  and n e g a t iv e  
v a lu e s .
I t  has been assumed t h a t  R (0 ) i s  known b u t  i s  fo l lo w e d  b y  fo u r  
unknown c o e f f i c ie n t s ;  t h a t  i s  R ( l )  t o  R (4 ) w ere supposed to  be m is s in g .  
V a r io u s  num ber o f  la g  v a lu e s ,  f o l lo w in g  th e  m is s in g  c o e f f i c ie n t s  were 
used as known v a lu e s .  I n  th e  s e le c t io n  o f  th e  e s t im a te s ,  th e  sum (EB) 
was com puted b y  s t a r t i n g  a t  d i f f e r e n t  d im e n s io n s ; i t  w o u ld  a l lo w  an 
in v e s t ig a t io n  o f  th e  e f f e c t s  o f  t h i s  on th e  e s t im a te s .
C o n s id e r th e  e x a c t d is c r e te  f u n c t io n ,  o b ta in e d  b y  u s in g  a t im e  
in t e r v a l  o f  At =0 .1  . The c o e f f i c ie n t s  R (5) to  R (25) w ere assumed to  
be known and EB was com puted b y  summing th e  v a lu e s  o f  B o v e r  d im e n s io n s  
g r e a te r  th a n  2x2 . The r e s u l t s  a re  shown and compared w i th  th e  t r u e
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c u rv e , i n  F ig u re  31a. I t  i s  seen t h a t  the  e s t im a te d  v a lu e s  a re  
u n s a t is fa c to r y  and d e v ia te  fro m  th e  t r u e  fu n c t io n .  The number o f  
known la g  v a lu e s  was in c re a s e d  up t o  R (50) and eB was a g a in  c a lc u la te d  
as b e fo re .  F ig u re  31b g iv e s  th e  r e s u l t s .  I t  shows t h a t  no im provem ent 
has been a c h ie v e d ; i n  f a c t  th e  same e s t im a te s  have been o b ta in e d  as 
b e fo re .  I t  was th e n  a tte m p te d  to  in c re a s e  th e  p r e c is io n  o f  th e  t r i a l  
v a lu e s ;  t h a t  i s ,  th e  v a lu e s  be tw een ±R (0) w ere t r i e d  in  s te p s  o f  0 .0 0 1 . 
The c o e f f i c ie n t  R (50) was a ls o  used as th e  maximum known v a lu e .  The 
r e s u l t s  g iv e n  i n  F ig u re  31c show t h a t  no im provem ent has been a c h ie v e d .
Now, th e  la g  v a lu e  R (25) was a g a in  assumed to  be th e  maximum 
known la g  v a lu e ;  t h i s  t im e  t l ie  c o m p u ta tio n  o f  EB was s t a r t e d  a t  h a l f  
th e  t o t a l  d im e n s io n . F ig u re  31d shows th e  r e s u l t s ;  i t  i s  seen t h a t  
th e  e s t im a te s  have been im p ro v e d , r e l a t i v e  to  th e  p re v io u s  c a se s , 
a lth o u g h  i t ,  i s  n o t  y e t  s a t i s f a c t o r y .  Then, u s in g  th e  same num ber o f  
known c o e f f i c ie n t s ,  th e  e s t im a te s  w ere  o b ta in e d  b y  s t a r t i n g  th e  
c o m p u ta tio n  o f  EB a t  a b o u t |  o f  th e  t o t a l  d im e n s io n . F ig u re  31e, 
g iv in g  th e  r e s u l t s ,  shows t h a t  th e  e s t im a te s  a re  p la u s ib le  and a re  
good r e p re s e n ta t io n s  o f  th e  t r u e  v a lu e s .
A g a in , R (4 ) was th e  f i r s t  c o e f f i c ie n t  b e in g  e s t im a te d . In  th e  
l a t t e r  c a se , i t  was o b ta in e d  b y  u s in g  o n ly  s ix  known c o e f f i c ie n t s  R ( 0 ) , 
R ( 8 ) , R (1 2 ) , R (1 6 ) , R (20) and R (2 4 ) . The sum EB was com puted b y  
summing th e  v a lu e s  o f  B c o r re s p o n d in g  to  th e  d im e n s io n s  5x5 , 6x6 and 
7x7. F o r th e  e s t im a te s  fo l lo w in g  t h i s ,  s in c e  la r g e r  m a t r ix  d im e n s io n s  
w ere u se d , EB was o b ta in e d  b y  u s in g  more c o n t r ib u t io n s  b u t ,  how eve r, 
th e  sum m ation was a lw ays  s t a r t e d  a t  a d im e n s io n  a b o u t I  o f  th e  t o t a l  
d im e n s io n  c o rre s p o n d in g  t o  each e s t im a te .
M o re o ve r, th e  t im e  i n t e r v a l  was h a lv e d  and th e  e x a c t d is c r e te  
f u n c t io n  was o b ta in e d  b y  u s in g  At =0 .0 5  . The la g  v a lu e s  R (5 ) to  
R (5 0 ) , t h a t  i s  tw ic e  th e  number in  th e  fo rm e r  ca se , w ere  a ls o  used as 
th e  known c o e f f i c ie n t s .  The c o m p u ta tio n  o f  EB was s ta r te d  a t  * o f  
th e  t o t a l  d im e n s io n  and th e  m is s in g  v a lu e s ,  R (1)-*R (4) w ere  e s t im a te d .
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The r e s u l t s  a re  s h o rn  i n  F ig u re  32a , w here th e  e s t im a te s  a re  seen to  
be p la u s ib le .  When th e  maximum known la g  v a lu e  was n o t  d o u b le d  and 
th e  same num ber as b e fo r e ,  i . e .  R (5 ) -d l(2 5 ) ,  w ere used o n ly ,  i t  was 
fo u n d  t h a t  th e  in t e r p o la t io n  was n o t  p o s s ib le .  T h a t i s ,  no v a lu e s  
c o u ld  be fo u n d  to  m a in ta in  th e  a u to c o r r e la t io n  m a t r ix  n o n -n e g a t iv e  
d e f i n i t e .  The com pu te r p ro g ra m  o u tp u t ,  g iv in g  t h i s  m essage, i s  shown 
i n  F ig u re  32b. The r e s u l t s  w i l l  be d is c u s s e d  in  th e  n e x t  s e c t io n .
9 .3  DISCUSSION AND CONCLUDING REMARKS
In  t h i s  c h a p te r ,  th e  m ethod o f  e s t im a t in g  th e  i n i t i a l  a u to c o r r e la t io n  
c o e f f i c ie n t s  and , i n  p a r t i c u la r ,  th e  d im e n s io n s  a t  w h ic h  th e  c o m p u ta tio n  
o f  EB may be s ta r te d  w ere c o n s id e re d . The s im u la t io n s  o f  e x a c t 
a u to c o r r e la t io n  fu n c t io n s ,  t h a t  c o u ld  re p re s e n t  th e  f i r s t  and second 
o r d e r  p ro c e s s e s , w ere  used f o r  th e  e m p ir ic a l  in v e s t ig a t io n s .
I t  was seen t h a t ,  f o r  th e  e s t im a t io n  o f  th e  m is s in g  i n i t i a l  
c o e f f i c ie n t s ,  a know ledge  o f  th e  w h o le  o f  re m a in in g  d is c r e te  
a u to c o r r e la t io n  f u n c t io n  i s  n o t  n e c e s s a ry ; o n ly  a p a r t i a l  know ledge o f  
t h i s  may be s u f f i c i e n t .  I t  was a ls o  n o te d  t h a t  in c re a s in g  th e  number 
o f  known la g  v a lu e s ,  beyond a minimum re q u ire d  num ber, does n o t  in c re a s e  
th e  a c c u ra c y  o f  th e  e s t im a te s .
As i t  was seen f o r  th e  e x t r a p o la t io n  case ( in  C h a p te r 6 ) ,  i t  i s
n o t  m e re ly  th e  number o f  known la g  v a lu e s  t h a t  can in f lu e n c e  th e
r e l i a b i l i t y  o f  th e  e s t im a te d  v a lu e s ,  b u t  a ls o  th e  t im e  in t e r v a l  At.
T h a t i s ,  f o r  a g iv e n  a u to c o r r e la t io n  f u n c t io n ,  th e  h ig h e r  th e  v a lu e  o f
At, th e  le s s  i s  th e  number o f  known la g  v a lu e s  r e q u ir e d .  T h is  i s  due
to  th e  f a c t  t h a t  f o r  a la r g e r  At, le s s  number o f  c o e f f i c ie n t s  a re  
r e q u ir e d  to  d e f in e  th e  t o t a l  shape o f  th e  d is c r e te  f im c t io n .  I t  i n f e r s  
t h a t  a know ledge o f  th e  shape o f  th e  d is c r e te  fu n c t io n  i s  th e  b a s ic  
re q u ire m e n t f o r  a s a t i s f a c t o r y  e s t im a t io n  o f  th e  i n i t i a l  c o e f f i c ie n t s .
In  f a c t ,  i t  was seen t h a t  th e  e s t im a t io n  o f  th e  m is s in g  c o e f f i c ie n t s  
was n o t  p o s s ib le ,  i f  th e  known la g  v a lu e s  were i n s u f f i c i e n t .  In  t h i s
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case th e  e s t im a t in g  p rog ram  w o u ld  n o t i f y  t h a t  no v a lu e s  c o u ld  be 
fo u n d  to  m a in ta in  th e  m a tr ic e s  o f  a v a i la b le  d im e n s io n s  n o n -n e g a tiv e  
d e f i n i t e .
The i n i t i a l  c o e f f i c ie n t s  e s t im a t io n  m ethod, b a s ic a l l y ,  em ploys 
th e  same p r in c ip le s  and p r o p e r t ie s  as th e  e x t r a p o la t io n  m ethod;
S tone (1 9 7 8 ). B o th  m ethods r e l y  on th e  b a s ic  re q u ire m e n t t h a t  th e  v a lu e  
o f  B , g iv e n  b y  e q u a tio n  ( 9 . 1 . 2 ) ,  w o u ld  approach  u n i t y  and s t a b i l i z e .
In  th e  s e le c t io n  o f  e s t im a te s  f o r  th e  i n i t i a l  c o e f f i c ie n t s ,  how eve r, 
th e  c r i t e r i o n  eB i s  u se d , r a th e r  th a n  th e  v a lu e  o f  B i n  th e  l a s t  
d im e n s io n . T h a t i s ,  fro m  th e  v a lu e s  m a in ta in in g  th e  c o rre s p o n d in g  
m a t r ix  n o n -n e g a tiv e  d e f i n i t e ,  t h a t  g iv in g  th e  la r g e s t  EB i s  s e le c te d  as 
an e s t im a te .  T h is  i s  p r e fe r r e d ,  due to  th e  p o s s ib le  im p e r fe c t io n s  o f  
th e  p r a c t i c a l  a u to c o r r e la t io n  d a ta  and a ls o  th e  in a c c u ra c ie s  caused 
b y  u s in g  a l im i t e d  number o f  d e c im a l p la c e s  in  th e  i t e r a t i v e  p ro c e d u re .
N o n e th e le s s , th e  d im e n s io n  a t  w h ic h  th e  c o m p u ta tio n  o f  EB is  
s ta r te d ,  appeared  to  p la y  an im p o r ta n t  r o le  i n  th e  r e l i a b i l i t y  o f  th e  
e s t im a te s .  F o r th e  d e c a y in g  e x p o n e n t ia l f u n c t io n s ,  EB was com puted 
b y  summing th e  v a lu e s  o f  B a t  e v e ry  d im e n s io n  g re a te r  th a n  2x2 . T h is  
le d  to  s a t i s f a c t o r y  r e s u l t s .  In d e e d , i t  had been n o te d  in  C h a p te r 6 
t h a t  f o r  such  fu n c t io n s ,  B e s ta b l is h e d  a t  u n i t y  f a i r l y  r a p id ly .  On 
th e  c o n t r a r y ,  f o r  a d e c a y in g  c o s in u s o id ,  i t  was seen t h a t  summing a t  
e v e ry  d im e n s io n  g re a te r  th a n  2x2 c o u ld  le a d  to  u n s a t is f a c to r y  e s t im a te s .  
I n  t h i s  c a se , summing o v e r  o n ly  a s m a ll p o r t io n  o f  th e  t o t a l  d im e n s io n  
c o u ld  g iv e  s a t is f a c t o r y  r e s u l t s .  The number o f  c o n t r ib u t io n s  to  th e  
sum zB c o rre s p o n d in g  to  an e s t im a te ,  was dependent on th e  e f f e c t iv e  
t im e  in t e r v a l  (a s s o c ia te d  w i t h  each e s t im a te )  and was in c re a s e d  as th e  
l a t t e r  d e c re a se d .
However, i t  had been n o te d  in  C h a p te r 6 th a t  f o r  th e  d e c a y in g  
c o s in u s o id  fu n c t io n ,  B does n o t  app roach  u n i t y  r a p id ly .  I t  seems th a t  
f o r  s a t is f a c t o r y  e s t im a te s ,  th e  c o m p u ta tio n  o f  zB s h o u ld  be s ta r te d  
a t  a d im e n s io n  th a t  B w o u ld  app roach  u n i t y  and te n d  to  s t a b i l i z e .
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T h is  c h a p t e r  w o u ld ,  h e n c e ,  a p p e a r  t o  s u g g e s t  t h a t  EB s h o u ld  b e  
c o m p u te d  o v e r  o n l y  a  s m a l l  p o r t i o n  o f  t h e  t o t a l  m a t r i x  d im e n s io n  
a s s o c i a t e d  w i t h  e a c h  e s t i m a t e ;  e . g .  o n  t h e  I ,  . . .  , b a s i s ,  
d e p e n d in g  o n  how  l a r g e  t h e  m a t r i x  i s .
U n f o r t u n a t e l y ,  u n l i k e  t h e  e x t r a p o l a t i o n  s i t u a t i o n ,  d u e  t o  t l i e  
p o s i t i o n  o f  t h e  m is s in g  c o e f f i c i e n t s ,  t h e  r e l i a b i l i t y  t e s t  c o u ld  n o t  
b e  a p p l i e d  f o r  a n  i n s p e c t i o n  o f  t h e  kn o w n  v a l u e s .  I n  f a c t ,  i t  i s  
d i f f i c u l t  t o  s u g g e s t  a n y  r e a s o n a b le  m e th o d  t h a t  c a n  i n d i c a t e  t h e  
r e l i a b i l i t y  o f  t h e  e s t im a t e d  v a l u e s ;  S to n e  ( 1 9 7 8 ) .  I t  w a s ,  t h e r e f o r e ,  
d e s i r a b l e  t o  o b s e r v e  i n  t h i s  c h a p t e r  t h a t  w h e n  t h e  kn o w n  c o e f f i c i e n t s  
w e r e  i n s u f f i c i e n t  f o r  e s t i m a t i o n  o f  t h e  m is s in g  i n i t i a l  c o e f f i c i e n t s ,  
t h i s  w o u ld  b e  n o t i f i e d  b y  t h e  e s t i m a t i n g  p r o g r a m .
1 1 0 .
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CHAPTER 10
A l i a s i n g  i s  a  m a jo r  p r o b le m  a r i s i n g  i n  t h e  d i g i t a l  p r o c e s s in g  o f  
t im e  s e r i e s ,  e s p e c i a l l y  w h e n  u s in g  t h e  c o n v e n t i o n a l  m e th o d  o f  u n i f o r m  
s a m p l in g .  I t  i s  a  w e l l  kn o w n  p r o b le m  a n d  a  d e t a i l e d  a c c o u n t  o f  i t  
m a y , f o r  i n s t a n c e ,  b e  fo u n d  i n  B la c k m a n n  & T u k e y  ( 1 9 5 9 ) .  I n  t h i s  
c h a p t e r ,  h o w e v e r ,  i t  w i l l  b e  a n a l y t i c a l l y  c o n s id e r e d  a n d  t h e n  
d e m o n s t r a t e d  b y  s i m u l a t i o n  e x a m p le s .  F u r t h e r m o r e ,  t h e  l i n e a r  a n d  
c u b ic  s p l i n e  i n t e r p o l a t i o n  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n s  a n d  ra n d o m  
d a t a  a n d  t h e i r  e f f e c t s  o n  t h e  r e s u l t i n g  s p e c t r a  a r e  s t u d i e d .
l O . i  A N A L Y S IS  OF A L IA S IN G
T h e  a n a l y s i s  g iv e n  i n  t h i s  s e c t i o n  e m p lo y s  t h e  p r o p e r t i e s  o f  t h e  
d e l t a  f u n c t io n s  a n d  t h e  im p u ls e  r e p r e s e n t a t i o n  o f  a  c o n t in u o u s  f u n c t i o n .  
T h e s e  m ay b e  fo u n d  i n  A p p e n d ix  A . 5 .
C o n s id e r  t h e  e q u i - s p a c e d  d i s c r e t e  d a t a  w i t h  a  s a m p l in g  t im e  
i n t e r v a l  A x . F ro m  t h e s e  d i s c r e t e  d a t a ,  a  d i s c r e t e  a u t o c o r r e l a t i o n  
f u n c t i o n ,  w i t h  a n  e q u i - s p a c e d  i n t e r v a l  At  i s  o b t a i n a b l e .  T h e  
a u t o c o r r e l a t i o n  f u n c t i o n  a n d  a l s o  t h e  d e l t a  f u n c t i o n  a r e  b o t h  e v e n  
f u n c t i o n s .  U s in g  e q u a t i o n  ( A . 5 . 1 0 ) ,  t h e  d i s c r e t e  a u t o c o r r e l a t i o n  
f u n c t i o n  m ay b e  r e p r e s e n t e d  a s :
R * ( t ) = A t . R ( t ) S c ( t )  ( 1 0 . 1 . 1 )
w h e r e ,
oo
E S Q -n A T )  (1 0 . 1 . 2)
c  n =0
T h e  F o u r i e r  t r a n s f o r m a t i o n  o f  R * ( t )  g iv e s  t h e  s p e c t r a l  d e n s i t y  
c o r r e s p o n d in g  t o  t h e  s a m p le d  s i g n a l  a n d  t h a t  o f  R ( x )  y i e l d s  t h e  
s p e c t r a l  d e n s i t y  o f  t h e  o r i g i n a l  c o n t in u o u s  s i g n a l .  L e t  t h e  f o r m e r  
b e  d e n o te d  b y  S * ( w )  a n d  t h e  l a t t e r  b y  S (u > ). F o u r i e r  t r a n s f o r m a t i o n  
o f  e q u a t io n  ( 1 0 . 1 . 1 )  a n d  a l s o  u s in g  t h e  c o n v o lu t i o n  th e o r e m  f o r  t h e
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p r o d u c t  on t h e  r i g h t  h a n d  s i d e ,  P a p o u l is  ( 1 9 6 2 ) ,  g iv e s :  
F { R * ( t ) } = A t . F { R ( t ) S c ( t ) }
S* ^  ^  S dQ (10.1.3)
w h e re  F { }  d e n o te s  t h e  F o u r i e r  t r a n s f o r m  o p e r a t o r  a n d  A ( f t )  i s  t h e
F o u r i e r  t r a n s f o r m  o f  5 ( t ) .c  7
C o n s id e r in g  to as  p a r t  o f  a  c o m p le x  v a r i a b l e ,  s = c + jto ,  a n d  u s in g  
c o n t o u r  i n t e g r a t i o n ,  S a u c e d o  & S h i r i n g  ( 1 9 6 8 ) ,  e q u a t i o n  ( 1 0 . 1 . 3 )  c a n  
b e  w i t t e n  a s :
S *  ( s )  = At ^Ts  ( s - A ) . r e s  id u e  s .[A ( A )  ]  = A x > s  (s  -  A ) . r e  s id u e  s
1 - e -AAt
( 1 0 . 1 . 4 )
w h e re  s u b s t i t u t i o n  h a s  a l s o  b e e n  m ade f o r  A ( f t )  f r o m  e q u a t i o n  ( A . 5 . 8 )  a n d
t
p o l e s  o f  AC(A) a r e  g iv e n  b y  t h e  e q u a t i o n :
t h e  s u m m a tio n  i s  o v e r  t h e  r e s i d u e s  o f  a l l  h e  p o le s  o f  A ( A ) .  T h e
l - e - * A% 0  +  e ' XAT= e ± j2 , r n  
a n d ,  h e n c e ,  o c c u r  a t :
n = 0 , l , 2 , . . .
A = ± j2 irn 11=0 , 1 , 2 . . . ( 1 0 . 1 . 5 )
S in c e  A (A) c o n t a i n s  s im p le  p o l e s  o n l y ,  t h e  r e s i d u e  o f  A fA) a t  a  p o l e
L C
A = j 2 i r n ^  i s  c a l c u l a t e d  a s  f o l l o w s ;  S a u c e d o  & S h i r i n g  ( 1 9 6 8 ) .
R e s id u e
1 - e -AAt
= L im
A-»j 2 irn
= L im  
A = j2frn  A ->j2rrn  
At  At
1 3 1 
-AAt AtAte
(A - j 2 t t n ) -
Ax 1 - e
-AAx
(1 0 . 1 . 6 )
At
w h e re  L ’ H o s p i t a l ’ s r u l e  h a s  b e e n  a p p l i e d  t o  e v a l u a t e  t h e  l i m i t .  T h u s ,  
t h e  r e s i d u e  a t  a n y  p o l e  i s  e q u a l  t o  1 / A t > f o r  a n y  i n t e g r a l
v a l u e  o f  n ,  -« « n ^ ° ° .
T lie  r e s i d u e  t e r m  i n  e q u a t i o n  ( 1 0 . 1 . 4 )  c a n ,  t h e r e f o r e ,  b e  r e p l a c e d  
b y  1 / A t > w i t h  t h e  s u m m a tio n  r u n n in g  f r o m  - «  t o  S u b s t i t u t i n g  f o r  A 
a n d  a l s o  p u t t i n g  s i n  te r m s  o f  &>, e q u a t i o n  ( 1 0 . 1 . 4 )  t h e n  y i e l d s :
oo
S*(uj)« EooS(a)+2na)c) , o)c=tt/A t (10.1.7)
I n  u s in g  t h e  r e s i d u e  th e o r e m  t o  d e r i v e  t l i e  a b o v e  r e s u l t ,  a l t h o u g h  
i t  i s  r e q u i r e d  t o  r e s t r i c t  t h e  c l a s s  o f  f u n c t io n s  R(t)  t o  th o s e  f o r  
w h ic h  R ( 0 ) = 0 ,  t h e  c l a s s  c a n  b e  e x t e n d e d  t o  i n c lu d e  a l s o  t h o s e  f o r
w h ic h  R ( 0 )  i s  m e r e ly  b o u n d e d  ( b u t  n o t  n e c e s s a r i l y  e q u a l  t o  z e r o ) . I n  
t h i s  c a s e ,  a n  a d d i t i o n a l  t e r m  A x R (O ) w i l l  a p p e a r  5 o n  t h e  r i g h t  h a n d  
s i d e  o f  t h e  a b o v e  e q u a t i o n  b u t  i t  w o u ld  c a n c e l  o u t ,  w i t h  a n  e q u i v a l e n t  
t e r m  r e s u l t i n g  f r o m  t h e  d i s c r e t e  F o u r i e r  t r a n s f o r m a t i o n  o n  t h e  l e f t  
h a n d  s i d e .  E q u a t io n  ( 1 0 . 1 . 7 )  w o u ld  t h e n  r e m a in  u n a l t e r e d .
E q u a t io n  ( 1 0 . 1 . 7 )  s u g g e s ts  t h a t  S * ( oj)  i s  p e r i o d i c ,  w i t h  p e r i o d  
2 w ^ . T h is  c a n  a l s o  b e  sh o w n  as  f o l l o w s .  U s in g  e q u a t i o n  ( A . 5 . 1 1 ) ,  
f o r  d i s c r e t e  F o u r i e r  t r a n s f o r m a t i o n ,  i t  c a n  b e  w r i t t e n :
Ax E R ( n A x ) e " j ( “ + 2mi°cD n i T =AT E R ( n A T ) e ' jw n A \ e " j 2m“ c nAT  
n =0 n =0
= A t I  R ( n A T ) e - j “)n4T . e - j 2m n¥=AT E R ( n A T ) e " > nAT  
n =0 n =0
w h e re  n  a n d  m a r e  i n t e g e r s .  I t  i s  t h e n  d e d u c e d  t h a t :
S *  (to+2mwc )  = S * (o ) )  ( 1 0 , 1 . 8 )
w h ic h  i s  t h e  m a t h e m a t ic a l  s t a t e m e n t  f o r  S * ( w )  t o  b e  p e r i o d i c  w i t h  
p e r i o d
A l t h o u g h  S * (u ) )  h a s  a  p e r i o d  o f  2wc  b u t  w h e n  c o n s i d e r i n g  p o s i t i v e  
f r e q u e n c i e s  o n l y ,  i t s  f u n d a m e n t a l  d o m a in  w i l l  h a v e  a  w i d t h  o f  wc .
T h is  i s  i l l u s t r a t e d  i n  D ia g r a m  1 0 . 1 .  I t  i n d i c a t e s  t h a t ,  i n  t h e  h a l f  
p la n e  ( p o s i t i v e  f r e q u e n c y ) ,  t h e  s p e c t r u m  w i l l  b e  r e p e a t e d  a t  f r e q u e n c i e s  
b e y o n d  w . S in c e  t h e  s p e c t r a l  d e n s i t y  i s  a n  e v e n  f u n c t i o n ,  B e n d a t  
& P i e r s o l  ( 1 9 6 6 ) ,  t h e  p i c t u r e  a p p e a r in g  b e tw e e n  w=wc  a n d  w=2oic  i s  
e x p e c t e d  t o  b e  t h e  m i r r o r  im a g e  o f  t h a t  a p p e a r in g  b e tw e e n  w=0 t o  
<jj=wc . T h e  sam e s e q u e n c e  w i l l  t h e n  b e  r e p e a t e d  w i t h  a  p e r i o d  o f  2coc  -
T h e  f r e q u e n c y  w ^ it/ A t  ( o r  f c = l / 2 A x  )  i s  c a l l e d  t h e  N y q u i s t ,  
f o l d i n g  o r  c u t - o f f  f r e q u e n c y .  I t  i s  n o t e d  t h a t ,  d u e  t o  t h e  p e r i o d i c i t y  
p r o p e r t y ,  n o  i n f o r m a t i o n  a b o u t  t h e  f r e q u e n c y  c o n t e n t  o f  t h e  d a t a ,  a b o v e  
t h e  c u t - o f f  f r e q u e n c y ,  i s  o b t a i n a b l e .  F o r  t h e  s p e c t r a l  e s t i m a t i o n  
b e lo w  t h e  c u t - o f f  f r e q u e n c y ,  h o w e v e r ,  e q u a t i o n  ( 1 0 . 1 . 7 )  h a s  t o  b e
+
I F o r  c a u s a l  f u n c t i o n s ,  i f  R ( 0  ) ^ 0  t h e n  t h e  a d d i t i o n a l  t e r m  w i l l  b e  
At R ( 0 + ) / 2 ;  P a p o u l is  ( 1 9 6 2 )  a n d  M u rp h y  ( 1 9 6 6 ) .  A  f u n c t i o n  R ( x )  i s  s a i d  
t o  b e  c a u s a l  i f  R ( x ) = 0  f o r  x < 0 .
113.
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e x a m in e d .  T h is  e q u a t i o n  show s t h e  r e l a t i o n s h i p  b e tw e e n  t h e  s p e c tru m  
c o r r e s p o n d in g  t o  t h e  s a m p le d  d a t a  a n d  t h a t  o f  t h e  o r i g i n a l  c o n t in u o u s  
d a t a .
D ia g ra m  1 0 . 1
I t  i n d i c a t e s  t h a t  t h e  s p e c t r a l  d e n s i t i e s  a t  f r e q u e n c i e s  2nw c ±w 
( o r  2n f c ± f )  w o u ld  a d d  t o  t h o s e  a t  w ( o r  f  ) ;  t h e s e  f r e q u e n c i e s  a r e  
c a l l e d  a l i a s e s .  T h e r e f o r e ,  i f  t h e  s a m p l in g  i n t e r v a l  Ax i s  s u c h  t h a t  
f r e q u e n c i e s  h i g h e r  t h a n  1 a r e  p r e s e n t  i n  t h e  o r i g i n a l  d a t a ,  
t h e n  t h e s e  w i l l  c o n t r i b u t e  t o  t h e  u s e f u l  r a n g e  ( 0 , f c ) ;  t h e y  w i l l  b e  
f o l d e d  b a c k  a n d  a p p e a r  a s  lo w  f r e q u e n c i e s ,  w h ic h  c a n  c a u s e  c o n f u s io n  
o v e r  t h e  t r u e  f r e q u e n c y  c o n t e n t  o f  t h e  d a t a .  T h e  p h e n o m e n o n  i s  
r e f e r r e d  t o  a s  a l i a s i n g .  O n t h e  o t h e r  h a n d ,  i f  Ax i s  s u f f i c i e n t l y  
s m a l l  t o  h a v e  S (a)+2n w c ) = 0  f o r  n / 0 ,  t h e n  S * ( w ) = S ( w )  a n d  t h e  r e s u l t i n g  
s p e c t r u m  w i l l  b e  a l i a s - f r e e .
1 0 . 2  IL L U S T R A T IV E  EXAMPLES ON THE N Y Q U IS T  FREQUENCY AND A L IA S IN G
I n  t h i s  s e c t i o n ,  t h e  N y q u i s t  f r e q u e n c y  a n d  a l i a s i n g  w i l l  b e  
d e m o n s t r a t e d  b y  s i m u l a t i o n  o f  a u t o c o r r e l a t i o n  f u n c t i o n s  o n  a  d i g i t a l  
c o m p u te r .  T h e  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n s  w e re  u s e d  w i t h  
v a r i o u s  v a lu e s  o f  A x , t o  o b t a i n  c u t - o f f  f r e q u e n c i e s  b e lo w  a n d  a b o v e  
t h e  p o s i t i o n s  o f  t h e  m a in  p e a k s  i n  t h e  o r i g i n a l  d a t a .  T h e  t r a p e z o i d a l  
r u l e ,  g iv e n  b y  e q u a t io n  ( A . 1 . 2 1 ) ,  w as u s e d  f o r  F o u r i e r  t r a n s f o r m a t i o n  
o f  t h e  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n s .  T h e  t r u e  s p e c t r a  a r e  a ls o
s h o r n .  T h e s e  w e r e  o b t a in e d  b y  F o u r i e r  t r a n s f o r m a t i o n  o f  t h e  
c o n t in u o u s  a u t o c o r r e l a t i o n  f u n c t i o n s ,  u s in g  e q u a t i o n  ( A . 1 . 1 6 ) .
C o n s id e r  t h e  a u t o c o r r e l a t i o n  f u n c t i o n :
R ( x ) = e x p ( - x ) c o s l 2 T r x  ( 1 0 . 2 . 1 )
T h e  t r u e  s p e c t r u m ,  o b t a in e d  b y  F o u r i e r  c o s in e  t r a n s f o r m a t i o n  o f  t h i s  
f u n c t i o n ,  i s  show n i n  F ig u r e  3 3 a .  T h e  s p e c t r u m  e x h i b i t s  a  p e a k  a t  
f = 6 .
T h e  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n  w as u s e d  w i t h  A x = 0 .0 2 5  . T h i s  
v a l u e  g iv e s  a  n o n - d im e n s io n a l  c u t - o f f  f r e q u e n c y  © = 20  w h ic h  i s  w e l l  a b o v e  
t h e  f r e q u e n c y  a t  iirh ic h  t h e  p e a k  o c c u r r e d  i n  t h e  t r u e  s p e c t r u m .  T h e  
s p e c t r a l  e s t im a t e s  w e r e  o b t a i n e d  i n  t h e  f r e q u e n c y  r a n g e  0  t o  2 © ,  b y  
c o s in e  t r a n s f o r m a t i o n  o f  t h e  d i s c r e t e  f u n c t i o n  ( s u f f i c i e n t  n u m b e r  o f  
l a g  v a l u e s  w e r e  u s e d  t o  a l l o w  i t s  d e c a y ) . T h i s  i s  sh o w n  i n  F ig u r e  
3 3 b ,  w h e re  i t  i s  s e e n  t h a t  a  p e a k  i s  e x h i b i t e d  a t  t h e  f r e q u e n c y  o f  
6 w h ic h  i s  i n  a g r e e m e n t  w i t h  t h e  t r u e  s p e c t r u m .  T h e  s p e c t r u m  i n  
t h e  r a n g e  f  t o  2 f  ( 2 0  t o  4 0  )  i s ,  h o w e v e r ,  s e e n  t o  b e  m e r e ly  t h e
m i r r o r  im a g e  o f  t h a t  i n  t h e  r a n g e  0  t o  ©  ( 0  t o  2 0  ) .  H e n c e , t h e
u s e f u l  f r e q u e n c y  r a n g e  f o r  s p e c t r a l  e s t i m a t i o n  i s  0 t o  f  .
A  v a l u e  o f  A x O . l  w as  t h e n  u s e d .  T h is  g iv e s  a  c u t - o f f  
f r e q u e n c y  © = 5 , w h ic h  i s  l e s s  t h a n  t h e  p r e s e n t  f r e q u e n c y  (6 . ) .
S in c e  t h e  f r e q u e n c i e s  f  a n d  2 n © ± f  a r e  a l i a s e s ,  i t  i s  e x p e c t e d  t h a t  
t h e  p e a k  a t  6 s h o u ld  c o n t r i b u t e  t o  t h e  f r e q u e n c y  o f  4 . T h e
s p e c t r a l  e s t im a t e s  w e r e  c o m p u te d  i n  t h e  r a n g e  0 t o  2 ©  (0 t o  10  ) .
T h e  s p e c t r u m  i s  sh o w n  i n  F ig u r e  3 3 c ,  i t  e x h i b i t s  a  p e a k  a t  4  a n d  
t h e  s p e c t r u m  i n  t h e  r a n g e  ©  t o  2 ©  i s  s e e n  t o  b e  t h e  m i r r o r  im a g e  
o f  t h a t  i n  t h e  r a n g e  0  t o  © .  I t  i s  n o t e d  t h a t  t h e  p e a k  o b t a in e d  a t  
4 i s  f a l s e ;  i t  d e m o n s t r a t e s  t h e  a l i a s i n g  o c c u r r i n g  i n  t h e  u s e f u l  
( N y q u i s t )  f r e q u e n c y  r a n g e .
M o r e o v e r ,  a n  a u t o c o r r e l a t i o n  f u n c t i o n  w i t h  tw o  p e r i o d i c  c o m p o n e n ts  
w as  a l s o  c o n s id e r e d :
115.
R(x)©.exp(-x) (cos27rx+cosl47rx) (10.2.2)
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T h e  t r u e  s p e c t r u m  o b t a in e d  b y  F o u r i e r  c o s in e  t r a n s f o r m a t i o n  o f  
t h i s  f u n c t i o n ,  i s  sh o w n  i n  F ig u r e  3 4 a .  I t  i s  s e e n  t h a t  t h e  s p e c t r u m  
e x h i b i t s  tw o  p e a k s  a t  1 a n d  7 ' . T h e  d i s c r e t e  f u n c t i o n  w as s im u l a t e d  w i t h  
At O . 0 2 5  . T h is  g iv e s  a  n o n - d im e n s io n a l  c u t - o f f  f r e q u e n c y  f c = 2 0 ,  
w h ic h  i s  a b o v e  t h e  h i g h e s t  p r e s e n t  f r e q u e n c y  (7  ) .  T h e  s p e c t r a l
e s t im a t e s  i n  t h e  r a n g e  ( 0 , 2 f c )  a r e  sh o w n  i n  F ig u r e  3 4 b .  Two p e a k s  
a t  f r e q u e n c i e s  1 a n d  7 a r e  o b s e r v e d  a n d  i t  i s  s e e n  t h a t  i n  t h e  
r a n g e  ( f c , 2 f j  t h e  m i r r o r  im a g e  o f  t h e  p i c t u r e  i n  t h e  r a n g e  ( 0 , f  )  h a s  
b e e n  p r o d u c e d .
N ow , At  w as in c r e a s e d  a n d  t h e  d i s c r e t e  f u n c t i o n  w as s im u la t e d  
w i t h  At =0 . 1 . T h i s  w o u ld  g iv e  t h e  c u t - o f f  f r e q u e n c y  f c =5 w h ic h  
i s  l e s s  t h a n  7 • H i e  r e s u l t i n g  s p e c t r a l  e s t i m a t e s ,  i n  t h e  r a n g e  
( 0 , 2 f c ) ,  a r e  d is p l a y e d  i n  F ig u r e  3 4 c .  I t  i s  s e e n  t h a t ,  i n  t h e  r a n g e  
( 0 , f c ) ,  tw o  p e a k s  a r e  o b s e r v e d  a t  f r e q u e n c i e s  1 a n d  3  . T h e  l a t t e r
i s  a n  a l i a s  o f  7 f  as  w o u ld  b e  e x p e c t e d ,  d u e  t o  t h e  N y q u is t  
f r e q u e n c y  b e in g  b e lo w  t h i s  f r e q u e n c y .  H ie  m i r r o r  im a g e  o f  t h e  p i c t u r e  
i s  a l s o  fo u n d  i n  t h e  r a n g e  ( f  , 2 f c ) •
i O . 3  L IN E A R  IN T E R P O LA TIO N  OF THE AUTOCORRELATION FU N C TIO N
C o n s id e r  t h e  F o u r i e r  t r a n s f o r m a t i o n  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n ,
F o r  t h e  d i s c r e t e  c a s e ,  t h a t  i s  t h e  t r a n s f o r m  o f  a  s a m p le d  f u n c t i o n ,  
e q u a t io n  ( 1 0 . 3 . 1 )  w i l l  b e c o m e :
w h e re  R ( n )  d e n o te s  R ( n A x ) , S * ( w )  s i g n i f i e s  t h e  s a m p le d  f u n c t i o n  t r a n s f o r m  
a n d  Ax i s  t h e  s a m p l in g  i n t e r v a l .
Now, c o n s i d e r  t h e  s p e c t r a l  e s t i m a t i o n  w i t h  a s s u m in g  a  l i n e a r  
r e l a t i o n s h i p  b e tw e e n  t h e  s u c c e s s iv e  a u t o c o r r e l a t i o n  c o e f f i c i e n t s .
E q u a t io n  ( 1 0 . 3 . 1 )  w i l l  b e c o m e :
i . e . ,
S(w)=_/  R(x)e ^WTdx ( 1 0 . 3 . 1 )
S*(w)=AxJoR(n)e -jcjnAx ( 1 0 . 3 . 2 )
~°° nAx n
(10.3.3)
w h e re  S ^ (to ) i s  t h e  r e s u l t i n g  s p e c t r u m  a n d  Rn ( T ) d e n o te s  t h e  s t r a i g h t  
l i n e  j o i n i n g  t h e  p o i n t s  R ( n )  a n d  R ( n + 1 ) . I t  i s  g iv e n  a s :
Rn ( T ) = a n T +bn  ( 1 0 . 3 . 4 )
w h e r e ,
a n = / r [ R ( n + 1 ) - R ( n ) ]  ( 1 0 . 3 . 5 )
a n d
bn = R ( n ) - n [ R ( n + l ) - R ( n ) ]  ( 1 0 . 3 . 6 )
S u b s t i t u t i n g  f o r  R ^ O )  i n  e q u a t i o n  ( 1 0 . 3 . 3 )  a n d  i n t e g r a t i n g ,  i t  
y i e l d s :
S ,  w  4 1  R ( n + 1 )  e - J “  (n + 11  A t 4  ?  R ( n )  e - © n iTX/ J Cu—oo J Cu— oo
+  Y  e R ( n + l ) e “ ^ a) n^ + 1  ^A t + R ( n ) e ^ wnAxL — CO Z  — OO
Atcu Atco
-  R ( n + l ) e ~ ^ l0^n + 1 ') A t -  ~  E R ( n ) e " ^ wnAT
a Z —OO Z —oo
Atco Atw
T h i s ,  o n  s u b s t i t u t i n g  f r o m  e q u a t i o n  ( 1 0 . 3 . 2 )  a n d  s i m p l i f i c a t i o n  
g i v e s :
S (<■>)= — - — s - [2 -e - ’ “ AT- e ~ ^ “ A T ]S * (o > ) = — ^ - y t i - c o s A T u ] S * ( w )
(A tco)  (A tco)
t h e r e f o r e ,
s in (c o A T /2 )  2
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( coAt / 2 ) S *  (co) ( 1 0 . 3 . 7 )
E q u a t io n  ( 1 0 . 3 . 7 )  e x p r e s s e s  t h e  s p e c t r u m  o b t a in e d  b y  a s s u m in g  
l i n e a r  r e l a t i o n s h i p  b e tw e e n  s u c c e s s iv e  a u t o c o r r e l a t i o n s ,  i n  te r m s  o f  
t h a t  r e s u l t i n g  f r o m  t r a n s f o r m a t i o n  o f  t h e  d i s c r e t e  f u n c t i o n .  I t  w as  
s e e n  i n  s e c t i o n  1 0 . 2  t h a t  S *(c o ) i s  p e r i o d i c  w i t h  a  p e r i o d  2w .
E q u a t io n  ( 1 0 . 3 . 7 ) ,  h o w e v e r ,  show s t h a t  S £ (co) i s  n o t  p e r i o d i c .  T h is  i s  
d u e  t o  t h e  t e r m  i n  t h e  d e n o m in a t o r ,  t h a t  i s  
[coAt/2] 2 / [  (co+2mwc ) A t /2 ]  2
a n d ,  h e n c e ,  t h e  m a t h e m a t ic a l  r e q u i r e m e n t  f o r  p e r i o d i c i t y  i s  n o t  
s a t i s f i e d .  I n  f a c t ,  s in c e  S — -j ~ -^ 2 i s  a  d e c a y in g  f u n c t i o n ,  S ^ (w  
w i l l  r e p r e s e n t  a n  a t t e n u a t e d  s p e c t r u m ;  i . e .  t h e  s p e c t r a l  a m p l i t u d e s  
w i l l  b e  a t t e n u a t e d  a s  a  r e s u l t  o f  m u l t i p l i c a t i o n  b y  t h e  d e c a y in g  
f u n c t i o n .
F u r t h e r m o r e ,  c o m p a r is o n  o f  e q u a t io n s  ( 1 0 . 3 . 7 )  a n d  ( A . 3 . 1 9 )  
sh o w s t h a t  S ^ ((d)  m ay b e  e n v is a g e d  a s  t h e  o u t p u t  p o w e r  s p e c t r u m  o f  a  
f i l t e r  w i t h  t h e  i n p u t  s p e c t r u m  S * ( w ) ;  t h e  f i l t e r  t r a n s f e r  f u n c t i o n  
s a t i s f i e s :
r- -  ?
. 7  I C 1 T 1  r / , i A - r  7 9 ^ 1
( 1 0 . 3 . 8 )|g0 ( M I 2= sin(toA T/2)1  ( wAt / 2 )_
T h is  m ay b e  m a n i p u l a t e d ,  M u rp h y  ( 1 9 6 6 ) ,  t o  g i v e :
i-p - jw A x
T h e  s y s te m  w i t h  t h e  a b o v e  t r a n s f e r  f u n c t i o n  i s  c a l l e d  a  z e r o - o r d e r  
h o l d  o r  a  c la m p e r .  I t  r e p r e s e n t s  t h e  s i m p l e s t  f o r m  o f  d i g i t a l  t o  
a n a lo g u e  c o n v e r s io n .  T h e  d e v i c e  h o ld s  t h e  a m p l i t u d e  o f  e a c h  s a m p le  
( o f  t h e  s i g n a l )  f r o m  o n e  s a m p l in g  i n s t a n t  t o  t h e  n e x t .  T h e  h o l d  d e v ic e  
re m o v e s  a l l  t h e  im p u ls e s  a n d  t h e  o n l y  d i s c o n t i n u i t i e s  r e m a in in g  a r e  
t h e  s m a l l  s t e p s  f r o m  o n e  a m p l i t u d e  l e v e l  t o  t h e  n e x t ;  S a u c e d o  &
S h i r i n g  ( 1 9 6 8 )  a n d  M u rp h y  ( 1 9 6 6 ) .
T h e  l i n e a r  i n t e r p o l a t i o n  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  i s ,  
t h e r e f o r e ,  e q u i v a l e n t  t o  f i l t e r i n g  t h e  s a m p le d  d a t a  b y  a  z e r o  o r d e r  
h o l d .  T h e  e f f e c t s  a r e  i l l u s t r a t e d  i n  D ia g ra m  1 0 . 2 .
x ( t ) x * ( t ) Z e r o - o r d e r
S (co) S * M h o l d  G0 ( j w )
x ( t ) x * ( t )
a A
c ( t )
D ia g r a m  1 0 . 2
T h e  e f f e c t s  o f  l i n e a r  i n t e r p o l a t i o n  o f  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n  o n  t h e  r e s u l t i n g  s p e c t r u m  w i l l  b e  i n v e s t i g a t e d  b y  s i m u l a t i o n  
s t u d ie s  i n  s e c t i o n  1 0 . 4 .  F o r  t h i s ,  e q u a t i o n  ( 1 0 . 3 . 7 )  c a n  b e  u s e d  t o  
o b t a i n  t h e  s p e c t r u m  c o r r e s p o n d in g  t o  t h e  f i l t e r e d  d a t a ,  c ( t ) ,  fro m ''
119.
th a t  of the sampled data , x * ( t) .
10.4 SIMULATION STUDIES OF LINEAR INTERPOLATION OF THE AUTOCORRELATION
FU N C TIO N
I t  w as s e e n  i n  s e c t i o n  1 0 . 3  t h a t ,  w h e n  a  l i n e a r  r e l a t i o n s h i p  i s  
as su m e d  b e tw e e n  t h e  s u c c e s s iv e  a u t o c o r r e l a t i o n  c o e f f i c i e n t s ,  t h e  
c o r r e s p o n d in g  F o u r i e r  t r a n s f o r m  c a n  b e  o b t a in e d  d i r e c t l y  f r o m  t h e  
d i s c r e t e  t r a n s f o r m  o f  t h e  a u t o c o r r e l a t i o n  c o e f f i c i e n t s .  T h e  
( o n e - s i d e d )  p o w e r  s p e c t r u m , E ( f ) ,  m ay b e  o b t a in e d  f r o m  t h e  a u t o c o r r e l a t i o n  
c o e f f i c i e n t s  b y  u s in g  t h e  t r a p e z o i d a l  r u l e  as  g iv e n  b y  e q u a t io n  ( A .  1 . 2 1 ) .  
As i n d i c a t e d  b y  e q u a t i o n  ( 1 0 . 3 . 7 ) ,  t h e  ( o n e - s i d e d )  s p e c t r u m  
c o r r e s p o n d in g  t o  t h e  l i n e a r i t y  a s s u m p t io n ,  E £ ( f ) ,  c a n  b e  o b t a in e d  f r o m :
E„Cf) =
s im r f A x  2
E ( f )  ( 1 0 . 4 . 1 )
i r f  At
w h e re  Ax i s  t h e  u n i f o r m  t im e  i n t e r v a l  b e tw e e n  t h e  a u t o c o r r e l a t i o n
c o e f f i c i e n t s .
I t  i s  n o t e d  t h a t :
s im r f A x  „  s i n ( n f / 2 f r )  
i r f  Ax U U T t j
w h e re  f ^  i s  t h e  c u t - o f f  f r e q u e n c y  a n d  i s  e q u a l  t o  F ig u r e  35  show s
t h e  f u n c t i o n
s i n ( i r f / 2 f c ) '
W 2‘£CT
2
p l o t t e d  v e r s u s  f .  I t  c a n  b e  s e e n  t h a t  t h i s
i s  a  d e c a y in g  f u n c t i o n  a n d  t h e  a t t e n u a t i o n  im p o s e d  o n  t h e  s p e c t r u m ,  
d u e  t o  t h e  m u l t i p l i c a t i o n  b y  t h e  f u n c t i o n ,  c a n  b e  o b s e r v e d  f r o m  t h e  
f i g u r e .
T h e  f i r s t  f i m c t i o n  c o n s id e r e d  c o n t a i n s  tw o  p e r i o d i c  c o m p o n e n ts .  
E q u a t io n  ( 1 0 . 2 . 2 )  g iv e s  t h i s  a u t o c o r r e l a t i o n  f u n c t i o n  a n d  i t  w as s e e n  
i n  s e c t i o n  1 0 . 2  t h a t  A x O . 0 2 5  g iv e s  a  c u t - o f f  f r e q u e n c y  a b o v e  t h e  
m a in  p e a k s .  T h e  e x a c t  d i s c r e t e  f i m c t i o n  w i t h  t h i s  v a l u e  o f  A x , w as  
u s e d  f o r  s p e c t r a l  e s t i m a t i o n  w i t h  t h e  l i n e a r i t y  a s s u m p t io n .  T h e  
e s t im a t e d  s p e c t r u m ,  i n  t h e  r a n g e  0  t o  f  , i s  show n a n d  c o m p a re d  w i t h  
t h e  t r u e  s p e c t ru m  i n  F ig u r e  3 6 a ,  w h e r e  i t  i s  s e e n  t o  b e  e x a c t  b u t  
t h e  a m p l i t u d e  o f  t h e  s e c o n d  p e a k  h a s  b e e n  s l i g h t l y  a t t e n u a t e d .
T h e  s p e c t r a l  e s t i m a t i o n  w as  c o n t in u e d  i n  t h e  r a n g e  f  t o  2 f
c  c
a n d  t h e  s p e c t r u m  i n  t h e  r a n g e  0  t o  2 ©  ( 0  t o  4 0  )  i s  show n i n
F ig u r e  3 6 b .  I t  i s  s e e n  t h a t  t h e  m i r r o r - im a g e  p i c t u r e  d o e s  n o t  a p p e a r  
i n  t h e  r a n g e  ©  t o  2 ©  b u t  a  n e g l i g i b l e  p e a k  i s  o b s e r v e d  a t  f =33 
w h ic h  i s  t h e  a l i a s  o f  f = 7  . I n  f a c t ,  t h e  s p e c t r u m  h a s  b e e n
c o n s i d e r a b l y  a t t e n u a t e d  i n  t h e  l a t t e r  r a n g e .
I t  w as s e e n  i n  s e c t i o n  1 0 . 2  t h a t  A x O . l  g iv e s  a  c u t - o f f  
f r e q u e n c y  b e lo w  t h e  h i g h e s t  p e a k .  T h i s  v a l u e  o f  Ax w as u s e d  f o r  
s p e c t r a l  e s t i m a t i o n  w i t h  t h e  l i n e a r i t y  a s s u m p t io n .  T h e  s p e c t r a l  
e s t im a t e s  w e r e  o b t a in e d  i n  t h e  f r e q u e n c y  r a n g e  0  t o  2©  (0 t o  10  ) .
H i e  e s t im a t e d  s p e c t r u m  i s  show n i n  F ig u r e  3 6 c ,  w h e re  i t  i s  s e e n  t h a t  
t h e  p e a k s  a t  3 a n d  7 h a v e  b e e n  a t t e n u a t e d  a n d  t h a t  a t  9 h a s  
b eco m e v e r y  s m a l l .  T h e s e  a r e  u n d e r s t o o d  b y  c o n s i d e r i n g  F ig u r e  35  
a n d  n o t i n g  t h a t  th e  s p e c t r a l  e s t im a t e s  a r e ,  i n  f a c t ,  p r o d u c t s  o f  t h e  
f u n c t i o n  p l o t t e d  i n  t h e  l a t t e r  f i g u r e  a n d  t h e  s p e c t r u m  g iv e n  i n  
F ig u r e  3 4 c .
F u r t h e r ,  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  g iv e n  b y  e q u a t i o n  ( 1 0 . 2 . 1 )  
w as  a l s o  c o n s id e r e d ;  t h e  e x a c t  d i s c r e t e  f u n c t i o n  w as  u s e d  w i t h  
Ax = 0 . 0 2 5  •. T h e  s p e c t r u m  w as e s t im a t e d  w i t h  t h e  l i n e a r i t y  a s s u m p t io n  
w h ic h  i s  sh o w n  a n d  c o m p a re d  w i t h  t h e  t r u e  s p e c t r u m  i n  F ig u r e  3 7 a .  T h e  
s p e c t r a l  e s t i m a t i o n  w as c o n t in u e d  t o  2 ©  ( 4 0  ) a n d  i s  show n i n
F ig u r e  3 7 b .  T h e  d i s c r e t e  f u n c t i o n  w i t h  A x O . l  w as a l s o  u s e d  t o  y i e l d  
a  c u t - o f f  f r e q u e n c y  b e lo w  t h e  m a in  p e a k .  T h e  s p e c t r u m  i n  t h e  r a n g e  
0  t o  2©  (0 t o  10  ) ,  e s t im a t e d  w i t h  t h e  l i n e a r i t y  a s s u m p t io n ,  i s
show n i n  F ig u r e  3 7 c .  T h e  o b s e n s a t io n s  f r o m  t h e s e  f i g u r e s ' a r e  s i m i l a r  
t o  t h o s e  o f  t h e  p r e v io u s  c a s e .
T h e  v a l u e  o f  Ax w as in c r e a s e d  a n d  t h e  d i s c r e t e  f u n c t i o n  w i t h  
A x = 0 .2  w as  u s e d .  T h i s  w o u ld  r e d u c e  t h e  c u t - o f f  f r e q u e n c y  t o  2 . 5  
H ie  s p e c t r u m  o b t a in e d  b y  t h e  l i n e a r i t y  a s s u m p t io n ,  i n  t h e  r a n g e  0  t o  
2 ©  ( 0  t o  5 ) ,  i s  show n i n  F ig u r e  3 7 d .  I t  i s  s e e n  t h a t  a n  a l i a s e d
p e a k  i s  e x h i b i t e d  a t  1  a n d  a  r e l a t i v e l y  s i g n i f i c a n t  hump i s
1 2 0 .
1 2 1 .
o b s e r v e d  a t  4  . I t  i s  n o t e d  t h a t  f = 4  i s  t h e  a l i a s  o f  t h e  t r u e
f r e q u e n c y  (6 )  a l s o  w h e n  a  c u t - o f f  f r e q u e n c y  o f  5 i s  u s e d  *
T h e  s i m u l a t i o n  s t u d ie s  r e p o r t e d  i n  t h i s  s e c t i o n ,  d e m o n s t r a t e
t h a t  w h e n  a s s u m in g  a  l i n e a r  r e l a t i o n s h i p  b e tw e e n  t h e  s u c c e s s iv e
a u t o c o r r e l a t i o n  c o e f f i c i e n t s ,  t h e  r e s u l t i n g  s p e c t i 'u m  i s  a t t e n u a t e d
a n d  t h e  m i r r o r  im a g e  p a t t e r n ,  b e y o n d  t h e  c u t - o f f  f r e q u e n c y ,  d o e s  n o t
o c c u r . . T h e  a t t e n u a t i o n  a p p e a r e d  t o  d e p e n d  o n  t h e  s a m p l in g  p e r i o d  a n d
t h e  p o s i t i o n  o f  t h e  p e a k s  r e l a t i v e  t o  t h e  c u t - o f f  f r e q u e n c y ,  i . e .  t h e
r a t i o  f / f  .
c
1 0 . 5  L IN E A R  IN T E R P O LA TIO N  OF THE SAMPLED DATA
I t  c a n  b e  s h o w n , M u rp h y  ( 1 9 6 6 ) ,  t h a t  l i n e a r  i n t e r p o l a t i o n  o f  
a  s a m p le d  s i g n a l ,  i . e .  a s s u m in g  a  l i n e a r  r e l a t i o n s h i p  b e tw e e n  
s u c c e s s iv e  s a m p le  v a l u e s ,  i s  e q u i v a l e n t  t o  p a s s in g  t h e  s i g n a l  t h r o u g h  
a  f i l t e r  w i t h  t h e  t r a n s f e r  f u n c t i o n :
w h e re  At  i s  t h e  u n i f o r m  s a m p l in g  i n t e r v a l .  T h is  f i l t e r  i s  c a l l e d  
a  f i r s t  o r d e r  h o l d ;  M u rp h y  ( 1 9 6 6 ) .  T lie  s p e c t r a l  d e n s i t y  o b t a in e d  
f r o m  l i n e a r l y  i n t e r p o l a t e d  d a t a  i s ,  t h e r e f o r e ,  e q u a l  t o  t h e  s p e c t r a l  
d e n s i t y  o f  t l i e  o u t p u t  f r o m  a  f i r s t  o r d e r  h o l d  w h o s e  i n p u t  i s  t h e  
s a m p le d  s i g n a l .
E q u a t io n  ( 1 0 . 5 . 1 )  g iv e s :
F ro m  e q u a t i o n  ( A . 3 . 1 9 )  t h e n  i t  f o l l o w s  t h a t  t h e  s p e c t r a l  d e n s i t y  
o b t a in e d  b y  a s s u m in g  a  l i n e a r  r e l a t i o n s h i p  b e tw e e n  t h e  s u c c e s s iv e  
s a m p le  v a l u e s ,  i s  g iv e n  b y :
w h e re  S * ( w )  i s  t h e  s p e c t r a l  d e n s i t y  o f  t h e  s a m p le d  s i g n a l .  I t  i s  
s e e n  t h a t  t h e  l i n e a r i t y  a s s u m p t io n  b e tw e e n  t h e  s a m p le  v a l u e s  i s  
e q u i v a l e n t  t o  m u l t i p l y i n g  t h e  s p e c t r u m  o f  t h e  sa m p led  s i g n a l  b y  t h e
( 1 0 . 5 . 1 )
( 1 0 . 5 . 2 )
[1 +  ( ojAt )  2 ] S *  (to) ( 1 0 . 5 . 3 )
function |G^(jw)
1 2 2 .
2
Equation (10.5.2) may a lso  be w ritten  in  terms o f f  and f  as:
|G1 ( j 2 1r £ ) | 2= s i n ( i r f / 2 f c )
TT f  /  2 f  c  )  _ [ 1 + O f / f J 2 ] ( 1 0 . 5 . 4 )
w h e r e  t h e  c u t - o f f  f r e q u e n c y  f  = 2T t '  F ig u r e  38 show s t h e  f u n c t i o n  
| G ^ ( j 2 7 r f ) |  p l o t t e d  v e r s u s  t h e  f r e q u e n c y ,  f .  T h e  f u n c t i o n  i s  s e e n  t o  
e x h i b i t  a  p e a k  i n  t h e  r a n g e  ( 0 , f c )  a n d  i t  i s  o b s e r v e d  t h a t  a  
s p e c t r u m  w i l l  b e  d i s t o r t e d  w h e n  m u l t i p l i e d  b y  t h i s  f u n c t i o n .  T h e  
l i n e a r  i n t e r p o l a t i o n  o f  t h e  s a m p le d  s i g n a l s  c a n ,  t h e r e f o r e ,  im p o s e  
u n d e s i r a b le  e f f e c t s  o n  t h e  r e s u l t i n g  s p e c t r a .
1 0 . 6  A P P L IC A T IO N  OF THE C U B IC  S P L IN E  METHOD OF IN T E R P O L A T IO N  TO THE
AUTOCORRELATION FU N C TIO N
T h e  c u b ic  s p l i n e  m e th o d  o f  i n t e r p o l a t i o n  i s  g iv e n  i n  A p p e n d ix  A . 6 
T h e  s u b - r o u t i n e s  f o r  t h i s  i n t e r p o l a t i o n  m e th o d  m ay b e  fo u n d  i n  m o s t  
o f  t h e  d i g i t a l  c o m p u te r  l i b r a r i e s ,  e . g .  NAG ( 1 9 7 7 ) .  T h i s  s e c t i o n  
c o n s id e r s  t h e  a p p l i c a t i o n  o f  t h e  c u b ic  s p l i n e  m e th o d  o f  i n t e r p o l a t i o n  
t o  t l i e  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n s  a n d  i t s  e f f e c t  o n  t h e  
r e s u l t i n g  s p e c t r a .
F o r  t h e  c u b ic  s p l i n e  i n t e r p o l a t i o n ,  n o  p r o g r e s s  w as m ade i n  
a p p r o a c h in g  a n  a n a l y t i c a l  e x p r e s s io n  f o r  t h e  r e s u l t i n g  s p e c t r u m  a n d  
o n l y  s i m u l a t i o n  s t u d ie s  c o u ld  b e  c o n s id e r e d .  Some a u t o c o r r e l a t i o n  
e x a m p le s  w e r e  c o n s id e r e d ;  t h e  d i s c r e t e  f u n c t io n s  w e r e  u s e d  w i t h  
d i f f e r e n t  t im e  i n t e r v a l s  A x . T h e  d i s c r e t e  f u n c t io n s  w e r e  s i m u l a t e d  
o n  a  d i g i t a l  c o m p u te r  a n d  i n t e r p o l a t e d  b y  c u b ic  s p l i n e  m e th o d . T h e  
n ew  t im e  i n t e r v a l  f o r  t l i e  i n t e r p o l a t e d  f u n c t i o n  c o u ld ,  h e n c e ,  b e  
d e c r e a s e d  a n d  t h e  s u b s e q u e n t  c u t - o f f  f r e q u e n c y  o f  t h e  r e s u l t i n g  
s p e c t r u m  i n c r e a s e d .  T lie  s p e c t r a l  e s t im a t e s  w e re  o b t a in e d  b y  d i s c r e t e  
F o u r i e r  t r a n s f o r m a t i o n  o f  t h e  i n t e r p o l a t e d  f u n c t i o n s ,  u s in g  t h e  
t r a p e z o i d a l  r u l e  g iv e n  b y  e q u a t i o n  (A . 1 . 2 1 ) .  T h e  i n t e r p o l a t e d  
f u c t i o n s  a n d  t h e  r e s u l t i n g  s p e c t r a  a r e  s h o w n . Some o f  t h e
a u t o c o r r e l a t i o n  f u n c t i o n s  c o n s id e r e d  i n  t h i s  s e c t i o n ,  a r e  t h e  same  
a s  th o s e  u s e d  e a r l i e r  i n  t h i s  c h a p t e r .
T h e  f i r s t  a u t o c o r r e l a t i o n  f u n c t i o n  c o n s i d e r e d ,  w as  t h a t
c o n t a i n i n g  tw o  p e r i o d i c  c o m p o n e n ts , a s  g iv e n  b y  e q u a t i o n  ( 1 0 . 2 . 2) .
I t  w as s e e n  i n  s e c t i o n  1 0 . 2  t h a t  a  t im e  i n t e r v a l  A x - 0 . 0 2 5  g iv e s  a
c u t - o f f  f r e q u e n c y  h i g h e r  t h a n  t h e  m a in  p e a k s .  T h e  e x a c t  d i s c r e t e
f u n c t i o n  w i t h  t h i s  v a l u e  o f  At  w as  s im u la t e d ;  i t  w as  i n t e r p o l a t e d
b y  t h e  a p p l i c a t i o n  o f  t h e  c u b ic  s p l i n e  m e th o d . T h e  i n t e r p o l a t e d
v a lu e s  w e r e  o b t a in e d  a t  t h e  m i d - i n t e r v a l ; i . e .  t h e  n e w  t im e  i n t e r v a l
w o u ld  b eco m e At =0 . 0 1 2 5 , .  T h e  i n t e r p o l a t e d  f u n c t i o n  i s  show n a n d
c o m p a re d  w i t h  t h e  t r u e  c u r v e  i n  F ig u r e  3 9 a .  I t  i s  s e e n  t h a t  t h e
i n t e r p o l a t e d  v a l u e s  l i e  o n  t h e  t r u e  c u r v e  a n d  t h e  i n t e r p o l a t e d
f u n c t i o n  i s  a  g o o d  r e p r e s e n t a t i o n  o f  t h e  t r u e  f u n c t i o n .  T h e
i n t e r p o l a t e d  f u n c t i o n  ( a l l o w e d  t o  d e c a y )  w as  t r a n s f o r m e d  a n d  t h e
r e s u l t i n g  s p e c t r u m  i s  s h o r n  i n  F ig u r e  3 9 b .  I t  i s  n o t e d  t h a t  t h e
o r i g i n a l  c u t - o f f  f r e q u e n c y  w as  © “ 20 . ,  w h i l e  t h e  n ew  c u t - o f f
f r e q u e n c y  i s  f '= 4 0  I t  i s  o b s e r v e d  t h a t  tw o  p e a k s  o f  u n i t
c
a m p l i t u d e s  a r e  e x h i b i t e d  a t  t h e  f r e q u e n c i e s  f = l , 7  . No p e a k s  a r e ,
h o w e v e r ,  o b s e r v e d  b e y o n d  t h e  o r i g i n a l  c u t - o f f  f r e q u e n c y  (b e tw e e n  20 
a n d  4 0  ) .  T h is  i s  u n d e r s t a n d a b le ,  b e c a u s e  t h e  i n t e r p o l a t e d
f u n c t i o n  i s  a  g o o d  r e p r e s e n t a t i o n  o f  t h e  t r u e  f u n c t i o n  a n d  i t  c a n  
b e  e n v is a g e d  a s  t h e  t r u e  f u n c t i o n  b e i n g  s a m p le d  w i t h  A t = 0 .0 1 2 5  . T h e  
s u b s e q u e n t  s p e c t r u m  c a n ,  h e n c e ,  b e  e n v is a g e d  as  h a v in g  b e e n  o b t a in e d  f r o m  
t h e  t r u e  a u t o 'c o r r e l a t i o n  f u n c t i o n  w i t h  a  c u t - o f f  f r e q u e n c y  o f  4 0  
i n s t e a d  o f  2 0 *
To  o b t a i n  a  c u t - o f f  f r e q u e n c y  l e s s  t h a n  t h e  m a in  p e a k s ,  A x O . l  
w as  u s e d .  T h e  i n t e r p o l a t e d  f u n c t i o n  i s  show n a n d  c o m p a re d  w i t h  t h e  
t r u e  c u r v e  i n  F ig u r e  3 9 c .  T h e  i n t e r p o l a t e d  v a lu e s  a r e  s e e n  t o  d is a g r e e  
w i t h  t h e  t r u e  v a lu e s  a n d  m a i n t a i n  t h e  w a v e le n g t h  c o r r e s p o n d in g  t o  
t h e  s a m p le d  f u n c t i o n .  T h is  i s  e x p e c t e d ,  b e c a u s e  t h e  c u b ic  s p l i n e  
i n t e r p o l a t i o n  f i t s  a  s m o o th  c u r v e  t h r o u g h  t h e  kn o w n  p o i n t s  a n d ,
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t h e r e f o r e ,  m a in ly  r e t a i n s  t h e  w a v e le n g t h  e s t a b l i s h e d  b y  t h e s e  p o i n t s .  
N e v e r t h e l e s s ,  some o f  t h e  i n t e r p o l a t e d  v a lu e s  a r e  s e e n  t o  ' h i t 1 t h e  
t r u e  c u r v e  a n d  l i e  o n  i t .
T h e  s p e c t r u m  o b t a in e d  f r o m  t h e  i n t e r p o l a t e d  f u n c t i o n  ( w i t h  
At =0 . 0 5  )  i s  show n i n  F ig u r e  3 9 d .  T h e  o r i g i n a l  c u t - o f f  f r e q u e n c y ,  
f  = 5  , h a s  b eco m e f l ~ 1 0  . T h e  s p e c t r u m  i s  s e e n  t o  e x h i b i t  a
p e a k  a t  X a n d  o n e  a t  3  , w h ic h  i s  t h e  a l i a s  o f  7 a n d  h a s
b e e n  s l i g h t l y  a t t e n u a t e d .  H o w e v e r ,  i t  i s  n o t e d  t h a t  a  s m a l l  p e a k  
i s  a l s o  o b s e r v e d  b e y o n d  t l i e  o r i g i n a l  c u t - o f f  f r e q u e n c y ,  a t  f = 7-
N e x t ,  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  g iv e n  b y  e q u a t i o n  ( 1 0 . 2 . 1 )
w as  u s e d  w i t h  At O . 02S  . T h e  i n t e r p o l a t e d  f u n c t i o n  i s  show n a n d
c o m p a re d  w i t h  t h e  t r u e  c u r v e  i n  F ig u r e  4 0 a .  T i e  s p e c t r u m  o b t a in e d  
f r o m  t h e  t r a n s f o r m a t i o n  o f  t h e  i n t e r p o l a t e d  f u n c t i o n  i s  a l s o  show n  
i n  F ig u r e  4 0 b .  T i e  o r i g i n a l  c u t - o f f  f r e q u e n c y ,  f c ~ 2 0  . .  ,  h a s  n ow  b e e n  
i n c r e a s e d  t o  f ^ = 4 0
T h e  d i s c r e t e  f u n c t i o n  w as t h e n  u s e d  w i t h  A t O . l , .  F ig u r e  4 0 c  
show s t h e  i n t e r p o l a t e d  f u n c t i o n  a n d  F ig u r e  4 0 d  show s t h e  r e s u l t i n g  
s p e c t r u m . F o r  t h i s ,  t h e  o r i g i n a l  c u t - o f f  f r e q u e n c y  f c = 5 ,,  h a s  b e e n  
i n c r e a s e d  t o  f l = 1 0  . T h e  o b s e r v a t i o n s  m ade f r o m  F ig u r e s  4 0 a , b , c , d
a r e  s i m i l a r  t o  th o s e  c o r r e s p o n d in g  t o  t h e  s i m u l a t i o n  o f  t h e  p r e v io u s  
f u n c t i o n .  F o r  t h e  f i r s t  c a s e ,  t h e  i n t e r p o l a t e d  v a l u e s  l i e  o n  t h e  t r u e  
c u r v e  a n d ,  i n  t h e  s u b s e q u e n t  s p e c t r u m , n o  p e a k s  a r e  o b s e r v e d  b e y o n d  
t h e  o r i g i n a l  c u t - o f f  f r e q u e n c y .  F o r  t h e  s e c o n d  c a s e ,  h o w e v e r ,  o n l y  
some o f  t h e  i n t e r p o l a t e d  v a l u e s  a r e  c l o s e  t o  t h e  t r u e  c u r v e  a n d  t h e  
r e s u l t i n g  s p e c t r u m  e x h i b i t s  a  r e l a t i v e l y  s m a l l  p e a k  b e y o n d  t h e  
o r i g i n a l  c u t - o f f  f r e q u e n c y ,  a t  6 .. T h e  a l i a s e d  p e a k  ( a t  4 )  i s
a l s o  s e e n  t o  h a v e  b e e n  a t t e n u a t e d .  M o r e o v e r ,  t l i e  s p e c t r u m  i s  fo u n d  
t o  c o n t a i n  a  n e g a t i v e  a r e a  a t  t h e  lo w  f r e q u e n c y  e n d . T h i s  m ay b e  
b e c a u s e  t h e  n o n - n e g a t i v e  p r o p e r t y  o f  t l i e  a u t o c o r r e l a t i o n  f u n c t i o n  i s  
n o t  r e t a i n e d  b y  some o f  t h e  i n t e r p o l a t e d  v a l u e s .
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The value of Ax was increased and the d isc re te  function  with
A x = 0 .2  w as s i m u l a t e d .  T h i s  w o u ld  g iv e  a  c u t - o f f  f r e q u e n c y  o f  2 . 5  •
T h e  f u n c t i o n  w as i n t e r p o l a t e d  a t  t h e  m i d - i n t e r v a l s ,  t o  r e d u c e  t h e  
t i m e - i n t e r v a l  t o  0 . 1  ..  T h i s  i s  show n a n d  c o m p a re d  w i t h  t h e  t r u e  c u r v e  
i n  F ig u r e  4 0 e .  T h e  s p e c t r u m  o b t a in e d  f r o m  t h e  i n t e r p o l a t e d  f u n c t i o n ,  
h a v in g  a  n ew  c u t - o f f  f r e q u e n c y  o f  5 . ,  i s  a l s o  show n i n  F ig u r e  4 0 f .  
T h e  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n  w as  a l s o  i n t e r p o l a t e d  i n  s t e p s  
o f  I  o f  t h e  i n t e r v a l ,  t o  r e d u c e  t h e  t im e  i n t e r v a l  t o  0 . 0 2 5  . T h e  
i n t e r p o l a t e d  f u n c t i o n  i s  show n a n d  c o m p a re d  w i t h  t h e  t r u e  c u r v e  i n  
F ig u r e  4 0 g .  T h e  c o r r e s p o n d in g  s p e c t r u m , h a v in g  a  c u t - o f f  f r e q u e n c y  
o f  2 0  , i s  a l s o  show n i n  F ig u r e  4 0 h .  T h e  i n t e r p o l a t e d  f u n c t i o n s
a r e  s e e n  t o  p e r s i s t  o n  m a i n t a i n i n g  t h e  w a v e le n g t h  o f  t h e  o r i g i n a l  
d i s c r e t e  f u n c t i o n  a n d ,  i n  t h e  s p e c t r a ,  n o  p e a k s  a r e  o b s e r v e d  b e y o n d  
t h e  o r i g i n a l  c u t - o f f  f r e q u e n c y .  N e v e r t h e l e s s ,  t h e  s p e c t r a  do n o t  
d e c a y  t o  z e r o  s m o o th ly  b e y o n d  t h e  o r i g i n a l  c u t - o f f  f r e q u e n c y  ( 2 .5  ) ,
r a t h e r  show  a  s l i g h t  u n e v e n n e s s  a t  a b o u t  4 . I t  i s  n o t e d  t h a t
f = 4  i s  t h e  a l i a s  o f  t h e  t r u e  f r e q u e n c y  (6 )  a ls o  w h en  a c u t - o f f
f r e q u e n c y  o f  5 i s  u s e d  ( i . e .  w i t h  A x = 0 . 1 . ) .  T h e  u n e v e n n e s s  m ay b e  
f o r  t h e  r e a s o n  t h a t  a t  t h e  v e r y  lo w  a m p l i t u d e s  o n l y ,  t h e  i n t e r p o l a t e d  
v a lu e s  b eco m e c l o s e  t o  t h e  d i s c r e t e  f u n c t i o n  t h a t  w o u ld  b e  o b t a in e d  
f r o m  t h e  t r u e  f u n c t i o n  w i t h  At = 0 .1  .
M o r e o v e r ,  t h e  f o l l o w i n g  a u t o c o r r e l a t i o n  f u n c t i o n  w as a l s o  
c o n s id e r e d :
R ( x ) = e x p ( - x ) c o s lO T T x  ( 1 0 . 6 . 1 )
T o  o b t a i n  a  c u t - o f f  f r e q u e n c y  a b o v e  t h e  m a in  p e a k ,  t h e  d i s c r e t e  
f u n c t i o n  w as u s e d  w i t h  At =0 . 0 2 5  . T h e  i n t e r p o l a t e d  f u n c t i o n  i s  show n  
a n d  c o m p a re d  w i t h  t h e  t r u e  c u r v e  i n  F ig u r e  4 1 a .  T h e  s p e c t r u m  o b t a in e d  
f r o m  t h e  i n t e r p o l a t e d  f u n c t i o n  i s  a l s o  show n i n  F ig u r e  4 1 b .  N e x t ,  
A x O . 1 2 5  w as u s e d  t o  g iv e  a  c u t - o f f  f r e q u e n c y  b e lo w  t h e  m a in  p e a k .  
F ig u r e  4 1 c  show s t h e  i n t e r p o l a t e d  f u n c t i o n  a n d  c o m p a re s  i t  w i t h  t h e  
t r u e  c u r v e .  T h e  c o r r e s p o n d in g  s p e c t r u m  i s  a l s o  show n i n  F ig u r e  4 1 d .  
T h e  o b s e r v a t i o n s  f r o m  t h e s e  f i g u r e s  a r e  s i m i l a r  t o  t h o s e  o f  t h e
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THE SAMPLED DATA
I n  t h e  p r e v io u s  s e c t i o n ,  t h e  c u b ic  s p l i n e  i n t e r p o l a t i o n  o f  t h e  
a u t o c o r r e l a t i o n  f u n c t i o n  w as c o n s i d e r e d .  T h i s  s e c t i o n  c o n s id e r s  t h e  
c u b ic  s p l i n e  i n t e r p o l a t i o n  o f  t l i e  ra n d o m  d a t a ,  b e f o r e  t h e  e s t i m a t i o n  
o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n ,  a n d  i t s  e f f e c t  o n  t h e  r e s u l t i n g  
s p e c t r u m .
Some ra n d o m  d a t a  w i t h  kno ivn  a u t o c o r r e l a t i o n  f u n c t i o n s  w e re  
s i m u la t e d  o n  a  d i g i t a l  c o m p u t e r ,  u s in g  t h e  m e th o d s  g iv e n  i n  C h a p t e r  
3 .  T h e  c u b ic  s p l i n e  m e th o d  w as u s e d  f o r  m i d - i n t e r v a l  i n t e r p o l a t i o n  
o f  t h e  d a t a .  T h e  t im e  i n t e r v a l  w a s ,  h e n c e ,  h a l v e d  a n d  t h e  s a m p le  
s i z e  d o u b le d .  C o n s e q u e n t ly ,  t h e  c u t - o f f  f r e q u e n c y ,  u s e d  f o r  s p e c t r a l  
e s t i m a t i o n ,  w as  a l s o  d o u b le d .
T h e  d a t a  w i t h  t h e  new  s a m p le  s i z e  a n d  ( u n i f o r m )  t im e  i n t e r v a l , 
c o n s i s t i n g  o f  t h e  o r i g i n a l  a n d  i n t e r p o l a t e d  v a l u e s ,  w e r e  u s e d  t o  
o b t a i n  a  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n ;  e q u a t io n  ( A . 1 . 2 0 )  
w as u s e d  f o r  t h e  a u t o c o r r e l a t i o n  e s t i m a t i o n .  T o  a v o i d  t h e  t r u n c a t i o n  
p r o b le m ,  t h e  m axim um  d e t e r m i n a n t  e x t r a p o l a t i o n  m e th o d  w as a l s o  
i n c o r p o r a t e d .  T h e  p o w e r  s p e c t r a  w e r e  o b t a in e d  b y  d i s c r e t e  c o s in e  
t r a n s f o r m a t i o n  o f  t h e  e x t r a p o l a t e d  a u t o c o r r e l a t i o n  f u n c t i o n s .
T h e  e s t im a t e d  a u t o c o r r e l a t i o n  c o e f f i c i e n t s  a r e  show n a n d  c o m p a re d  
w i t h  t h e  t r u e  c u r v e s .  T h e  e s t im a t e d  s p e c t r a  a r e  a l s o  c o m p a re d  w i t h  
t h e  t r u e  s p e c t r a .  T h e  t r u e  s p e c t r a  w e r e  c o m p u te d  fo r m  t h e  c o n t in u o u s  
c o s in e  t r a n s f o r m a t i o n  o f  t h e  t r u e  a u t o c o r r e l a t i o n  f u n c t i o n s ,  a s  m ay  
b e  fo u n d  i n  A p p e n d ix  A . l .
Random  d a t a  w i t h  t h e  a u t o c o r r e l a t i o n  f u n c t i o n :
R ( r ) = e x p ( - T ) c o s l2 T T T  
w e r e  s i m u l a t e d .  T h e  s a m p l in g  i n t e r v a l  A x = 0 .0 2 5  w as u s e d  t o  g iv e  a  
c u t - o f f  f r e q u e n c y  w e l l  a b o v e  t h e  m a in  p e a k .  3 0  (X X I s a m p le  v a l u e s
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previous cases.’
10.7 APPLICATION OF THE CUBIC SPLINE METHOD OF INTERPOLATION TO
w e r e  s im u l a t e d  a n d  i n t e r p o l a t e d  a t  t h e  m i d - i n t e r v a l s .  T h e  
a u t o c o r r e l a t i o n  c o e f f i c i e n t s  w e r e ,  t h e r f o r e ,  e s t im a t e d  w i t h  At =0 . 0 1 2 5  
a n d  t h e  s a m p le  s i z e  o f  6 0  0 0 0 .  T h e  e s t im a t e d  l a g  v a l u e s  (u p  t o  l a g  
n u m b e r 5 0 )  a r e  show n a n d  c o m p a re d  w i t h  t h e  t i n e  c u r v e  i n  F ig u r e  4 2 a .
T h e  e s t im a t e d  v a lu e s  a r e  s e e n  t o  l i e  o n  t h e  t r u e  c u r v e  a n d  fo r m  a  g oo d  
r e p r e s e n t a t i o n  o f  i t .  T h e  l a g  v a l u e s  R ( 0 ) + R ( 1 6 )  w e r e  u s e d  t o  e x t r a p o l a t e  
t h e  f u n c t i o n .  T h e  s p e c t ru m  o b t a in e d  f r o m  t h e  e x t r a p o l a t e d  f u n c t i o n  i s  
show n a n d  c o m p a re d  w i t h  t l i e  t r u e  s p e c t r u m  i n  F ig u r e  4 2 b ,  w h e r e  t h e  
e s t im a t e d  s p e c t r u m  i s  s e e n  t o  b e  e x a c t .  I t  i s  a l s o  n o t e d  t h a t  t h e  
s p e c t r u m  h a s  a  c u t - o f f  f r e q u e n c y  o f  4 0  . (A t =0 .0 1 2 5 -  )  w h ic h  i s  t w ic e
t l i e  o r i g i n a l  c u t - o f f  f r e q u e n c y  t h a t  w o u ld  h a v e  b e e n  2 0  (A t = 0 .0 2 5  )
b e f o r e  i n t e r p o l a t i o n .
T h e  v a l u e  o f  At  w as in c r e a s e d  t o  0 . 0 5  w h ic h  w o u ld  s t i l l  g iv e  a  
c u t - o f f  f r e q u e n c y  a b o v e  t h e  m a in  p e a k .  T h e  sam e n u m b e r o f  s a m p le  
v a l u e s ,  a s  b e f o r e ,  w e r e  s i m u l a t e d  a n d  i n t e r p o l a t e d .  F ig u r e  4 2 c  show s  
t h e  a u t o c o r r e l a t i o n  c o e f f i c i e n t s  e s t im a t e d  f r o m  t h e  o r i g i n a l  a n d  
i n t e r p o l a t e d  v a l u e s .  T h e  e s t im a t e d  l a g  v a lu e s  a r e  s e e n  t o  a g r e e  w i t h  
t h e  t r u e  f u n c t i o n .  T h e  e s t im a t e s  o f  R ( 0 ) - > R (1 6 )  w e r e  u s e d  t o  e x t r a p o l a t e  
t h e  f u n c t i o n  f o r  s p e c t r a l  e s t i m a t i o n .  T h e  r e s u l t i n g  s p e c t r u m  i s  
show n i n  F ig u r e  4 2 d ,  w h e re  i t  i s  s e e n  t o  l i e  o n  t h e  t r u e  s p e c t r u m  
a n d  b e  a  g o o d  r e p r e s e n t a t i o n  o f  t h e  l a t t e r .  T h e  c u t - o f f  f r e q u e n c y  h a s  
a l s o  b e e n  d o u b le d .
T h e  v a l u e  o f  At  w as f u r t h e r  in c r e a s e d  t o  0 . 1  w h ic h  w o u ld  g iv e  
a  c u t - o f f  f r e q u e n c y  b e lo w  t h e  m a in  p e a k .  T h e  d a t a ,  w i t h  t h e  sam e  
s a m p le  s i z e  a s  b e f o r e ,  w e r e  s i m u l a t e d  a n d  i n t e r p o l a t e d .  T h e  a u t o c o r r e l a t i o n  
c o e f f i c i e n t s  e s t im a t e d  f r o m  t h e  o r i g i n a l  a n d  i n t e r p o l a t e d  v a l u e s ,  a r e  
show n a n d  c o m p a re d  w i t h  t h e  t r u e  c u r v e  i n  F ig u r e  4 2 e .  I t  show s t h a t  
t h e  e s t im a t e d  l a g  v a l u e s ,  a l t e r n a t e l y ,  l i e  o n  t h e  t r u e  c u r v e ,  i . e .  
t h o s e  w i t h  a  t im e  d e l a y  o f  0 . 1  a p a r t .  T h e  e s t im a t e d  c o e f f i c i e n t s ,  
a l t o g e t h e r ,  a p p e a r  as  a  d i s c r e t e  f u n c t i o n  w i t h  a  lo w e r  f r e q u e n c y  t h a n  
t h e  t r u e  f u n c t i o n .  N e v e r t h e l e s s ,  som e o f  t h e  v a l u e s  w h ic h  w o u ld  n o t
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l i e  o n  t h e  t r u e  c u r v e ,  f a l l  c l o s e  t o  i t .  A t  t h e s e  p o i n t s ,  t h e  
d i s c r e t e  f u n c t i o n  b eco m e s a p p r o x i m a t e l y  c l o s e  t o  t h e  t r u e  c u r v e .
T h is  p a t t e r n  seem s t o  b e  r e p e a t e d  p e r i o d i c a l l y .  T h e  e s t im a t e d  
c o e f f i c i e n t s  R ( 0 ) - + R (1 6 )  w e r e  u s e d  t o  e x t r a p o l a t e  t h e  f u n c t i o n  u p  
t o  R ( 2 0 0 ) ; t h e  e x t r a p o l a t e d  f u n c t i o n  w as u s e d  t o  e s t im a t e  t h e  s p e c t ru m  
w h ic h  i s  sh o w n  a n d  c o m p a re d  w i t h  t h e  t r u e  s p e c t r u m  i n  F ig u r e  4 2 f .
T h e  e s t im a t e d  s p e c t r u m  e x h i b i t s  a  p e a k  a t  f = 4  (w h ic h  i s  t h e  a l i a s  
o f  6 )  a n d  a  s m a l l  p e a k  a t  f =6 . i . e .  b e y o n d  t h e  o r i g i n a l  c u t - o f f
f r e q u e n c y  (5  . ) .
A l t h o u g h  e x t r a p o l a t i o n  u p  t o  R ( 2 0 0 )  g iv e s  s u f f i c i e n t  d e c a y ,  
e x t r a p o l a t i o n  u p  t o  R ( 8 0 0 )  w as a l s o  u s e d  t o  o b t a i n  h i g h e r  r e s o l u t i o n  
i n  t h e  s p e c t r a l  e s t i m a t e s .  T h e  e s t im a t e d  s p e c t r u m  i s  show n i n  
F ig u r e  4 2 g  w h e re  i t  i s  s e e n  t o  b e  t h e  sam e a s  t h a t  show n i n  
F ig u r e  4 2 f  a n d  t h e  a m p l i t u d e  o f  t h e  s m a l l  p e a k  ( a t  f =6 )  h a s  n o t
b e e n  i n c r e a s e d .
T h e  r e l i a b i l i t y  t e s t  f o r  e x t r a p o l a t i o n  ( d is c u s s e d  i n  s u b - s e c t i o n  
6 . 2 . 3 )  w as i n d i c a t i v e  t h a t  t h e  i n i t i a l  c o e f f i c i e n t s  R ( 0 ) - > R (1 6 )  c o u ld  
b e  s u f f i c i e n t  f o r  e x t r a p o l a t i n g  t h e  f u n c t i o n .  N o n e t h e le s s ,  i n  a n o t h e r  
a t t e m p t ,  t h e  e s t im a t e s  o f  R ( 0 ) - + R (5 0 )  w e r e  a l s o  u s e d  t o  e x t r a p o l a t e  
t h e  f u n c t i o n  u p  t o  R ( 8 0 0 ) . F ig u r e  4 2 h  show s t h e  r e s u l t i n g  s p e c t r u m ,  
w h e re  i t  i s  o b s e r v e d  t h a t  n o  in c r e m e n t  i n  t h e  a m p l i t u d e  o f  t h e  s m a l l  
p e a k ,  h a s  b e e n  a c h ie v e d .  A  n e g l i g i b l e  u n e v e n n e s s  h a s  b e e n  c a u s e d  * 
b e f o r e  t h e  m a in  p e a k ,  w h ic h  i s  d u e  t o  t h e  s m a l l  s t a t i s t i c a l  i n a c c u r a c i e s  
o f  t h e  h i g h e r  l a g  e s t im a t e s  b e in g  u s e d .
As a n  a l t e r n a t i v e  e x a m p le ,  ra n d o m  d a t a  w i t h  t h e  f o l l o w i n g  
a u t o c o r r e l a t i o n  f u n c t i o n  w e r e  s im u l a t e d  a n d  i n t e r p o l a t e d :
R ( T ) = e x p ( - T ) c o s lO in :
T h e  sam e s a m p le  s i z e  a s  u s e d  f o r  t h e  f o r m e r  d a t a  ( 3 0  000 )  w as e m p lo y e d .  
T h e  s a m p l in g  i n t e r v a l  A t = 0 .0 2 5  w as u s e d  t o  o b t a i n  a  c u t - o f f  
f r e q u e n c y  a b o v e  t h e  m a in  p e a k .  T h e  a u t o c o r r e l a t i o n  c o e f f i c i e n t s  
o b t a in e d  f r o m  t h e  o r i g i n a l  a n d  i n t e r p o l a t e d  d a t a ,  a r e  show n a n d
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c o m p a re d  w i t h  t h e  t r u e  c u r v e  i n  F ig u r e  4 3 a .  T h e  l a g  v l a u e s  R ( 0 )©
R ( 2 0 )  w e r e  e m p lo y e d  t o  e x t r a p o l a t e  t h e  f u n c t i o n  u p  t o  R ( 1 0 0 0 )  a n d  
t h e  r e s u l t i n g  s p e c t r u m  i s  show n a n d  c o m p a re d  w i t h  t h e  t r u e  s p e c t r u m  
i n  F ig u r e  4 3 b .  T h e  s a m p l in g  i n t e r v a l  At =0 . 1 2 5  , g i v i n g  a  lo w  c u t - o f f  
f r e q u e n c y ,  w as t h e n  u s e d .  F ig u r e  4 3 c  show s t h e  e s t im a t e d  a u t o c o r r e l a t i o n  
c o e f f i c i e n t s  a n d  F ig u r e  4 3 d  d i s p l a y s  t h e  c o r r e s p o n d in g  s p e c t r u m . T h e  
s p e c t r u m  w as - o b t a in e d  b y  e x t r a p o l a t i n g  t h e  f u n c t i o n  f r o m  R ( 2 1 )  t o  R ( 2 0 0 ) ; 
i t  i s  n o t e d  t h a t  t h e  t im e  d e l a y  h a s  b e e n  i n c r e a s e d  a n d  R ( 2 0 0 )  i s  
s u f f i c i e n t  t o  a l l o w  t h e  f u n c t i o n  t o  d e c a y .  T h e  o b s e r v a t i o n s  f r o m  
t h e s e  f i g u r e s  a r e  s i m i l a r  t o  t h e  p r e v io u s  d a t a .  I n  t h e  f i r s t  c a s e  t h e  
e s t im a t e d  l a g  v a l u e s  l i e  o n  t h e  t r u e  c u r v e ,  t h e  s p e c t r u m  i s  e x a c t  a n d  
n o  p e a k s  a r e  e x h i b i t e d  b e y o n d  t h e  o r i g i n a l  c u t - o f f  f r e q u e n c y .  I n  t h e  
s e c o n d  c a s e ,  h o w e v e r ,  t h e  e s t im a t e d  l a g  v a lu e s  l i e  a l t e r n a t e l y  o n  
t h e  t r u e  c u r v e ,  t h e  s p e c t r u m  g iv e s  a n  a l i a s e d  m a in  p e a k  b e lo w  a n d  a  
s m a l l  p e a k  a b o v e  t h e  o r i g i n a l  c u t - o f f  f r e q u e n c y .
1 0 .8  CONCLUDING REMARKS
T lie  a l i a s i n g  p r o b le m  w as a n a ly s e d  a n d  t h e  a n a l y t i c a l  r e s u l t s  
w e r e  d e m o n s t r a te d  b y  s i m u l a t i o n  e x a m p le s .  T h e  N y q u i s t  f r e q u e n c y ,  
t h e  m i r r o r  im a g e  p a t t e r n ,  t h e  u s e f u l  f r e q u e n c y  r a n g e  a n d  t h e  f o l d i n g  
o f  h i g h e r  f r e q u e n c i e s  w e r e  i l l u s t r a t e d  f o r  t h e  s p e c t r a  r e s u l t i n g  f r o m  
t h e  d i s c r e t e  d a t a  p r o c e s s i n g .
I n  t h i s  c h a p t e r ,  t h e  l i n e a r  a n d  c u b ic  s p l i n e  i n t e r p o l a t i o n s  
o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  a n d  s a m p le d  d a t a  a n d ,  t h e i r  e f f e c t s  
o n  t h e  r e s u l t i n g  s p e c t r a  w e r e  a l s o  s t u d i e d .
I t  w as s e e n  t h a t  t h e  s p e c t r u m  o b t a in e d  b y  a s s u m in g  a  l i n e a r  
r e l a t i o n s h i p  b e tw e e n  t h e  s u c c e s s iv e  a u t o c o r r e l a t i o n  c o e f f i c i e n t s  i s  
e q u i v a l e n t  t o  m u l t i p l y i n g  t h e  s p e c t r u m  o f  t h e  s a m p le d  s i g n a l  b y  t h e  
f u n c t i o n  [ s i n (  i r f / 2 f  ) / ( i r f / 2 f  ) ]  . T h is  i s  a  d e c a y in g  f u n c t i o n  a n d  
a t t e n u a t e s  t h e  s p e c t r u m  i n  t h e  r a n g e  ( 0 , f  ) .  T h e  a t t e n u a t i o n  
i s  f u r t h e r  im p o s e d  b e y o n d  t h e  c u t - o f f  f r e q u e n c y  a n d  d e p e n d s  o n  t h e
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r a t i o  f / f  • H o w e v e r ,  t h e  m i r r o r  im a g e  p a t t e r n  d o e s  n o t  a p p e a r  i n  
t h e  s p e c t r u m  r e s u l t i n g  f r o m  a  l i n e a r l y  i n t e r p o l a t e d  a u t o c o r r e l a t i o n  
f u n c t i o n  b u t  f o l d i n g  i s  s t i l l  p r e s e n t .  T h e  a n a l y t i c a l  r e s u l t s  w e r e  
a l s o  d e m o n s t r a t e d  b y  s i m u l a t i o n  e x a m p le s .
T h e  l i n e a r  i n t e r p o l a t i o n  o f  s a m p le d  d a t a  w as a n a ly s e d  a n d  i t  
a p p e a r e d  t h a t  t h i s  w o u ld  c a u s e  d i s t o r t i o n  o f  t h e  r e s u l t i n g  s p e c t r a .
I n  f a c t ,  t h i s  w as e q u i v a l e n t  t o  m u l t i p l y i n g  t h e  s p e c t r u m  o f  t h e  
s a m p le d  s i g n a l  b y  a  f u n c t i o n  e x h i b i t i n g  a  p e a k  i n  t h e  r a n g e  ( 0 , f  )  
a n d  c o u ld  im p o s e  u n d e s i r a b l e  e f f e c t s  o n  t h e  r e s u l t i n g  s p e c t r u m .
F o r  t h e  c u b ic  s p l i n e  i n t e r p o l a t i o n ,  n o  p r o g r e s s  w a s  m ade i n  
d e r i v i n g  a n  e x p r e s s io n  f o r  t h e  r e s u l t i n g  s p e c t r u m  i n  t e r m s  o f  t h e  
s a m p le d  s p e c t r u m .  H e n c e ,  s i m u l a t i o n  s t u d ie s  c o u ld  o n l y  b e  c o n s id e r e d .
T h e  i n t e r p o l a t i o n  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  a t  t h e  m i d - i n t e r v a l ,  
f o r  i n s t a n c e ,  c o u ld  h a l v e  t h e  t i m e  i n t e r v a l  a n d  g iv e  a n  ' a p p a r e n t '  
c u t - o f f  f r e q u e n c y  t w ic e  t h e  o r i g i n a l  v a l u e ,  f o r  t h e  s p e c t r a l  e s t i m a t i o n s .  
T h e  s i m u l a t i o n  s t u d ie s  a p p e a r e d  t o  show  t h a t  w h e n  t h e  o r i g i n a l  c u t - o f f  
f r e q u e n c y  w as a b o v e  t h e  m a in  p e a k s  p r e s e n t  i n  t h e  o r i g i n a l  d a t a ,  n o  
p e a k s  w e r e  o b s e r v e d  b e y o n d  t h e  o r i g i n a l  c u t - o f f  f r e q u e n c y  a n d  t h e  
s p e c t r u m  d e c a y e d  t o  z e r o .  On t h e  c o n t r a r y ,  s m a l l  p e a k s  w e r e  e x h i b i t e d  
b e y o n d  t h e  o r i g i n a l  c u t - o f f  f r e q u e n c y ,  w h e n  t h e  l a t t e r  w as b e lo w  t h e  
m a in  p e a k s  o c c u r r i n g  i n  t l i e  o r i g i n a l  d a t a .  H o w e v e r ,  i n  c o n t r a s t  
t o  t h e  l i n e a r  i n t e r p o l a t i o n ,  t h e  c u b i c - s p l i n e  i n t e r p o l a t i o n  a p p e a r e d  
t o  c a u s e  o n l y  a  s l i g h t  a t t e n u a t i o n  i n  t h e  r a n g e  ( 0 , f  ) .
T h e  c u b ic  s p l i n e  i n t e r p o l a t i o n  w as t h e n  a p p l i e d  t o  t h e  s a m p le d  
d a t a .  T h is  c o u ld  g iv e  a  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n  e s t im a t e d  
f r o m  t h e  s a m p le d  a n d  i n t e r p o l a t e d  v a l u e s ,  w i t h  a  u n i f o r m  t im e  i n t e r v a l  
h a l f  t h e  s a m p l in g  i n t e r v a l .  T h e  r e s u l t i n g  s p e c t r u m  c o u ld ,  a g a i n ,  b e  
e s t im a t e d  w i t h  a n  a p p a r e n t  c u t - o f f  f r e q u e n c y  t w ic e  t h e  o r i g i n a l  v a l u e .  
T h e  o b s e r v a t i o n s  w e r e  s i m i l a r  t o  t h e  p r e v i o u s  c a s e .  T h a t  i s ,  w hen  
t h e  o r i g i n a l  c u t - o f f  f r e q u e n c i e s  w e r e  a b o v e  t h e  p o s i t i o n s  o f  t h e  m a in  
p e a k s ,  t h e  e s t im a t e d  a u t o c o r r e l a t i o n s  fo r m e d  g o o d  r e p r e s e n t a t i o n s  o f
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t h e  t r u e  f u n c t io n s  a n d  c o u ld  l e a d  t o  e x a c t  s p e c t r a l  e s t im a t e s ;  
n o  p e a k s  w e re  o b s e r v e d  b e y o n d  t h e  o r i g i n a l  c u t - o f f  f r e q u e n c i e s  a n d  
t h e  s p e c t r a  d e c a y e d  t o  z e r o .  On t h e  o t h e r  h a n d ,  s m a l l  p e a k s  w e re  
o b s e r v e d  b e y o n d  t h e  o r i g i n a l  c u t - o f f  f r e q u e n c i e s  w h ic h  w e r e  b e lo w  
t h e  m a in  p e a k s .
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Some d a t a  a c q u i s i t i o n  s y s te m s  h a v e  a  m in im u m  a l l o w a b l e  s a m p l in g  
i n t e r v a l  a n d  do n o t  p r o v i d e  a  d e s i r e d  s a m p l in g  p e r i o d  l e s s  t h a n  a  
m in im u m  a l l o w a b l e  v a l u e .  T h i s  m ay b e  d u e  t o  some r e s t r i c t i o n s  s e t  
b y  t h e  m e a s u r in g  i n s t r u m e n t  t h a t  h a s  t o  b e  u s e d ; e . g .  t h e  p u l s e d - w i r e  
a n e m o m e te r , G a s t e r  & B r a d b u r y  ( 1 9 7 6 )  . L e t  t h e  m in im u m  a l l o w a b l e  
s a m p l in g  t im e  b e  A T; i f  t h e  u n i f o r m  s a m p l in g  sch em e i s  e m p lo y e d  t h e n ,  
a s  w as  s e e n  i n  C h a p t e r  1 0 ,  i t  w o u ld  g i v e  a  c u t - o f f  f r e q u e n c y :
f  = - Y  ■
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T h i s  w o u ld  m ean  t h a t  i f  f r e q u e n c i e s  h i g h e r  t h a n  f  a r e  p r e s e n t ,  
a l i a s i n g  w i l l  o c c u r .  O t h e r w is e ,  t h e  s i g n a l  w o u ld  h a v e  t o  b e  f i l t e r e d  
so t h a t  o n l y  f r e q u e n c i e s  b e lo w  f  a r e  p a s s e d  a n d ,  t h e r e f o r e ,  t h e  
s p e c t r a l  a n a l y s i s  w i l l  b e  r e s t r i c t e d .
T h e  s e q u e n t i a l  s a m p l in g  sc h e m e  c a n ,  h o w e v e r ,  b e  e m p lo y e d  t o  
o b t a i n  a n  a u t o c o r r e l a t i o n  f u n c t i o n  w i t h  e s t im a t e s  At  a p a r t ,  w h e re  
A r< A T , w i t h  t h e  e x c e p t i o n  o f  c o e f f i c i e n t s  l y i n g  I n s i d e  t h e  r a n g e  R ( 0 )  
-+ R (A T ) . T h e  i d e a  o f  s e q u e n t i a l  s a m p l in g  i s  o r i g i n a l l y  d u e  t o  
L . J . S .  B r a d b u r y  ( 1 9 7 8 )  a n d  h a s  b e e n  a p p l i e d  t o  p u l s e d - w i r e  a n e m o m e te r  
b y  T o y  ( 1 9 7 8 ) .
I n  t h i s  s a m p l in g  s c h e m e , t h e  s i g n a l  w o u ld  b e  s a m p le d  a t  i n t e r v a l s  O f
A T ,A T + A x ,A T + 2 At ,A T + 3 A t , . . .
F ro m  t h e  s a m p le d  s i g n a l ,  a n  a u t o c o r r e l a t i o n  f u n c t i o n  c a n  b e  o b t a in e d  
w i t h  t h e  c o e f f i c i e n t s :
R ( 0 ) ,R ( A T ) ,R ( A T + A t ) ,R ( A T + 2 A t ) , . . .
W h i le  AT i s  r e s t r i c t e d ,  t h e  v a l u e  o f  Ax m ay b e  c h o s e n  a s  
d e s i r a b l e .  I t  w i l l  b e  p r o v e d ,  i n  t h i s  c h a p t e r ,  t h a t  t h e  s e q u e n t i a l  
s a m p l in g  c a n  g iv e  a n  i n c r e a s e d  c u t - o f f  f r e q u e n c y :
£ =■© ._ 
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T h e  s e q u e n t i a l  s a m p l in g  c a n ,  t h e r e f o r e ,  b e  e m p lo y e d  t o  o v e rc o m e  
a l i a s i n g  a n d  t h e  r e s t r i c t i o n s  o f  s p e c t r a l  a n a l y s i s ,  b y  s e l e c t i n g  a  
s u f f i c i e n t l y  s m a l l  v a l u e  f o r  A x .
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CHAPTER 11
SPECTRAL ANALYSIS OF SEQUENTIALLY SAMPLED SIGNALS
T h e  m is s in g  c o e f f i c i e n t s ,  i n s i d e  t h e  r a n g e  R (0 ) -> R (A T )  m ay a l s o  
b e  g iv e n  e s t im a t e s  b y  u s in g  t h e  m e th o d  c o n s id e r e d  i n  C h a p t e r  9 .  A  
d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n ,  w i t h  a n  e q u i - s p a c e d  i n t e r v a l  A t ,  
i s  t h e n  p r o v id e d ; -  t h i s  c a n  g iv e  s p e c t r a l  e s t i m a t e s ,  s u b j e c t  t o  t h e  
d i s c r e t e  F o u r i e r  c o s in e  t r a n s f o r m a t i o n .
T h e  f i r s t  a n d  s e c o n d  o r d e r  G a u s s ia n  p r o c e s s e s  w i t h  p r e s c r i b e d  
a u t o c o r r e l a t i o n  f u n c t i o n s  w e r e  u s e d  f o r  s i m u l a t i o n  s t u d i e s  o f  t h e  
s e q u e n t i a l  s a m p l in g  a n d  w i l l  b e  r e p o r t e d  i n  t h i s  c h a p t e r .  T lie  i n i t i a l  
c o e f f i c i e n t s  e s t i m a t i o n  m e th o d  i s  a l s o  a p p l i e d  t o  e s t i m a t e  t h e  
m is s in g  c o e f f i c i e n t s .  T h i s  w o u ld ,  i n  t u r n ,  p r o v i d e  a n  e m p i r i c a l  
i n v e s t i g a t i o n  o f  t h e  l a t t e r  m e th o d .
T h e  i n c o r p o r a t i o n  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  e x t r a p o l a t i o n  
w i t h  t h e  s e q u e n t i a l  s a m p l in g  s c h e m e , i s  a l s o  c o n s i d e r e d .  A s  i t  w i l l  
b e  s e e n ,  t h e  s e q u e n t i a l  s a m p l in g  r e q u i r e s  a  l e n g t h y  s a m p l in g  t im e  an d  
t h e  e x t r a p o l a t i o n  m e th o d  c a n  a s s i s t  i n  r e d u c in g  t h i s .  A  p o r t i o n  o f  
t h e  a u t o c o r r e l a t i o n  f u n c t i o n  i s ,  t h e r e f o r e ,  e s t im a t e d  f r o m  t l i e  d a t a  
a n d  u s e d  t o  o b t a i n  t h e  m is s in g  l a g  v a l u e s ;  t h e  f u n c t i o n  i s  t h e n  
e x t r a p o l a t e d  t o  d e c a y .  T h e  d i s c r e t e  F o u r i e r  c o s in e  t r a n s f o r m a t i o n  i s  
a p p l i e d  t o  e s t i m a t e  t h e  s p e c t r u m  f r o m  t h i s  f u n c t i o n .
T l ie  c o n t r i b u t i o n  o f  t h e  s e q u e n t i a l  s a m p l in g  i n  m i n im iz i n g  t h e  
p r o b le m  o f  a l i a s i n g  i s  a l s o  d e m o n s t r a t e d  b y  a  s i m u l a t i o n  e x a m p le .
1 1 . 1  THE C U T -O F F  FREQUENCY IN  TH E SE Q U EN TIA L SAM PLING
T lie  c u t - o f f  f r e q u e n c y  p r o v id e d  b y  t h e  s e q u e n t i a l  s a m p l in g  schem e  
i s  c o n s id e r e d  i n  t h i s  s e c t i o n .  T lie  a n a l y s i s  g iv e n  h e r e  i s  s i m i l a r  
t o  t h a t  i n  s e c t i o n  1 0 . 1 ; i t  e m p lo y s  t l i e  im p u ls e  r e p r e s e n t a t i o n  o f  a  
c o n t in u o u s  s i g n a l  as  may b e  fo u n d  i n  A p p e n d ix  A . 5 .
I n  t h e  s e q u e n t i a l  s a m p l in g ,  t h e  s i g n a l  i s  s a m p le d  a t  i n t e r v a l s
o f :
A T ,A T + A x , A T + 2 At , A T + 3 A x , . . .
133.
t ^ = 0 , A T , 2 AT+A t ,3 A T + 3 A t ,4 A T + 6 A t , . . .  ( 1 1 . 1 . 1 )
T h is ,  c a n  b e  w r i t t e n  a s :
t . = iA T + [ E r - i ] A x  , i = 0 , 1 , 2 , 3 ,  . . .  ( 1 1 . 1 . 2 )
r —u
l
S i n c e ,  E r = + ( i + l ) , t h e n  e q u a t i o n  ( 1 1 . 1 . 2 )  g iv e s :  
r= U  ^
. . t . = i A T + | ( i - l )  At  ( 1 1 . 1 . 3 )
W hen a  c o n t in u o u s  s i g n a l  x ( t )  i s  s a m p le d , t h e  s a m p le  v a l u e s  
x ( t ^ )  a r e  a c q u i r e d .  A  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n ,  w i t h  
c o e f f i c i e n t s  R ( t j ) ,  m ay b e  o b t a in e d  f r o m  t l i e  d i s c r e t e  s i g n a l ,  b y  
c o n t r i b u t i o n s  o f  t h e  p r o d u c t s  x ( t ^ ) x ( t ^ + . ) .  E q u a t io n  ( 1 1 . 1 . 3 )  c a n  b e  
u s e d  t o  g iv e  t l i e  t im e  d e l a y  T j a s :
T j = t i + j  ~t i =:AT+ - 1 ) + i  J + O'"1 ) v 3Ax ( 1 1 . 1 . 4 )
i = 0 , l , 2 , . . .  
j = 0 , l , 2 , . . .
w h e re  p i s  a  c o n s t a n t  g iv e n  b y :
u = A T /A t  ( 1 1 . 1 . 5 )
I t  i s  s e e n  f r o m  e q u a t i o n  ( 1 1 . 1 . 4 )  t h a t  f o r  j = 0 ,  t h e  t im e  d e l a y  i s  
z e r o  a n d  f o r  j = l ,  t h e  t im e  d e l a y  i s  A T + iA T  (w h e re  i = 0 , 1 , 2 , 3 ,  . . . ) .  A il  
a u t o c o r r e l a t i o n  f u n c t i o n  i s ,  t h e r e f o r e ,  o b t a i n a b l e  a t  d i s c r e t e  v a lu e s  
o f  t h e  t im e  d e l a y  g iv e n  a s :
Tn = 0 ,A T + n A T n = 0 , l , 2 , 3 ,  . . .  ( 1 1 . 1 . 6 )
I f  t h e  r a t i o  y i s  a n  i n t e g r a l  n u m b e r ,  t h e n  h i g h e r  v a l u e s  o f  j  
w o u ld  a l s o  p r o v i d e  m o re  c o n t r i b u t i o n s  t o  t h e  a u t o c o r r e l a t i o n  e s t im a t e s  
a t  t h e  a b o v e  t im e  d e la y s  ( t r ) . T h i s  i s  b e c a u s e  j ( j - l )^ 2 i s  a lw a y s  a  
w h o le  n u m b e r , s in c e  e i t h e r  j  o r  ( j - 1 )  i s  a lw a y s  e v e n ,  a n d  a n y  v a l u e  o f  
j  w o u ld  h e n c e  a d d  a  m u l t i p l e  o f  A t  t o  A T .
T h e  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n  m ay b e  r e p r e s e n t e d  a s : 
R * ( t ) = A t . R ( t ) 6^ ( t )  ( 1 1 . 1 . 7 )
w h e r e  R ( t )  i s  t h e  c o n t in u o u s  a u t o c o r r e l a t i o n  f u n c t i o n  a n d  ^ ( t )  i s  t l i e  
f o l l o w i n g  fo r m  o f  t h e  d e l t a  com b:
134.
Tlie sampling in s ta n ts  a re , th e re fo re , given by:
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6b(T) =lQ T) +HT~AT)+6 ( t-AT*~At) + 6 ( t-AT-2At)+- • • •  ( 1 1 . 1 . 8 )
U s in g  e q u a t io n  ( A . 5 . 5 )  a n d  ( A . 5 . 7 ) ,  t h e  F o u r i e r  t r a n s f o r m  o f  e q u a t io n  
( 1 1 . 1 . 8)  c a n  b e  w r i t t e n  a s :
Ab (w )=l+e~iwA1|e " ^  wnAT (1 1 . 1 .9 )
w h ic h  b y  u s in g  e q u a t io n  ( A . 5 . 8)  c a n  b e  r e - w r i t t e n  a s :
1_e -jtoAx+e-jo)yAT
Ab Q)=^ (1 1 . 1 . 1 0 )
l - e " ^ AT
w h e re  s u b s t i t u t i o n  h a s  a l s o  b e e n  m ade f o r  AT f r o m  e q u a t i o n  ( 1 1 . 1 . 5 ) .
T h e  F o u r i e r  t r a n s f o r m a t i o n  o f  R*(x) g iv e s  t l i e  s p e c t r a l  dens:: ;.y 
S * (< j )  c o r r e s p o n d in g  t o  t h e  s a m p le d  s i g n a l  a n d  t h a t  o f  R ( x )  w o u ld  
y i e l d  t h e  s p e c t r a l  d e n s i t y  S (w )  o f  t h e  o r i g i n a l  c o n t in u o u s  s i g n a l .  H ie  
a p p r o a c h  a d o p te d  f o r  t h e  F o u r i e r  t r a n s f o r m a t i o n  o f  e q u a t i o n  ( 1 1 . 1 . 7 )  
i s  s i m i l a r  t o  t h a t  i n  s e c t i o n  1 0 . 1 ; i . e .  b y  t h e  c o n v o lu t i o n  a n d  r e s i d u e  
th e o r e m s .  E q u a t io n s  ( 1 0 . 1 . 3 )  a n d  ( 1 0 . 1 . 4 )  m ay b e  u s e d  f o r  t h i s ,  b y  
r e p l a c i n g  A ( f t )  a n d  Ac (A )  b y  Ab ( n )  a n d  Ab (A ) r e s p e c t i v e l y .  T h e  r e s i d u e s  
o f  Ab ( a )  c a n  a l s o  b e  e v a l u a t e d  i n  a n  a n a lo g o u s  w a y , a s :
l - e ' XAT+ e ' XuAT'r e s  id u e  s [ Ab  (X )  ] = r e s  id u e  s
L im  
X-+j 2-rrn 
At
L im  
X-»j 2n n  
A t
(A~j2jm)
At
1 - e
l - e - ^ © e - ^ A T
-AAt A=j2jrn
At
1 - e -AAt
n  « ~ ^ A x , -AyAx-v , r . - A A t  . -A y A x^  0 n 
( 1 - e  + e  )  + (A x e  -y A x e  )  ( A - j 2 - n t i y ^ )
Axe •AAt
1 - i 2 Fn y =©—e  J Ax
w h e re  L 'H o s p i t a l s  r u l e  h a s  b e e n  a p p l i e d  t o  e v a l u a t e  t h e  l i m i t .
H i e  s u b s t i t u t i o n  o f  t h e  a b o v e  r e s i d u e  t e r m  i n t o  e q u a t i o n  ( 1 0 . 1 . 4 ) ,
w o u ld  l e a d  t o  e q u a t i o n  ( 1 1 . 1 . 7 )  c o r r e s p o n d i n g l y  b e c o m in g :
S * ( W) = | e j 2 m i i S (w + 2 m )c s )  , a>c s = ir/ 4 T  ( 1 1 . 1 . 1 1 )
H o w e v e r ,  i f  t h e  r a t i o  y ( = a T /A t )  i s  a n  i n t e g r a l  n u m b e r t h e n ,  
e j 2Tmy_-j
n o t i n g  t h a t  n  i s  a l s o  a n  i n t e g e r .  S u b s t i t u t i n g  t h i s  i n t o  e q u a t io n  
( 1 1 . 1 . 1 1 )  g i v e s :
S* (w)~JL S (w+2nwcs^ ’ wc s=7T/A t ( 1 1 . 1 . 1 2 )
T h i s  e q u a t i o n  i s  t h e  sam e a s  e q u a t i o n  ( 1 0 . 1 . 7 ) .
N o w , c o n s i d e r  t h e  p e r i o d i c i t y  o f  S * ( w ) ;  t h i s  c a n  a l s o  b e  e x a m in e d
a n a lo g o u s  t o  t h a t  i n  s e c t i o n  1 0 . 1 .  U s in g  e q u a t io n s  ( 1 1 . 1 . 9 )  a n d
( A . 5 . 1 1 ) ,  f o r  d i s c r e t e  F o u r i e r  t r a n s f o r m a t i o n ,  i t  c a n  b e  w r i t t e n :
A T [ R ( 0 ) + e " ;*a)ATE R (A T + n A T )e " ;)’ tonAT] = A T [ R ( 0 ) + e ' ' ;* w yA T E R (A T + n A T )e ' ;^ wnA T] 
o o
a n d  t h e n  f o r  a n  i n t e g e r  m:
At [ R ( 0 )  <>+Zm““ )^m(AT+nAT)e-j (“+Zrau,csl»lAT] =
At [R(0) + e ' i A V j2m“csWAT“ R(AT+nAT) e ‘ j ^  . e~ j =
o
At [ R ( 0 )  + e “ ? A x . e "?  2mp 7Te R ( A T + n A x) e " 3 w n A x, e~  ^  2m nir] =
o
At [ R ( 0 )  + e ~ 1 “ |lA T . e ' j  2m ,i^ R ( A T +n A T ) e “ j “ n A T ]
o
s in c e  m a n d  n  a r e  i n t e g e r s .  I f  y i s  a l s o  a n  i n t e g r a l  n u m b e r ,  t h i s  
w o u ld  r e d u c e  t o :
A T [ R ( 0 ) + e - ; ’ “ vlATE R (A T + n A T )e " 1 tonAT] 
f r o m  w h ic h  i t  f o l l o w s  t h a t :
S *  (u>+2imoc s )  = S *  ( oj)  ( 1 1 . 1 . 1 3 )
T h i s  i s  t h e  m a t h e m a t ic a l  s t a t e m e n t  f o r  S * ( w )  t o  b e  p e r i o d i c  w i t h  p e r i o d  
2oJc s *  O t h e r w is e ,  i f  y i s  n o t  a n  i n t e g r a l  n u m b e r ,
%
S *  (w+2ma)c s )  / S *  (w ) ( 1 1 . 1 . 1 4 )
a n d  t h e  r e q u i r e m e n t  f o r  p e r i o d i c i t y  i s  n o t  m e t .
I t  i s ,  t h e r e f o r e ,  s e e n  t h a t  w h e n  t h e  r a t i o  y ( = A T /A x )  i s  a n  i n t e g r a l
n u m b e r , t h e  sam e r e s u l t s ,  a s  i n  s e c t i o n  1 0 . 1 ,  a r e  o b t a i n e d .  T h a t  i s ,
t h e  s e q u e n t i a l  s a m p l in g  g iv e s  a  c u t - o f f  f r e q u e n c y  {jJc s =1t/ A t  o r  
1
© 5= 2 A x * On t h e  c o n t r a r y ,  w h e n  y i s  n o t  a  w h o le  n u m b e r ,  S * ( u )  i s  
r e l a t e d  t o  t h e  t r u e  s p e c t r a l  d e n s i t y  b y  e q u a t i o n  ( 1 1 . 1 . 1 1 ) ;  i t  i n c lu d e s  
a  c o m p le x  t e r m  a n d  i s  n o t  p e r i o d i c .
1 1 . 2  THE AUTOCORRELATION E S T IM A T IO N  FROM S E Q U E N TIA LLY  SAMPLED S IG N A L S
136.
C o n s id e r  t h e  z e r o  m ean  e r g o d ic  d a t a  b e in g  s a m p le d  s e q u e n t i a l l y .  
I t  w as  s e e n  i n  s e c t i o n  1 1 . 1  t h a t  a n  a u t o c o r r e l a t i o n  f u n c t i o n :
R(0), R(AT), R ( A T + A t ) ,  R ( a T + 2 A t ) ,  . . .
i s  o b t a i n a b l e  f r o m  t h e s e  d a t a .  A n  a u t o c o v a r ia n c e  f u n c t i o n  w i t h
d i s c r e t e  v a l u e s  a t  t im e  d e la y s  ( t  - t  ) ,  c a n  b e  e s t im a t e d  f r o m  t h e' k m n ' 7
c o n t r i b u t i o n s  o f  t h e  p r o d u c t s  x ( t n ) x ( t m)  o f  t h e  s a m p le  v a l u e s  ( t h e  
a u t o c o v a r ia n c e  f u n c t i o n  m ay b e  n o r m a l i z e d  t o  y i e l d  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n ) . A t  l e a s t  o n e  c o n t r i b u t i o n  p e r  e s t im a t e  w o u ld  b e  a v a i l a b l e  
b u t  i f  t h e  r a t i o  y ( = A T /A x )  i s  a n  i n t e g r a l  n u m b e r , t h e n  m o re  
c o n t r i b u t i o n s  m ay a l s o  b e  a v a i l a b l e  f o r  some o f  t h e  e s t i m a t e s .  
Im p ro v e m e n t m a y , h o w e v e r ,  b e  g a in e d  u p o n  t h e  e s t im a t e s  b y  r e p e a t i n g  
t h e  s a m p le  s e q u e n c e s  a n d  a v e r a g in g  o v e r  t h e  c o n t r i b u t i o n s  f r o m  
d i f f e r e n t  s e q u e n c e s .
T h e  n u m b e r o f  s a m p le  v a l u e s  r e q u i r e d  i n  e a c h  s e q u e n c e ,  i s  
d e t e r m in e d  b y  t l i e  m axim um  d e s i r a b l e  t im e  d e l a y .  L e t  t h i s  m axim um  
t im e  d e l a y  b e  MAt , t h a t  i s ,  t h e  l a s t  a u t o c o r r e l a t i o n  c o e f f i c i e n t  b e  
R (M A x ) . T h i s  t im e  d e l a y  c a n  b e  w r i t t e n  a s :
MAt =A T+  ( M - y ) A t
s i n c e ,  A T ^ y A x . I n  t h e  s e q u e n t i a l  s a m p l in g ,  a f t e r  t h e  s a m p le  v a l u e  x ( o ) , 
e a c h  s a m p le  v a l u e  x ( i )  d e l a y s  r e l a t i v e  t o  i t s  p r e c e d e n t  b y  A T + ( i - l ) A t . 
T h is  i n d i c a t e s  t h a t ,  i n c l u d i n g  x ( o ) ,  t h e  n u m b e r o f  s a m p le  v a lu e s  
r e q u i r e d  i n  e a c h  g ro u p  w o u ld  b e :
137.
I n  o t h e r  w o r d s ,  a s  g iv e n  b y  e q u a t i o n  ( 1 1 . 1 . 3 ) ,  a  m axim um  s a m p l in g  
i n s t a n t :
w o u ld  b e  r e q u i r e d .  T h e  s a m p l in g  i n s t a n t s  a b o v e  t  w o u ld  g iv e  t im e  
d e la y s  l a r g e r  t h a n  t h e  m axim um  r e q u i r e d  v a l u e  (MAt )  . A s m a n y  c o n t r i b u t i o n s  
a s  d e s i r e d  f o r  a v e r a g in g  a r e ,  h o w e v e r ,  a c q u i r a b l e  o n l y  b y  r e p e a t i n g  
t h e  s e q u e n c e  a n d  u s in g  t h e  t im e  i n s t a n t s  z e r o  t o  t  .
T h e  e s t i m a t i o n  o f  t h e  l a g  v a l u e s  c a n  t a k e  p la c e  a s  f o l l o w s .  I n  
e a c h  s e q u e n c e ,  N d a t a  v a l u e s  x ^ ,  x ^ ,  . . .  , x ^  h a v e  t o  b e  s a m p le d  
a n d  s t o r e d .  T h e  c o r r e s p o n d in g  s a m p l in g  i n s t a n t s  t ^ ,  t 2> • • • ,  t ^  m ay
(1 1 . 2 . 1 )
t  = ( M - y + l ) A T + I ( M - y + 1 ) ( M - y ) A x ( 1 1 . 2 . 2 )
(T
a l s o  b e  s t o r e d  o r  g e n e r a t e d ,  w h i l e  r e q u i r e d ,  f r o m  e q u a t i o n  ( 1 1 . 1 . 3 ) .
T h e  p r o d u c t s  x n x n + r > w i t h  n = l , 2 ,  . . .  Nr  a n d  r = l , 2 ,  . . .  L ,  c a n  b e  
fo r m e d  f r o m  t l i e  d a t a ;  w h e re  a n d  L d e p e n d  o n  M , i . e .  t h e  r e q u i r e d  
m axim um  t im e  d e l a y .  T h e  p r o c e d u r e  i s  a n a lo g o u s  t o  t h a t  o f  t h e  
a u t o c o r r e l a t i o n  e s t i m a t i o n  f r o m  e q u i - s p a c e d  d a t a ;  B e n d a t  & P i e r s o l  
( 1 9 6 6 ) .  T h e  c o r r e s p o n d in g  t im e  d e l a y s  C't n + r '‘ t n )  a r e  a l so  c a l c u l a t e d  
f r o m  t h e  s t o r e d  v a l u e s  o f  t h e  s a m p l in g  i n s t a n t s  o r  f r o m  e q u a t i o n
( 1 1 . 1 . 4 ) ,  b e f o r e  t h e  p r o d u c t s  a r e  f o r m e d .  I f  t h i s  t im e  d e l a y  d o e s  n o t  
e x c e e d  t h e  m axim um  r e q u i r e d  v a l u e  (MAt )  , t h e n  i t  i s  d i v i d e d  b y  Ax 
t o  f i n d  w h e t h e r  i t  y i e l d s  a n  i n t e g r a l  n u m b e r , i . e .  t h e  l a g  n u m b e r t o  
w h ic h  t h e  p r o d u c t  i s  c o n t r i b u t i n g .  I t  i s  n o t e d  t h a t  i f  y i s  a  w h o le  
n u m b e r , t h e n  t h e  d i v i s i o n  w i l l  a lw a y s  g iv e  a n  i n t e g r a l  n u m b e r .  T h e  
p r o d u c t  x n x n + r  i s  now  fo r m e d  a n d  a d d e d  t o  t h e  p r e v io u s  s t a t e  o f  t h e  
r e l e v a n t  a r r a y  e le m e n t  o f  t l i e  c o r r e s p o n d in g  l a g  n u m b e r;  t h e  i n i t i a l  
s t a t e  c a n  b e  s e t  t o  z e r o  w h e n  s t a r t i n g  t l i e  c o m p u t a t io n .  H o w e v e r ,  i f  
t h e  t im e  d e l a y  e x c e e d s  MAt , t h e n  t h e  n e x t  v a l u e  o f  n  w i l l  b e  c o n s id e r e d .
W hen a  l a g  p r o d u c t  i s  fo u n d  c o n t r i b u t i n g  t o  t h e  s u m m a tio n , t h e  
c o r r e s p o n d in g  c o n t r i b u t i o n  c o u n t e r  i s  in c r e a s e d  b y  u n i t y .  I t  i s  n o t e d  
t h a t  t h e  n u m b e r o f  c o n t r i b u t i o n s  t o  e a c h  l a g  v a l u e  e s t i m a t e ,  p e r  
s e q u e n c e ,  i s  f i x e d  a n d  m ay b e  c o m p u te d  o n l y  o n c e .  I t  c a n  b e  c o m p u te d  
b y  s o l e l y  c o n s i d e r i n g  t h e  s a m p l in g  i n s t a n t s  a n d  t h e  n u m b e r o f  s a m p le  
v a l u e s  u s e d  i n  a  s e q u e n c e ,  a s  e x p l a in e d  b e f o r e .
T h e  v a l u e s  o f  L  a n d  Nr  w o u ld  d e p e n d  o n  t h e  m axim um  t im e  d e l a y  
r e q u i r e d  a n d  m ay b e  d e t e r m in e d  a s  f o l l o w s .  I n  t h e  s e q u e n t i a l  s a m p l in g ,  
t h e  m in im u m  t im e  i n t e r v a l  e l a p s i n g  b e tw e e n  t h e  s a m p l in g  i n s t a n t s  w o u ld  
b e  A T , a n d ,  h e n c e ,  t h e  m axim um  u s e f u l  v a l u e  f o r  L m ay n o t  e x c e e d  
MAt / a T .  R e p la c in g  AT b y  yA x g iv e s :
L = M /y  ( 1 1 . 2 . 3 )
I f  M /y  i s  n o t  a n  i n t e g r a l  n u m b e r ,  t h e n  i t s  i n t e g e r  p a r t  i s  t a k e n  f o r  
L .  I t  i s  n o t e d  t h a t  a n y  l a g  p r o d u c t  X j /S i + r  r > b » w o u ld  g iv e  a
t im e  d e l a y  e x c e e d in g  t l i e  r e q u i r e d  m axim um  v a lu e  (M A x ) .  S i m i l a r l y ,
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N “ 'N " ( r - l ) y - l  ( 1 1 . 2 . 4 )
1 o
F o r  a n y  d is p la c e m e n t  r  t h e  p r o d u c t  x n x n + r , w i t h  n > N ^ , w o u ld  c o r r e s p o n d  
t o  a  t im e  d e l a y  e x c e e d in g  MAt .
T h e  sums o f  t h e  p r o d u c t s  x n x n + r  o b t a in e d  i n  e a c h  s e q u e n c e  m ay b e  
d i v i d e d  b y  t h e  c o r r e s p o n d in g  n u m b e r o f  c o n t r i b u t i o n s  i n  a  s e q u e n c e .
T h e s e  m ean  v a l u e s  f r o m  v a r i o u s  s e q u e n c e s ,  a r e  a d d e d  t o g e t h e r  a n d  
d i v i d e d  b y  t h e  n u m b e r o f  s e q u e n c e s  t o  g iv e  t h e  f i n a l  a v e r a g e  v a l u e s .  
E q u i v a l e n t l y ,  t h e  sums c a n  b e  c a l c u l a t e d  o v e r  a l l  t h e  s e q u e n c e s  a n d  
t h e n  d i v i d e d  b y  t h e  t o t a l  n u m b e r o f  c o n t r i b u t i o n s  c o r r e s p o n d in g  t o  
e a c h  l a g  n u m b e r a n d  o b t a i n  t h e  m ean  v a l u e s .
H o w e v e r ,  t h e  r e s u l t i n g  a u t o c o v a r i a n c e  f u n c t i o n  m a y , a t  t h e  enc1 , 
b e  n o r m a l i z e d  ( d i v i d i n g  t h r o u g h  b y  t h e  v a l u e  a t  z e r o  t im e  d e l a y )  t o  
y i e l d  t h e  a u t o c o r r e l a t i o n  c o e f f i c i e n t s .  T h e  f a c t  t h a t  t h e  n o r m a l i z a t i o n  
s h o u ld  b e  l e f t  t o  t h e  e n d  i s  c o n s id e r e d  a n d  a p p r e c i a t e d  i n  t h e  f o l l o w i n g  
s u b - s e c t i o n .
1 1 . 2 . 1  T h e  N o r m a l i z a t i o n  a n d  t h e  A v e r a g in g  P ro c e s s
W hen d a t a  a r e  a c q u i r a b l e  i n  s e q u e n c e s  o f  s m a l l  s i z e ,  t h e  l a g  v a l u e  
e s t im a t e s  m ay b e  im p r o v e d  o n l y  b y  r e p e a t i n g  t h e  s e q u e n c e s  a n d ,  h e n c e ,  
i n c r e a s i n g  t h e  t o t a l  n u m b e r o f  c o n t r i b u t i o n s .  T h e  q u e s t i o n  w o r t h  
c o n s i d e r i n g  i s  w h e t h e r  t h e  a u t o c o v a r ia n c e  f u n c t i o n  e s t im a t e s  f r o m  e a c h  
s e q u e n c e ,  s h o u ld  b e  a v e r a g e d  b y  r e p e t i t i o n  a n d  t h e n  n o r m a l i z e d  a t  t h e  
e n d  o r ,  o t h e r w i s e ,  t h e  n o r m a l i z a t i o n  s h o u ld  t a k e  p l a c e  i n  e a c h  
s e q u e n c e  a n d  t h e  r e s u l t i n g  a u t o c o r r e l a t i o n  f u n c t i o n  e s t im a t e s  a v e r a g e d .  
I t  m ay b e  u s e f u l ,  n o t  o n l y  i n  t h e  s e q u e n t i a l  s a m p l in g  b u t  a l s o  i n  t h e  
u n i f o r m  s a m p l in g ,  w h e n  a  r e s t r i c t e d  s t o r a g e  c a p a c i t y  i s  a v a i l a b l e  f o r  
c o m p u t a t io n  a n d  t h e  d a t a  s a m p l in g  h a s  t o  t a k e  p la c e  i n  s e q u e n c e s .
T h i s  s u b - s e c t i o n  c o n s id e r s  t h e  a b o v e  e m p i r i c a l l y ,  b y  s i m u l a t i n g  
t h e  f i r s t  a n d  s e c o n d  o r d e r  G a u s s ia n  p r o c e s s e s ,  u s in g  u n i f o r m  s a m p l in g .  
C o n s id e r  t h e  f i r s t  o r d e r  G a u s s ia n  p r o c e s s  w i t h  a u t o c o r r e l a t i o n
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N can be given as:
f u n c t i o n :
R ( t ) = o x p ( “ t )
T h e  d a t a  w e r e  s im u l a t e d  w i t h  a  t im e  i n t e r v a l  A t  = 0 .0 5 .  . I n  e a c h  
s e q u e n c e ,  51  s a m p le  v a lu e s  w e re  u s e d  t o  o b t a i n  c o n t r i b u t i o n s  t o  t h e  
l a g  v a l u e  e s t im a t e s  a t  t im e  d e la y s  o f  z e r o  t o  5 0 A t .  T h e  s e q u e n c e  
w as  r e p e a t e d  2 000 t im e s  a n d ,  h e n c e ,  a  t o t a l  s a m p le  s i z e  o f  102  000 
w as  e m p lo y e d . F i r s t l y ,  n o r m a l i z a t i o n  t o o k  p la c e  i n  e a c h  s e q u e n c e  
a n d  t l i e  r e s u l t i n g  a u t o c o r r e l a t i o n s  w e r e  u s e d  t o  o b t a i n  a n  a v e r a g e  
f o r  e a c h  c o e f f i c i e n t .  T h e  e s t im a t e s  a r e  show n a n d  c o m p a re d  w i t h  t h e  
t r u e  c u r v e ,  i n  F ig u r e  4 4 a .  S e c o n d ly ,  t h e  n o r m a l i z a t i o n  d i d  n o t  t a k e  
p la c e  i n  e a c h  s e q u e n c e  a n d  w as l e f t  t o  t h e  e n d ,  n a m e ly  a f t e r  t h e  
a v e r a g e  v a l u e s  w e r e  o b t a in e d  f r o m  c o n t r i b u t i o n s  o f  d i f f e r e n t  s e q u e n c e s .  
T h e  c o r r e s p o n d in g  a u t o c o r r e l a t i o n  c o e f f i c i e n t  e s t im a t e s  a r e  show n a n d  
c o m p a re d  w i t h  t h e  t r u e  c u r v e ,  i n  F ig u r e  4 4 b .  I t  i s  s e e n  t h a t  t h e
e s t im a t e s  i n  t h e  s e c o n d  c a s e  a r e  b e t t e r  t h a n  t h e  f i r s t  c a s e .  I n  f a c t ,
t l i e  e s t im a t e s  i n  t h e  f i r s t  c a s e  a r e  n o t  s a t i s f a c t o r y  a t  a l l .  I t  i s
a l s o  o b s e r v e d  t h a t  t h e  a c c u r a c y  d e c r e a s e s  a s  t h e  t im e  d e l a y  i s
i n c r e a s e d .  T h is  i s  u n d e r s t o o d  b y ,  f o r  i n s t a n c e ,  c o n s i d e r i n g  R ( 5 0 )  
a n d  n o t i n g  t h a t  t h e r e  a r e  o n l y  2 000 c o n t r i b u t i o n s  t o  t h e  e s t im a t e  o f  
t h i s  c o e f f i c i e n t ,  i . e .  o n e  p e r  s e q u e n c e ;  a l t h o u g h  t l i e  t o t a l  s a m p le  
s i z e  i s  102  0 00 .
N e x t ,  t h e  s e c o n d  o r d e r  G a u s s ia n  p r o c e s s  w i t h  a u t o c o r r e l a t i o n  
f u n c t i o n :
R (x )= e x p (~ T )c o s T T T  
w as s im u l a t e d  a n d  a  s a m p l in g  i n t e r v a l  At =0 . 0 5  w as u s e d .  T h e  
a u t o c o r r e l a t i o n  c o e f f i c i e n t s  w e r e  e s t im a t e d  as  i n  t h e  p r e v i o u s  e x a m p le .  
F ig u r e  4 5 a  show s t h e  e s t im a t e s  c o r r e s p o n d in g  t o  t l i e  c a s e  t h a t  t h e  
n o r m a l i z a t i o n  t o o k  p la c e  i n  e a c h  s e q u e n c e  a n d  F ig u r e  4 5 b  d i s p l a y s  th o s e  
c o r r e s p o n d in g  t o  n o r m a l i z i n g  o n l y  o n c e  a t  t h e  e n d .  T lie  o b s e r v a t i o n s  
m ade f r o m  t h e s e  f i g u r e s  a r e  s i m i l a r  t o  th o s e  o f  t l i e  f o r m e r  e x a m p le .
T h e y  i n d i c a t e  t h a t  t h e  n o r m a l i z a t i o n  s h o u ld  t a k e  p la c e  o n c e  a t  t h e  e n d
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a n d  n o t  i n  e a c h  s e q u e n c e .  T h is  i s  a l s o  m o re  e f f i c i e n t ,  s in c e  t h e  
n o r m a l i z a t i o n  h a s  n o t  t o  b e  r e p e a t e d .
H . 3 S IM U L A T IO N  S T U D IE S  OF THE S E Q U EN TIA L  SAM PLING  SCHEME
I n  t h i s  s e c t i o n ,  t h e  f i r s t  a n d  s e c o n d  o r d e r  G a u s s ia n  p r o c e s s e s  
w i t h  kn o w n  a u t o c o r r e l a t i o n  f u n c t i o n s ,  w h o s e  m e th o d s  o f  g e n e r a t i o n  
w e r e  g iv e n  i n  C h a p t e r  3 ,  a r e  u s e d  f o r  s i m u l a t i o n  s t u d i e s  o f  t h e  
s e q u e n t i a l  s a m p l in g  s c h e m e . T h e  d a t a  w e r e  g e n e r a t e d  ( ' s a m p l e d ' )  a t  
t h e  s e q u e n t i a l  t im e s  g iv e n  b y  e q u a t i o n  ( 1 1 . 1 . 1 )  a n d ,  vre r e  t h e n  u s e d  
t o  e s t i m a t e  t h e  a u t o c o r r e l a t i o n  c o e f f i c i e n t s  b y  e m p lo y in g  t h e  
s p e c i f i c a t i o n s  e x p l a i n e d  i n  s e c t i o n  1 1 . 2 .
T l ie  m is s in g  c o e f f i c i e n t s  l y i n g  i n s i d e  t h e  r a n g e  R (0 ) -> R (A T )  a r e  
a l s o  e s t im a t e d  b y  a p p ly in g  t h e  m e th o d  c o n s id e r e d  i n  C h a p t e r  9 .  T h e  
e s t im a t e d  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n s  a r e  show n a n d  c o m p a re d  
w i t h  t h e  t r u e  f u n c t i o n s .  I n  t h e  n e x t  s u b - s e c t i o n ,  t h e n ,  t h e  a p p l i c a t i o n  
o f  t h e  e x t r a p o l a t i o n  m e th o d  i n  t h e  a s s o c i a t e d  s p e c t r a l  e s t i m a t i o n ,  
i s  c o n s i d e r e d .  F i n a l l y ,  a n  e x a m p le  w i l l  a l s o  b e  c o n s id e r e d  t o  
d e m o n s t r a t e  t h e  c o n t r i b u t i o n  o f  t h e  s e q u e n t i a l  s a m p l in g  schem e i n  
r e d u c in g  t h e  p r o b le m  o f  a l i a s i n g .
F o r  t h e  s i m u l a t i o n  s t u d i e s  r e p o r t e d  i n  t h i s  s e c t i o n ,  a  r a t i o  
y = 5 w as a s s u m e d . T h i s  w o u ld  g iv e  f o u r  m is s in g  l a g  v a l u e s :  R ( l ) , R ( 2 ) , 
R ( 3 )  a n d  R ( 4 ) . W hen a  m axim um  c o e f f i c i e n t  R ( 5 0 )  i s  t o  b e  e s t i m a t e d ,  
a s  s e e n  f r o m  e q u a t i o n  ( 1 1 . 2 . 1 ) ,  4 7  s a m p le  v a lu e s  w o u ld  b e  r e q u i r e d  i n  
e a c h  s e q u e n c e .  I n  e a c h  s e q u e n c e  t h e n ,  t h e r e  w o u ld  b e :  1 4  l a g  v a l u e s  
h a v in g  o n l y  o n e  c o n t r i b u t i o n  t o  e a c h ,  2 4  l a g  v a lu e s  h a v in g  tw o  
c o n t r i b u t i o n s  an d , t h r e e  c o n t r i b u t i o n s  t o  e a c h  o f  7 l a g  v a l u e s .  T h e  
c o e f f i c i e n t  R ( 4 5 )  o n l y ,  w o u ld  h a v e  f i v e  a n d  R ( 0 )  w o u ld  h a v e  4 7  
c o n t r i b u t i o n s  p e r  s e q u e n c e .  I t  i s  n o t e d  t h a t  a l t h o u g h  t h e  t o t a l  s a m p le  
s i z e  (u s e d  b y  r e p e a t i n g  t h e  s e q u e n c e )  m ay b e  r e l a t i v e l y  l a r g e ,  b u t  . 
t h e  t o t a l  n u m b e r o f  c o n t r i b u t i o n s  t o  m o s t o f  t h e  l a g  v a l u e  e s t im a t e s  
w o u ld  r e m a in  r e l a t i v e l y  s m a l l .  F o r  t h i s  r e a s o n ,  u n f o r t u n a t e l y ,  t h e
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s e q u e n t i a l  s a m p l in g  schem e c a n  b eco m e c o s t l y  f o r  a c c u r a t e  e s t i m a t e s .  
H e r e ,  t h e  s e q u e n c e s  h a v e  b e e n  r e p e a t e d  f o r  d i f f e r e n t  n u m b e r  o f  t im e s ;  
1 5  0 0 0 ,  4 0 0 0  a n d  1 0 0 0  w e r e  u s e d  as  r e p e a t i n g  t im e s .
C o n s id e r  t h e  f i r s t  o r d e r  G a u s s ia n  p r o c e s s  w i t h  a u t o c o r r e l a t i o n  
f u n c t i o n :  '
R ( x ) = e x p ( - r )  ( 1 1 . 3 . 1 )
H i e  v a l u e s  o f  aT = 0 . 2 5  a n d  A x = 0 .0 5  w e r e  s e l e c t e d .  H ie  d a t a  w e re  
g e n e r a t e d  s e q u e n t i a l l y  a n d  t h e  a u t o c o r r e l a t i o n  c o e f f i c i e n t s  w e re  
e s t im a t e d ,  b y  r e p e a t i n g  t l i e  s e q u e n c e  1 5  0 0 0  t i m e s .  H i e  c o e f f i c i e n t s  
R ( 1 ) - > R ( 4 ) , w h ic h  c o u ld  n o t  b e  d i r e c t l y  o b t a in e d  f r o m  t l i e  d a t a ,  w e r e  
a l s o  g iv e n  e s t im a t e s  b y  t l i e  i n i t i a l  c o e f f i c i e n t s  e s t i m a t i o n  m e th o d ,  
u s in g  t h e  kn o w n  v a lu e s  R ( 0 )  a n d  R ( 5 ) - + R ( 5 0 ) . H i e  r e s u l t i n g  d i s c r e t e  
a u t o c o r r e l a t i o n  f u n c t i o n ,  w i t h  a  u n i f o r m  t im e  i n t e r v a l  o f  At O . 0 5  , 
i s  sh o w n  a n d  c o m p a re d  w i t h  t h e  t r u e  c u r v e  i n  F ig u r e  4 6  a .  I t  i s  s e e n  
t h a t  t h e  c o e f f i c i e n t s  o b t a in e d  d i r e c t l y  f r o m  t h e  d a t a  a r e  p l a u s i b l e  
a n d  l i e  e i t h e r  o n  t h e  t r u e  c u r v e  o r  c l o s e  t o  i t .  T h e  i n i t i a l  
c o e f f i c i e n t  e s t im a t e s  a r e  a l s o  fo u n d  s a t i s f a c t o r y ,  b u t  R ( l )  d e v i a t e s  
. s l i g h t l y  f r o m  t h e  t r u e  v a l u e ;  t h i s  i s  u n d e r s t o o d  b y  n o t i n g ,  f r o m  
C h a p t e r  9 ,  t h a t  e s t i m a t i o n  o f  R ( l )  i s  m o re  s u s c e p t i b l e  t o  e r r o r ,  s in c e  
i t  u s e s  a l l  t h e  kn o w n  a n d  e s t im a t e d  v a lu e s  f o l l o w i n g  i t .
T h e  r e p e a t i n g  n u m b e r w as  t h e n  r e d u c e d  t o  Ns = 4  0 0 0  a n d  t h e  
d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n  w as o b t a in e d .  I t  i s  show n a n d  
c o m p a re d  w i t h  t h e  t r u e  c u r v e  i n  F ig u r e  4 6 b ,  w h e re  t h e  s a m p le  s i z e  
r e d u c t i o n  h a s  b e e n  r e f l e c t e d  i n  t h e  r e d u c e d  a c c u r a c y  o f  t l i e  v a lu e s  
e s t im a t e d  d i r e c t l y  f r o m  t h e  d a t a  a n d  a l s o  t l i e  i n i t i a l  c o e f f i c i e n t  
e s t i m a t e s .  H o w e v e r ,  t h e  d e v i a t i o n s  o f  t l i e  e s t im a t e s  f r o m  t h e  t r u e  
v a l u e s ,  d o  n o t  seem  t o  b e  v e r y  s i g n i f i c a n t .
T h e  r e p e a t i n g  n u m b e r w as f u r t h e r  r e d u c e d  t o  N - 1  0 0 0  a n d  t h e  
e s t im a t e d  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n  i s  show n a n d  c o m p a re d  w i t h  
t h e  t r u e  c u r v e  i n  F ig u r e  4 6 c .  I t  i s  s e e n  t h a t  t h e  a c c u r a c y  o f  t h e  
e s t im a t e s  h a s  c o n s i d e r a b l y  r e d u c e d  a n d , c o n s e q u e n t ly ,  e s t i m a t i o n  o f
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t h e  m is s in g  v a l u e s  h a s  n o t  b e e n  p o s s i b l e .  T h is  i s  b e c a u s e ,  n o  v a l u e s  
c o u ld  b e  a s s ig n e d  t o  t h e  i n i t i a l  c o e f f i c i e n t s  t o  m a i n t a i n  t h e  
c o r r e s p o n d in g  a u t o c o r r e l a t i o n  m a t r i x  n o n - n e g a t i v e  d e f i n i t e .  I t  i s  
a l s o  s e e n  t h a t  w h e n  t h i s  i s  t h e  c a s e ,  i t  w o u ld  b e  n o t i f i e d  b y  t h e  
e s t i m a t i n g  p r o g r a m .
S i n c e ,  i n  o r d e r  t o  e s t i m a t e  t h e  f u n c t i o n  u p  t o  R ( 5 0 ) , 4 7  s a m p le  
v a l u e s  h a d  t o  b e  u s e d  i n  e a c h  s e q u e n c e ,  t h e  t o t a l  s a m p le  s i z e  u s e d  
f o r  t h e s e  e s t im a t e s  w e r e  4 7  0 0 0 .  I t  w as s e e n  i n  C h a p t e r  3 t h a t  w i t h  
a  s m a l l e r  s a m p le  s i z e  ( 3 0  0 0 0 ) ,  t h e  sam e p o r t i o n  o f  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n  c o u ld  b e  e s t im a t e d  m uch m o re  a c c u r a t e l y  (c o m p a r in g  w i t h  
F ig u r e  2 b ) .  H o w e v e r ,  t h e  s e q u e n t i a l  s a m p l in g  i s  a  s lo w  p r o c e s s  a n d ,  
f o r  a  f i x e d  n u m b e r o f  s a m p le  v a l u e s ,  i t  t a k e s  l o n g e r  t h a n  t h e  u n i f o r m  
s a m p l in g  s c h e m e . I t ,  t h e r e f o r e ,  a p p e a r s  t h a t  t l i e  u s e  o f  s e q u e n t i a l  
s a m p l in g  m ay b e  re c o m m e n d e d  o n l y  w h e re  i t  i s  n e c e s s a r y ,  i . e .  w h e n  
t h e r e  i s  a  r e s t r i c t i o n  o n  t l i e  m in im u m  a l l o w a b l e  s a m p l in g  t i m e .
T h e  c o m p a r is o n  o f  t l i e  a b o v e  e s t im a t e s  w i t h  t h o s e  o b t a in e d  f r o m  
t l i e  e q u i - s p a c e d  d a t a  ( G i a p t e r  5 )  sh o w s t h a t ,  i n  s e q u e n t i a l  s a m p l in g ,  
t h e  e s t im a t e s  a r e  l e s s  c o r r e l a t e d ,  w h i l e  i n  u n i f o r m  s a m p l in g  t h e s e  
w e r e  s e e n  t o  b e  h i g h l y  c o r r e l a t e d .  H o w e v e r ,  f u r t h e r  r e s e a r c h  s h o u ld  
b e  u n d e r t a k e n  o n  t l i e  v a r i a b i l i t y  o f  t l i e  a u t o c o r r e l a t i o n  e s t im a t e s  
f r o m  s e q u e n t i a l l y  s a m p le d  d a t a .
A n o t h e r  d e c a y in g  e x p o n e n t i a l  f u n c t i o n  w as a l s o  c o n s i d e r e d .  T h e  
ra n d o m  d a t a  w i t h  a u t o c o r r e l a t i o n  f u n c t i o n :
R ( x ) = 4 [ e x p ( - x ) + e x p ( - 2 x ) ]  ( 1 1 . 3 . 2 )
w e r e  s i m u l a t e d ,  u s in g  t l i e  v a l u e s  A T = 0 .2  a n d  A x = 0 .0 4 . . .  F i r s t l y ,  t h e  
r e p e a t i n g  n u m b e r Ns = 1 5  000  w a s  u s e d  a n d  t h e  e s t im a t e d  f u n c t i o n  i s  
sh o w n  a n d  c o m p a re d  w i t h  t h e  t r u e  c u r v e  i n  F ig u r e  4 7 a .  S e c o n d ly ,  t h e  
v a l u e  N g =4 0 0 0  w as  u s e d  a n d  F ig u r e  47b  show s t h e  c o r r e s p o n d in g  r e s u l t s .  
T h e  o b s e r v a t i o n s  m ade f r o m  t h e s e  f i g u r e s  a r e  t h e  sam e a s  t h o s e  i n  t h e  
p r e v i o u s  ( f i r s t  o r d e r )  c a s e .
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The second order process w ith decaying cosinusoid au to co rre la tio n
f u n c t i o n :
R ( x )  —e x p  ( —x )  c o s t t t  ( 1 1 . 3 . 3 )
w as  a l s o  s i m u l a t e d .  T h e  v a l u e s  A T = 0 .5  a n d  A x O . l  w e r e  c h o s e n  f o r  
t h e  s e q u e n t i a l  s a m p l in g .  A g a in  t h e  sam e r e p e a t i n g  n u m b e rs  w e re  u s e d .  
F ig u r e  48 .a show s t h e  r e s u l t s  c o r r e s p o n d in g  t o  © = 1 5  0 0 0 ,  w h e re  t h e  
e s t im a t e s  o b t a in e d  d i r e c t l y  f r o m  t h e  d a t a  a r e  s e e n  t o  b e  p l a u s i b l e .
T h e  e s t im a t e d  v a l u e s  o f  t h e  m is s in g  c o e f f i c i e n t s  R ( 4 )  a n d  R ( 3 )  a l s o  
l i e  o n  t h e  t r u e  c u r v e  a n d  t h o s e  o f  R ( 2 )  a n d  R ( l )  l i e  c l o s e  t o  i t ,  
w i t h  t h e  l a t t e r  b e i n g  l e s s  a c c u r a t e  t h a n  t h e  f o r m e r .  T h i s  w o u ld  b e  
e x p e c t e d  as  u n d e r s t o o d  i n  C h a p t e r  9 ,  n o t i n g  t h a t  i n  a d d i t i o n ,  t h e  
i m p e r f e c t i .o n s  o f  t h e  v a l u e s  e s t im a t e d  fo r m  t h e  d a t a  w o u ld  a l s o  a f f e c t  
t h e  e s t i m a t i o n  o f  t h e  m is s in g  v a l u e s .
F ig u r e  4 8 b  a l s o  show s t h e  r e s u l t s  c o r r e s p o n d in g  t o  © = 4  0 0 0 .  I t  
i s  s e e n  t h a t  some o f  t h e  e s t im a t e d  v a l u e s  s u s t a i n  s m a l l  i n a c c u r a c i e s ;  
t h e s e  e s t im a t e s  h a v e  s m a l l  n u m b e r o f  c o n t r i b u t i o n s  p e r  s e q u e n c e .  T h e s e  
i n a c c u r a c i e s  h a v e  a l s o  b e e n  r e f l e c t e d  i n  t h e  e s t im a t e s  o f  t h e  m is s in g  
i n i t i a l  c o e f f i c i e n t s ;  t h e  e s t im a t e s  b eco m e l e s s  a c c u r a t e  f r o m  R ( 4 )  
t o  R ( l ) . F o r  t h e  c o s in u s o id  f u n c t i o n ,  t h e  i n i t i a l  c o e f f i c i e n t s  h a v e  
b e e n  o b t a in e d  t o  t h r e e  d e c im a l  p l a c e s .
T h e  e f f e c t  o f  t h e  a b o v e  i n a c c u r a c i e s  o n  t h e  s u b s e q u e n t  s p e c t r a l  
e s t i m a t i o n ,  w i l l  b e  d e m o n s t r a t e d  i n  t h e  f o l l o w i n g  s u b - s e c t i o n .
1 1 . 3 . 1  T h e  E x t r a p o l a t i o n  M e th o d  a n d  t h e  S e q u e n t ia l  S a m p lin g
T h e  s e q u e n t i a l  s a m p l in g  i s  a  s lo w  p r o c e s s ,  s im p ly  b e c a u s e  t h e  
s a m p l in g  i n t e r v a l s  c a n n o t  b e  l e s s  t h a n  AT a n d  w o u ld  i n c r e a s e  
a r i t h m e t i c a l l y ,  a s  g iv e n  b y  e q u a t i o n  ( 1 1 . 1 . 3 ) .  T h e  l a r g e r  t h e  m axim um  
t im e  d e l a y  r e q u i r e d  f o r  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  t o  b e  e s t im a t e d ,  
t h e  s lo w e r  w o u ld  b e  t h e  s a m p l in g  p r o c e s s .  I t  i s  e s p e c i a l l y  i m p o r t a n t  
t o  n o t e  t h a t  f o r  a  s a t i s f a c t o r y  e s t i m a t i o n  o f  t h e  m is s in g  c o e f f i c i e n t s ,  
a c c u r a t e  e s t im a t e s  h a v e  t o  b e  o b t a in e d  f r o m  t h e  d a t a .  T h is  w o u ld  
r e q u i r e  a  l a r g e  t o t a l  s a m p le  s i z e  a n d  w o u ld  i n c r e a s e  t h e  s a m p l in g
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H o w e v e r , i t  w as  s e e n  i n  C h a p t e r  9 t h a t  f o r  e s t i m a t i o n  o f  t h e  
m is s in g  c o e f f i c i e n t s ,  o n l y  a  p o r t i o n  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  
c a n  b e  s u f f i c i e n t .  W hen e s t im a t e s  a r e  g iv e n  t o  t h e  m is s in g  v a l u e s ,  
t h e  r e s u l t i n g  t r u n c a t e d  f u n c t i o n  m ay t h e n  b e  e x t r a p o l a t e d  f o r  s p e c t r a l  
e s t i m a t i o n .  T h e r e f o r e ,  t h i s  c a n  p r o v i d e  a  m o re  a c c u r a t e  e s t i m a t i o n  
o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  w i t h  l e s s  s a m p lin g  t im e  a n d  c o s t s .
T h is  s u b - s e c t i o n  c o n s id e r s  t h e  a p p l i c a t i o n  o f  t h e  e x t r a p o l a t i o n  
m e th o d  t o  t h e  s e q u e n t i a l  s a m p l in g .  T h e  sam e d a t a  w i t h  t h e  sam e  
r e p e a t i n g  n u m b e rs  a s  u s e d  i n  s e c t i o n  1 1 . 3 ,  a r e  s im u l a t e d  t o  e s t im a t e  
a  p o r t i o n  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n .  T h e  m is s in g  v a l u e s  a r e  
g iv e n  e s t im a t e s  a n d  t h e  e x t r a p o l a t i o n  m e th o d  i s  t h e n  e m p lo y e d  t o  
e x t e n d  t h e  f u n c t i o n s  a n d  e s t i m a t e  t h e  s p e c t r a  b y  c o s in e  t r a n s f o r m a t i o n  
o f  t h e  d i s c r e t e  e x t r a p o l a t e d  f u n c t i o n s .
T h e  f i r s t  o r d e r  p r o c e s s ,  w i t h  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  
g iv e n  b y  e q u a t io n  ( 1 1 . 3 . 1 ) ,  w as s i m u l a t e d ,  u s in g  A T = 0 .2 5  • a n d  
At O . 0 5 . .  T h e  r e p e a t i n g  n u m b e r Ns = 1 5  0 0 0  w as s e l e c t e d  a n d  t h e  l a g  
v a lu e s  R ( 0 )  a n d  R ( 5 )-> r ( 1 6 )  w e r e  e s t im a t e d ;  1 3  s a m p le  v a l u e s  o n l y  
w e r e  r e q u i r e d  i n  e a c h  s e q u e n c e .  T h e  e s t im a t e d  l a g  v a l u e s  w e re  
e m p lo y e d  t o  g iv e  e s t im a t e s  t o  t h e  m is s in g  v a lu e s  R ( 1 ) - > R ( 4 ) . T h e  
t r u n c a t e d  d i s c r e t e  f u n c t i o n ,  R ( 0 ) - + R ( 1 6 ) ,  w as u s e d  t o  e x t r a p o l a t e  t h e  
f u n c t i o n .  T h e  r e s u l t i n g  d i s c r e t e  f u n c t i o n ,  u p  t o  R ( 5 0 ) ,  i s  show n  
a n d  c o m p a re d  w i t h  t h e  t r u e  c u r v e  i n  F ig u r e  4 9 a .  I t  i s  s e e n  t h a t  t h e  
c o e f f i c i e n t s  e s t im a t e d  f r o m  t h e  d a t a  a n d  t l i e  e s t im a t e s  g iv e n  t o  t h e  
m is s in g  v a l u e s ,  l i e  c l o s e  t o  t h e  t r u e  v a l u e s .  T h e  e x t r a p o l a t e d  v a lu e s  
d e v i a t e ,  b u t  n o t  v e r y  s i g n i f i c a n t l y ,  f r o m  t h e  t r u e  v a l u e s .  T h is  i s  
u n d e r s t o o d  t o  b e  d u e  t o  t h e  i n a c c u r a c i e s  o f  t h e  e s t im a t e s  p r i o r  t o  
e x t e n s i o n .  T h e  s p e c t r u m  w as t h e n  e s t im a t e d  b y  c o s in e  t r a n s f o r m a t i o n  
o f  t h e  d i s c r e t e  f u n c t i o n  e x t e n d e d  u p  t o  R ( 2 0 0 ) . T h i s  i s  show n a n d  
c o m p a re d  w i t h  t h e  t r u e  s p e c t r u m  i n  F ig u r e  4 9  b . T h e  e s t im a t e d  s p e c t r u m  
i s  o b s e r v e d  t o  b e  i n  g o o d  a g r e e m e n t  w i t h  t h e  t r u e  s p e c t r u m  a n d  d o e s
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time and costs  considerably.
T h e  r e p e a t i n g  n u m b e r w as t h e n  r e d u c e d  t o  Ns = 4  0 0 0 .  F ig u r e  4-9c  
sh o w s t h e  c o r r e s p o n d in g  a u t o c o r r e l a t i o n  e s t im a t e s  a n d  F ig u r e  4 9 d  
d i s p l a y s  t h e  r e s u l t i n g  s p e c t r u m . I t  i s  s e e n  t h a t  t h e  a u t o c o r r e l a t i o n  
e s t im a t e s  h a v e  b eco m e l e s s  a c c u r a t e  a n d  t h e  d e v i a t i o n s  o f  t h e  
e x t r a p o l a t e d  c o e f f i c i e n t s  f r o m  t h e i r  t r u e  v a lu e s  h a v e  i n c r e a s e d .
T h e s e  i n a c c u r a c i e s  h a v e  b e e n  r e f l e c t e d  i n  t h e  s u b s e q u e n t  s p e c t r u m ;  
t h e  e s t im a t e d  s p e c t r u m  i s  i n a c c u r a t e  a n d .d o e s  n o t  a p p e a r  t o  d e c a y  
s m o o t h ly ,  a l t h o u g h  n o  n e g a t i v e  lo b e s  a r e  p r e s e n t .
T h e  s e c o n d  o r d e r  p r o c e s s ,  w i t h  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  g iv e n  
b y  e q u a t i o n  ( 1 1 . 3 . 2 ) ,  w as  a l s o  c o n s i d e r e d .  T h e  v a l u e s  A T = 0 .2 ' a n d  
At =0 . 0 4 :  a n d  t l i e  r e p e a t i n g  n u m b e rs  N s = 1 5  0 0 0  a n d  N s = 4  0 0 0  w e r e  u s e d  
t o  e s t i m a t e  R ( 0 ) , R ( 5 ) - > R ( 1 6 ) . F ig u r e s  5 0 a  a n d  50b  show  t h e  r e s u l t s  
c o r r e s p o n d in g  t o  Ms “ 1 5  0 0 0  a n d  F ig u r e s  5 0 c  a n d  5 0 d  show  t h e  r e s u l t s  
c o r r e s p o n d in g  t o  Ns = 4  0 0 0 .  T h e s e  f i g u r e s  g iv e  t h e  sam e o b s e r v a t i o n s  
as  i n  t h e  p r e v io u s  ( f i r s t  o r d e r )  c a s e .
T h e  s e c o n d  o r d e r  p r o c e s s  w i t h  t h e  d e c a y in g  c o s i n u s o i d  
a u t o c o r r e l a t i o n  f u n c t i o n ,  g iv e n  b y  e q u a t i o n  ( 1 1 . 3 . 3 ) ,  w as a l s o  s i m u l a t e d ,  
u s in g  A T O . 5  a n d  At =0 . 1  . T h e  r e p e a t i n g  n u m b e r N s = 1 5  0 0 0  w as u s e d  
a n d  t h e  l a g  v a l u e s  R ( 0 )  a n d  R ( 5 ) + R ( 2 8 )  w e re  e s t im a t e d .  I n  e a c h  
s e q u e n c e ,  2 5  s a m p le  v a l u e s  w o u ld  b e  r e q u i r e d .  T h e  m is s in g  c o e f f i c i e n t s  
w e r e  o b t a in e d  t o  t h r e e  d e c im a l  p la c e s  a n d  e x t r a p o l a t i o n  t h e n  t o o k  
p la c e  f r o m  R ( 2 9 ) . T h e  r e s u l t i n g  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n  i s  
show n a n d  c o m p a re d  w i t h  t h e  t r u e  c u r v e ,  i n  F ig u r e  5 1 a .  I t  i s  s e e n  t o  
b e  s a t i s f a c t o r y ,  b u t  t h e  e s t im a t e s  g iv e n  t o  t h e  m is s in g  v a l u e s  R ( l )  a n d  
R ( 2 )  a r e  n o t  v e r y  c l o s e  t o  t h e  t r u e  v a l u e s .  T h e s e  tw o  e s t im a t e s  r e f l e c t  
t h e  s m a l l  s t a t i s t i c a l  i n a c c u r a c i e s  o f  R ( 5 ) + R ( 2 8 )  a n d  a l s o ,  i n  a d d i t i o n ,  
t h e  s m a l l  i m p e r f e c t i o n s  i n  t h e  e s t im a t e s  g iv e n  t o  t h e  m is s in g  v a lu e s  
R ( 3 )  a n d  R ( 4 ) .
T h e  s p e c t r a l  e s t im a t e s  w e r e  o b t a in e d  b y  e x t e n d in g  t h e  f u n c t i o n  
u p  t o  R ( 2 0 0 ) . F ig u r e  S ib  c o m p a re s  t h e  e s t im a t e d  s p e c t r u m  w i t h  t h e
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not pronounce the small inaccuracies o f the estim ated au to co rre la tio n s .
t r u e  s p e c t r u m  a n d  show s t h a t  a l t h o u g h  i t  i s  n o t  e x a c t ,  b u t  i s  a  
s a t i s f a c t o r y  r e p r e s e n t a t i o n  o f  t h e  l a t t e r ;  t h e  p o s i t i o n  a n d  a m p l i t u d e  
o f  t h e  p e a k  i s  f a i r l y  a c c u r a t e .  T h e  e s t im a t e d  s p e c t r u m  d o e s  n o t ,  
h o w e v e r ,  d e c a y  s m o o th ly  b e y o n d  t h e  p e a k  a n d  i t s  v a l u e  a t  z e r o  f r e q u e n c y  
i s  s l i g h t l y  lo w e r e d .  T h is  m ay b e  a t t r i b u t e d  t o  t h e  i n a c c u r a c i e s  
r e s u l t i n g  i n  t h e  e s t im a t e s  o f  t h e  m is s in g  v a lu e s  R ( l )  a n d  R ( 2 ) .
T h e  r e p e a t i n g  n u m b e r  w a s ,  n e x t ,  r e d u c e d  t o  N = 4  0 0 0 .  T h e  
c o r r e s p o n d in g  a u t o c o r r e l a t i o n  e s t im a t e s  a r e  show n a n d  c o m p a re d  w i t h  
t h e  t r u e  c u r v e ,  i n  F ig u r e  5 1 c .  I t  i s  o b s e r v e d  t h a t  t h e  e s t im a t e s  
g iv e n  t o  t h e  m is s in g  i n i t i a l  c o e f f i c i e n t s  a r e  s t r o n g l y  p r o n o u n c in g  
t h e  s t a t i s t i c a l  i n a c c u r a c i e s  o f  t h e  l a g  v a lu e s  o b t a in e d  f r o m  t h e  
d a t a ,  w h ic h  w o u ld  h a v e  i n c r e a s e d  a s  a  r e s u l t  o f  r e d u c in g  t h e  s a m p le  
s i z e .  T h e  s u b s e q u e n t ly  e s t im a t e d  s p e c t r u m  i s  a l s o  sh o w n  a n d  c o m p a re d  
w i t h : t h e  t r u e  s p e c t r u m  i n  F ig u r e  5 I d ,  w h e r e  i t  i s  s e e n  t o  h a v e  b eco m e  
l e s s  a c c u r a t e .  A l t h o u g h  t h e  p o s i t i o n  a n d  a m p l i t u d e  o f  t h e  p e a k  s t i l l  
a p p e a r s  t o  b e  s a t i s f a c t o r y ,  b u t  t h e  u n e v e n n e s s  b e y o n d  t h e  p e a k  h a s  
i n c r e a s e d  a n d  t h e  v a l u e  a t  z e r o  f r e q u e n c y  h a s  lo w e r e d  f u r t h e r .
F i n a l l y ,  t o  d e m o n s t r a t e  t h e  c o n t r i b u t i o n  o f  t h e  s e q u e n t i a l  s a m p l in g  
i n  m i n im iz i n g  t h e  a l i a s i n g  p r o b le m  , t h e  G a u s s ia n  p r o c e s s  w i t h  t h e  
f o l l o w i n g  a u t o c o r r e l a t i o n  f u n c t i o n  w as  a l s o  s i m u l a t e d :
R ( T ) = e x p ( - T ) c o s l2 T T T  ( 1 1 . 3 . 4 )
T h e  m in im u m  a l l o w a b l e  s a m p l in g  t im e  w as a s su m e d  t o  b e  A T = 0 .1 2 5  . W hen  
u n i f o r m  s a m p l in g  w as  u s e d  w i t h  t h i s  t im e  i n t e r v a l ,  a n  a l i a s e d  s p e c t r u m  
w as r e s u l t e d .  T h e  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n  e s t im a t e d  f r o m  
t h e  e q u i - s p a c e d  d a t a  i s  s h o r n  a n d  c o m p a re d  w i t h  t h e  t r u e  c u r v e  i n  
F ig u r e  5 2 a .  T h e  e x t r a p o l a t i o n  m e th o d  w as t h e n  e m p lo y e d  t o  o b t a i n  t h e  
s p e c t r u m , w h ic h  h a s  a  c u t - o f f  f r e q u e n c y  o f  4 ( l e s s  t h a n  t h e  t r u e  
f r e q u e n c y  c o n t e n t ,  n a m e ly  6 )  a n d  i s  show n i n  F ig u r e  5 2 b .  T h e  s p e c t ru m
i s  s e e n  t o  e x h i b i t  a n  a l i a s e d  p e a k  a t  f = 2 .
T o  m in im iz e  t h e  a l i a s i n g  p r o b le m ,  s e q u e n t i a l  s a m p l in g  w as t h e n  
a p p l i e d ,  u s in g  At =0 . 0 2 5  . T h e  d a t a  w e r e  s a m p le d  s e q u e n t i a l l y  a n d  t h e
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a u t o c o r r e l a t i o n  c o e f f i c i e n t s  R ( 0 )  a n d  R ( 5 ) + R ( 2 0 )  w e r e  e s t im a t e d  w i t h  
a  r e p e a t i n g  n u m b e r Ns = 1 5  0 0 0 .  T h e  t r u n c a t e d  d i s c r e t e  a u t o c o r r e l a t i o n  
f u n c t i o n  h a s  a  u n i f o r m  t im e  i n t e r v a l  At O . 0 2 5  , w i t h  t h e  e x c e p t i o n  
o f  t h e  m is s in g  l a g  v a l u e s  R ( l ) + R ( 4 )  ( t h e  r a t i o  y = 5 ) .  E s t im a t e s  w e re  
g iv e n  t o  t h e  m is s in g  v a l u e s  a n d  t h e  t r u n c a t e d  f u n c t i o n  w as e x t r a p o l a t e d  
f r o m  R ( 2 1 ) . T h e  r e s u l t i n g  d i s c r e t e  f u n c t i o n  u p  t o  R ( 5 0 )  i s  show n a n d  
c o m p a re d  w i t h  t l i e  t r u e  c u r v e  i n  F ig u r e  5 2 c .  T h e  v a l u e s  e s t im a t e d  
d i r e c t l y  f r o m  t h e  d a t a  a r e  s e e n  t o  b e  i n  g o o d  a g r e e m e n t  w i t h  t h e  
t r u e  c u r v e  a n d  t h e  e s t im a t e s  g iv e n  t o  t h e  m is s in g  v a l u e s  ( o b t a i n e d  t o  
t h r e e  d e c im a l  p l a c e s )  a r e  a l s o  c o n f o r m in g  w i t h  t h e  l a t t e r .  I t  i s  
i n t e r e s t i n g  t o  n o t e  t h a t  t h e s e  v a l u e s  a p p e a r  t o  m a i n t a i n  t h e  t r u e  
w a v e le n g t h  o f  t h e  f u n c t i o n .  H o w e v e r ,  t h e  e x t r a p o l a t e d  v a l u e s  do n o t  
a p p e a r  t o  b e  so  a c c u r a t e .  I t  seem s t h a t  t l i e  s l i g h t  s t a t i s t i c a l  
i n a c c u r a c i e s  o f  t h e  c o e f f i c i e n t s  e s t im a t e d  f r o m  t l i e  d a t a  a n d  i m p e r f e c t i o n s  
o f  t l i e  e s t im a t e s  g iv e n  t o  t h e  m is s in g  v a l u e s  h a v e  b e e n  r e f l e c t e d  i n  
t h e  e x t r a p o l a t e d  v a l u e s .
T lie  s p e c t r u m  e s t im a t e d  b y  e x t e n d i n g  t h e  d i s c r e t e  f u n c t i o n  u p  t o  
R ( 2 0 0 ) , i s  a l s o  show n a n d  c o m p a re d  w i t h  t h e  t r u e  c u r v e ,  i n  F ig u r e  5 2 d .
I t  h a s  a  c u t - o f f  f r e q u e n c y  o f  2 0  a n d  a l t h o u g h  n o t  e x a c t ,  b u t  seem s  
t o  b e  a  s a t i s f a c t o r y  e s t i m a t i o n  f o r  a n  e x p e r i m e n t a l l y  o b t a in e d  s p e c t r u m .  
Some n e g l i g i b l y  s m a l l  p e a k s  a r e  a l s o  o b s e r v e d  a t  e i t h e r  s id e  o f  t h e  
m a in  p e a k .  T h e s e  s m a l l  i n a c c u r a c i e s  p r e s e n t  i n  t h e  s p e c t r u m  m ay o n l y  
b e  r e d u c e d  b y  t h e  w i l l i n g n e s s  t o  e x p e n d  a  l a r g e r  t o t a l  r e c o r d  l e n g t h  
( s a m p l in g  t i m e )  a n d  t o  e s t i m a t e  a  l a r g e r  p o r t i o n  o f  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n  b e f o r e  e x t r a p o l a t i n g .  I t  i s ,  h o w e v e r ,  n o t e d  t h a t  a  h i g h e r  c u t ­
o f f  f r e q u e n c y  h a s  b e e n  o b t a in e d  b y  a p p ly in g  t h e  s e q u e n t i a l  s a m p l in g  
s c h e m e , w h ic h  w o u ld  h a v e  n o t  b e e n  p o s s i b l e  i n  t h e  u n i f o r m  s a m p l in g ,  
d u e  t o  t h e  m in im u m  a l l o w a b l e  s a m p l in g  i n t e r v a l  b e in g  r e s t r i c t e d .
1 1 . 4  D IS C U S S IO N  AND CONCLUDING REMARKS
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This chapter has considered the sequentia l sampling scheme, as a
s o l u t i o n  t o  t h e  p r o b le m  o f  a l i a s i n g ,  w h e re  t h e  s a m p l in g  i n t e r v a l  i s  
r e s t r i c t e d  t o  a  m in im u m  a l l o w a b l e  v a l u e  A T . I n  t h e  s e q u e n t i a l  
s a m p l in g ,  t h e  s i g n a l  i s  s a n p le d  a t  i n t e r v a l s  o f  A T ,A T + A t ,A T + 2 A t ,A T + 3 A t ,
. . .  ; w h e re  At <AT  a n d  m ay b e  s e l e c t e d  a s  d e s i r a b l e .
T h e  s e q u e n t i a l  s a m p l in g  w as c o n s id e r e d  a n a l y t i c a l l y  a n d  i t  w as  
p r o v e d  t h a t ,  w h e n  t h e  r a t i o  A T /A t  i s  a n  i n t e g r a l  n u m b e r ,  t h e  c o r r e s p o n d in g  
s p e c t r a l  e s t im a t e s  g iv e  a  c u t - o f f  f r e q u e n c e  o f  2~ .  On t h e  c o n t r a r y ,  
w h e n  t h e  r a t i o  i s  n o t  a  w h o le  n u m b e r , t h e  a s s o c i a t e d  s p e c t r u m  o f  t h e  
s e q u e n t i a l l y  s a m p le d  d a t a  w as  fo u n d  t o  c o m p r is e  a  c o m p le x  t e r m  i n  
i t s  r e l a t i o n  t o  t h e  t r u e  s p e c t r u m  a n d  w o u ld  n o t  b e  p e r i o d i c  i n  te r m s  
o f  t l i e  c u t - o f f  f r e q u e n c y .
H o w e v e r ,  ■ a n  a u t o c o r r e l a t i o n  f u n c t i o n  o b t a in e d  f r o m  s e q u e n t i a l l y  
s a m p le d  d a t a ,  w o u ld  m is s  t h e  c o e f f i c i e n t s  l y i n g  i n  t h e  r a n g e  R (0 ) -+
R ( A T ) . T h e s e  m is s in g  v a l u e s  c o u ld  b e  g iv e n  e s t im a t e s  b y  t h e  m e th o d  
i n t r o d u c e d  i n  S to n e  ( 1 9 7 8 ) ,  p r o v i d e d  t h a t  t h e  r a t i o  A T /A t  i s  a n  
i n t e g r a l  n u m b e r .  I t  i s  b e c a u s e ,  o n l y  i n  t h i s  c a s e  a n  a u t o c o r r e l a t i o n  
m a t r i x  c o m p r is in g  e q u i - s p a c e d  c o e f f i c i e n t s ,  w o u ld  b e  fo r m e d  a n d  
u s e d  t o  e s t i m a t e  t h e  m is s in g  v a l u e s .
T h e  s e q u e n t i a l  s a m p l in g  sch em e w o u ld ,  t h e r e f o r e ,  p r o v i d e  m ean s o f  
o b t a i n i n g  s p e c t r a l  e s t im a t e s  w i t l i  a  d e s i r e d  c u t - o f f  f r e q u e n c y ,  w h e n  
t h e r e  a r e  r e s t r i c t i o n s  o n  t h e  m in im u m  a l l o w a b l e  s a m p l in g  i n t e r v a l .
T l ie  e s t i m a t i o n  o f  t l i e  a u t o c o r r e l a t i o n  f u n c t i o n  f r o m  s e q u e n t i a l l y  
s a m p le d  d a t a  w as  t h e n  c o n s id e r e d  a n d  i t s  a p p ro a c h  w as d is c u s s e d .  I t  
w as s e e n  t h a t  d u e  t o  t h e  a r i t h m e t i c a l  in c r e m e n t  o f  t h e  s a m p l in g  
i n t e r v a l s ,  t h e  d a t a  h a d  t o  b e  a r r a n g e d  i n  s e q u e n c e s ;  t h e  l a g  p r o d u c t s  
h a d  t o  b e  c o m p u te d  i n  e a c h  s e q u e n c e  a n d  t h e n  t h e  a v e r a g e  v a l u e s  c o u ld  
b e  o b t a in e d  f r o m  c o n t r i b u t i o n s  o f  v a r i o u s  s e q u e n c e s .  T lie  n u m b e r o f  
s a m p le  v a lu e s  r e q u i r e d  i n  e a c h  s e q u e n c e  w as  d e t e r m in e d  b y  t h e  m axim um  
d e s i r a b l e  t im e  d e l a y  a n d  t h e  r a t i o  A T /A t ; t h i s  w as g iv e n  i n  te r m s  o f  
t l i e  l a t t e r  p a r a m e t e r s .  I n  e a c h  s e q u e n c e ,  t h e  l a g  p r o d u c t s  c o u ld  
b e  o b t a in e d  f r o m  t h e  d a t a  a n d  t h e  s p e c i f i c a t i o n s  f o r  t h i s  w e r e
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g i v e n ,  w h ic h  w o u ld  a v o i d  c o m p u t a t io n  o f  t h e  l a g  p r o d u c t s  c o r r e s p o n d in g  
t o  t im e  d e la y s  e x c e e d in g  t h e  m axim um  r e q u i r e d  v a l u e .
I t  w as a l s o  o b s e r v e d  t h a t  t h e  n o r m a l i z a t i o n  o f  t h e  a u t o c o v a r ia n c e  
f u n c t i o n  ( i . e .  t h e  d i v i s i o n  b y  t h e  v a l u e  a t  z e r o  t im e  d e l a y )  s h o u ld  
t a k e  p l a c e  a t  t h e  e n d  a n d  n o t  i n  e a c h  s e q u e n c e .
M o r e o v e r ,  t h e  d i g i t a l  c o m p u te r  s i m u l a t i o n s  o f  t h e  f i r s t  a n d  
s e c o n d  o r d e r  G a u s s ia n  p r o c e s s e s ,  w i t h  kn o w n  a u t o c o r r e l a t i o n  f u n c t i o n s ,  
w e r e  u s e d  f o r  e m p i r i c a l  i n v e s t i g a t i o n s  o f  t h e  s e q u e n t i a l  s a m p l in g .
S in c e  t h i s  s a m p l in g  sch em e g iv e s  m is s in g  i n i t i a l  c o e f f i c i e n t s ,  t h e  
i n i t i a l  c o e f f i c i e n t s  e s t i m a t i o n  m e th o d  h a d  t o  b e  a p p l i e d  t o  a s s ig n  
v a l u e s  t o  th e m . T h e r e f o r e ,  t h e  s i m u l a t i o n  s t u d ie s  c o u l d ,  i n  a d d i t i o n ,  
p r o v i d e  some e m p i r i c a l  c o n s i d e r a t i o n s  o f  t h e  l a t t e r .
T h e  s i m u l a t i o n  s t u d i e s  a p p e a r e d  t o  i n d i c a t e  t h a t  t h e  a c c u r a c i e s  
o f  t h e  e s t im a t e d  c o e f f i c i e n t s  w e r e  d e p e n d e n t  o n  t h e  s a m p le  s i z e  b e in g  
u s e d .  I n  f a c t ,  i n  s e q u e n t i a l  s a m p l in g ,  a l t h o u g h  t h e  t o t a l  s a m p le  s i z e  
(u s e d  b y  r e p e a t i n g  t h e  s e q u e n c e )  m ay b e  r e l a t i v e l y  l a r g e  b u t  t h e  t o t a l  
n u m b e r o f  c o n t r i b u t i o n s  t o  m o s t  o f  t h e  l a g  v a l u e  e s t i m a t e s  c o u ld  r e m a in  
r e l a t i v e l y  s m a l l .  T h i s  w as b e c a u s e ,  i n  e a c h  s e q u e n c e ,  t h e  n u m b e r  
o f  c o n t r i b u t i o n s  t o  m o s t  o f  t h e  l a g  v a l u e  e s t im a t e s  c o u ld  b e  o n l y  o n e  
o r  tw o .  H o w e v e r ,  a  r e a s o n a b le  t o t a l  s a m p le  s i z e  c o u ld  y i e l d  s a t i s f a c t o r y  
a u t o c o r r e l a t i o n  e s t i m a t e s .
T h e  c o m p a r is o n  o f  t h e  a u t o c o r r e l a t i o n  e s t im a t e s  o b t a in e d  f r o m  
s e q u e n t i a l l y  s a m p le d  d a t a  w i t h  t h o s e  o b t a in e d  f r o m  t h e  e q u i - s p a c e d  d a t a  
sh o w e d  t h a t ,  i n  s e q u e n t i a l  s a m p l in g  t h e  e s t im a t e s  a r e  l e s s  c o r r e l a t e d .
I n  f a c t ,  d e s p i t e  t h e  u n i f o r m  s a n p l i n g ,  t h e  e s t im a t e s  a p p e a r e d  t o  s c a t t e r  
a b o u t  t h e  t r u e  c u r v e s  a n d  d i d  n o t  p r o d u c e  d e c e p t i v e l y  s m o o th  a p p e a r a n c e s .  
I t  w as s u g g e s te d  t h a t  f u r t h e r  r e s e a r c h  s h o u ld  b e  u n d e r t a k e n  on  t h e  
v a r i a b i l i t i e s  o f  t h e  a u t o c o r r e l a t i o n  e s t im a t e s  f r o m  s e q u e n t i a l l y  
s a m p le d  d a t a .
T h e  a c c u r a c ie s  o f  t h e  e s t im a t e s  g iv e n  t o  t h e  m is s in g  i n i t i a l  
c o e f f i c i e n t s  w e r e  o b s e r v e d  t o  b e  d e p e n d e n t  o n  t h e  a c c u r a c i e s  o f  th o s e
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o b t a in e d  f r o m  t h e  d a t a .  I n  t h e  c a s e  o f  u s in g  r e a s o n a b le  s a m p le  s i z e s ,  
t h e  e s t im a t e s  g iv e n  t o  t h e  m is s in g  v a l u e s  w e re  s a t i s f a c t o r y ;  e v e n  
th o u g h  t h e  e s t im a t e s  o f  t h o s e  c o e f f i c i e n t s  u s in g  t h e  v a l u e s  a s s ig n e d  
t o  o t h e r  m is s in g  c o e f f i c i e n t s  b e a r e d  s l i g h t l y  l e s s  a c c u r a c i e s .  I n  
f a c t ,  w h e n  a  s m a l l  n u m b e r  o f  d a t a  s e q u e n c e s  w e re  u s e d  a n d  h i g h l y  
i n a c c u r a t e  ( s c a t t e r e d )  a u t o c o r r e l a t i o n s  w e r e  o b t a in e d ,  n o  e s t im a t e s  
c o u ld  b e  g iv e n  t o  t h e  m is s in g  v a l u e s .  I t  w as n o t e d  t h a t  w h e n  t h i s  i s  
t h e  c a s e ,  t h e  e s t i m a t i n g  p r o g r a m  w o u ld  n o t i f y  t h a t  n o  v a l u e s  m ay b e  
a s s ig n e d  t o  t h e  m is s in g  v a lu e s  t o  m a i n t a i n  t l i e  c o r r e s p o n d in g  
a u t o c o r r e l a t i o n  m a t r i x  n o n - n e g a t i v e  d e f i n i t e .
I t  i s ,  t h e r e f o r e ,  e s s e n t i a l  t o  o b t a i n  r e a s o n a b ly  a c c u r a t e  
e s t im a t e s  f r o m  t h e  d a t a ,  i n  o r d e r  t o  e n a b le  t h e  a s s ig n m e n t  o f  t h e  
m is s in g  v a l u e s .  U n f o r t u n a t e l y ,  t h e  s e q u e n t i a l  s a m p l in g  i s  a  s lo w  
p r o c e s s  a n d  t h e  l a r g e r  t h e  m axim um  t im e  d e l a y  r e q u i r e d  f o r  t h e  
a u t o c o r r e l a t i o n  f u n c t i o n  e s t i m a t e s ,  t h e  s lo w e r  w o u ld  b e  t l i e  s a m p lin g  
p r o c e s s .  N e v e r t h e l e s s ,  i t  h a d  b e e n  n o t e d  e a r l i e r ,  i n  C h a p t e r  9 ,  t h a t  
f o r  e s t i m a t i o n  o f  t h e  m is s in g  c o e f f i c i e n t s ,  o n l y  a  p o r t i o n  o f  t h e  
a u t o c o r r e l a t i o n  f u n c t i o n  c a n  s u f f i c e .
I n  f a c t ,  w h e n  t h e  kn o w n  p o r t i o n  o f  t h e  f u n c t i o n  i s  n o t  s u f f i c i e n t ,  
i t  w o u ld  b e  n o t i f i e d  b y  t h e  e s t i m a t i n g  p r o g r a m . H o w e v e r ,  w h e n  t l i e  
m is s in g  c o e f f i c i e n t s  a r e  g iv e n  e s t i m a t e s ,  t h e n  t l i e  f u n c t i o n  h a s  b e e n
m ade t o  a p p r o x im a t e  t h e  p r o p e r t i e s  t h a t  t h e  e x t r a p o l a t i o n  i s  b a s e d  
u p o n  a n d  t h e r e  w i l l  n o t  b e  a n y  n u m e r ic a l  p ro b le m s  i n  e x t r a p o l a t i n g  t h e  
f u n c t i o n ;  S to n e  ( 1 9 7 8 ) .  T h e r e f o r e ,  i t  w as s u g g e s te d  t h a t  b y  o b t a i n i n g  
a  p o r t i o n  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  a n d  g i v i n g  e s t im a t e s  t o  t h e  
m is s in g  v a l u e s ,  t h e  f u n c t i o n  m ay b e  e x t r a p o l a t e d  a n d  u s e d  f o r  s p e c t r a l  
e s t i m a t i o n .  T h is  w o u ld  p r o v i d e  a  m o re  a c c u r a t e  e s t i m a t i o n  o f  t h e  
a u t o c o r r e l a t i o n  f u n c t i o n  a n d  t h e  s p e c t r u m  w i t h  l e s s  s a m p l in g  t im e  a n d  
c o s t s .
H o w e v e r ,  t h e  r e q u i r e d  n u m b e r o f  c o e f f i c i e n t s  w o u ld  b e  e x p e c t e d  t o  
d e p e n d  o n  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  a n d  t h e  s a m p l in g  p e r i o d  a n d
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d o e s  n o t  a p p e a r  t o  b e  p r e d i c t a b l e  i n  a d v a n c e .  As i t  w as p o i n t e d  o u t ,  
t h e  i n s u f f i c i e n c y  o f  t h i s  m ay o n l y  b e  fo u n d  a f t e r  a t t e m p t i n g  t o  
e s t i m a t e  t h e  m is s in g  v a l u e s .  N o n e t h e le s s ,  i t  h a s  b e e n  n o t e d  e a r l i e r  
i n  t h i s  t h e s i s ,  a n d  a l s o  i n  S to n e  ( 1 9 7 8 ) ,  t h a t  f o r  b o t h  t h e  i n t e r p o l a t i o n  
a n d  e x t r a p o l a t i o n  t h e  kn o w n  p o r t i o n  o f  t h e  f u n c t i o n  s h o u ld  b e  
s u f f i c i e n t  t o  d e f i n e  i t s  s h a p e .
T h e  s i m u l a t i o n  s t u d i e s  w e r e  t h e n  u s e d  t o  c o n s i d e r  t h e  i n c o r p o r a t i o n  
o f  e x t r a p o l a t i o n  m e th o d . I t  w as  o b s e r v e d  t h a t  a  r e a s o n a b le  t o t a l  
s a m p le  s i z e  (d e p e n d in g  o n  t h e  n u m b e r o f  l a g  v a lu e s  b e in g  o b t a in e d  f r o m  
d a t a )  c o u ld  g i v e  s a t i s f a c t o r y  a u t o c o r r e l a t i o n  a n d  s p e c t r a l  e s t i m a t e s .
I n  f a c t ,  t h e  e x t r a p o l a t e d  v a l u e s  w e r e  s e e n  t o  b e a r  t h e  i m p e r f e c t i o n s  
o f  c o e f f i c i e n t s  e s t im a t e d  f r o m  t l i e  d a t a  a n d  t h e  a s s ig n m e n ts  m ade t o  
t h e  m is s in g  v a l u e s .  Some o f  t h e  r e s u l t i n g  s p e c t r a  a l s o  r e f l e c t e d  
t h e s e  i n a c c u r a c i e s  a n d  a l t h o u g h  w e r e  n o t  e x a c t ,  b u t  a p p e a r e d  t o  b e  
s a t i s f a c t o r y  s p e c t r a l  e s t im a t e s  t h a t  w o u ld  b e  o b t a in e d  e x p e r i m e n t a l l y .
F i n a l l y ,  t l i e  c o n t r i b u t i o n  o f  t h e  s e q u e n t i a l  s a m p l in g  i n  o b t a i n i n g  a  
d e s i r e d  c u t - o f f  f r e q u e n c y  w as  d e m o n s t r a t e d  b y  c o n s i d e r i n g  a  s i m u l a t i o n
e x a m p le .  I t  w as o b s e r v e d  t h a t  u s in g  t h e  m in im u m  a l l o w a b l e  s a m p l in g  
i n t e r v a l ,  i n  u n i f o r m  s a m p l in g ,  c o u ld  l e a d  t o  a n  a l i a s e d  s p e c t r u m  a n d  
t l i e  p r o b le m  w as  t h e n  r e d u c e d  b y  a p p ly in g  t l i e  s e q u e n t i a l  s a m p l in g .  T h e  
e x t r a p o l a t i o n  m e th o d  h a d  a l s o  b e e n  i n c o r p o r a t e d  i n  o r d e r  t o  e x t e n d  t h e  
a u t o c o r r e l a t i o n  f u n c t i o n  f o r  s p e c t r a l  e s t i m a t e s .
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T h i s  t h e s i s  h a s  c o n s id e r e d  some o f  t h e  p r o b le m s  e n c o u n t e r e d  i n  
a n a l y s i s  o f  t h e  s t a t i o n a r y  t im e  s e r i e s .  M o s t  o f  t h e s e  p r o b le m s  
r e q u i r e d  e m p i r i c a l  i n v e s t i g a t i o n s  a n d  d e m o n s t r a t io n s .  T h e  d i g i t a l  
c o m p u te r  s i m u l a t i o n s  o f  t h e  f i r s t  a n d  s e c o n d  o r d e r  G a u s s ia n  ra n d o m  
p r o c e s s e s ,  w i t h  kn o w n  a u t o c o r r e l a t i o n  f u n c t i o n s ,  w e r e  e m p lo y e d  f o r  
t h e  e m p i r i c a l  e x a m in a t io n s .  Some a n a l y t i c a l  s t u d ie s  w e r e  a l s o  
u n d e r t a k e n  a n d  r e p o r t e d .
T h e  m e th o d  o f  s i m u l a t i n g  G a u s s ia n  p r o c e s s e s  w i t h  p r e s c r i b e d  
a u t o c o r r e l a t i o n  f u n c t i o n s ,  u s e d  i n  t h i s  t h e s i s ,  w as  b a s e d  o n  p a s s in g  
w h i t e  n o i s e  t h r o u g h  l i n e a r  f i l t e r s .  T h e  d e s ig n  p r o c e d u r e  o f  t h e  
f i l t e r  c h a r a c t e r i s t i c s  w as d is c u s s e d  a n d  t h e  r e q u i r e d  f i l t e r  t r a n s f e r  
f u n c t i o n s ,  f o r  t h e  f i r s t  a n d  s e c o n d  o r d e r  G a u s s ia n  p r o c e s s e s ,  w e r e  
o b t a i n e d .  T h e  d i s c r e t e  d a t a  c o u ld  b e  s im u l a t e d  o n  a  d i g i t a l  c o m p u te r  
b y  e x c i t i n g  t h e  f i l t e r s  w i t h  d i s c r e t e  w h i t e  n o is e  a n d  s a m p l in g  t h e  
r e s p o n s e .  T h e  g e n e r a t i o n  o f  d i s c r e t e  w h i t e  n o i s e  a n d  t h e  a p p r o a c h  t o  
o b t a i n i n g  t h e  r e c u r r e n c e  e q u a t io n s  ( f r o m  t h e  f i l t e r  c h a r a c t e r i s t i c s )  
w e r e  d is c u s s e d  a n d  t h e  e q u a t io n s  w e r e  g iv e n  f o r  t h e  f i r s t  a n d  s e c o n d  
o r d e r  p r o c e s s e s .  T h e  d a t a  w e r e  s i m u l a t e d  o n  a  d i g i t a l  c o m p u te r  a n d  
t h e  e s t im a t e d  a u t o c o r r e l a t i o n s  w e r e  c o m p a re d  w i t h  t h e  e x p e c t e d  f u n c t i o n s  .
T h e  s t a t i s t i c a l  e r r o r s  i n  t h e  d i g i t a l  e s t i m a t i o n  o f  p r o b a b i l i t y  
d e n s i t y  f u n c t i o n s  w e r e  c o n s id e r e d  f i r s t .  T h e  e s t im a t e  e r r o r  w as s e e n  t o  b e  
co m p o se d  o f  a  ra n d o m  p o r t i o n  a n d  a  b i a s  t e r m .  T h e  f o r m e r  w as fo u n d  
t o  b e  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  s q u a r e  r o o t  o f  t h e  p r o d u c t  o f  
s a m p le  s i z e ,  w in d o w  s i z e  a n d  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n .  T h e  
c o n s t a n t  o f  p r o p o r t i o n a l i t y  w a s ,  t h e o r e t i c a l l y ,  e x p e c t e d  t o  b e  u n i t y  
f o r  u n c o r r e l a t e d  d a t a  a n d  b e i n g  d e p e n d e n t  o n  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n  a n d  s a m p l in g  i n t e r v a l  o t h e r w i s e .  T h e  e r r o r  a n a l y s i s  w as
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t h e n  a p p l i e d  t o  t h e  c a s e s  o f  u n i f o r m  a n d  s t a n d a r d  G a u s s ia n  d e n s i t y  
f u n c t i o n s ;  t h e  b i a s  t e r m  w as z e r o  f o r  t h e  f o r m e r  a n d  n e g l i g b l y  s m a l l  
f o r  t h e  l a t t e r  c a s e .
T h e  e s t im a t e  e r r o r  w as  f u r t h e r  i n v e s t i g a t e d  b y  d i g i t a l  c o m p u te r  
s i m u l a t i o n s .  U n c o r r e l a t e d  ra n d o m  v a r i a b l e s ,  f r o m  t h e  u n i f o r m  a n d  
s t a n d a r d  G a u s s ia n  d i s t r i b u t i o n s ,  w e r e  s i m u l a t e d  a n d  i t  w as fo u n d  t h a t  
t h e  o v e r a l l  a v e r a g e  v a l u e  o b t a in e d  e m p i r i c a l l y  f o r  t l i e  c o n s t a n t  o f  
p r o p o r t i o n a l i t y  w as  c l o s e  t o  u n i t y .  T h e  c o r r e l a t e d  d a t a ,  w i t h  kn o w n  
a u t o c o r r e l a t i o n  f u n c t i o n s ,  w e r e  a l s o  s im u l a t e d  a n d  t h e  c o n s t a n t  o f  
p r o p o r t i o n a l i t y  w as s e e n  t o  b e  d e p e n d e n t  o n  t h e  a s s o c i a t e d  a u t o c o r r e l a t i o n  
f u n c t i o n  a n d  s a m p l in g  p e r i o d .  I n  t h e  c a s e  o f  t h e  c o r r e l a t e d  d a t a ,  
t h e r e f o r e , a n  e m p i r ic a l  v a l u e  c o u ld  n o t  b e  s u g g e s te d  f o r  t h e  p r o p o r t i o n a l i t y  
c o n s t a n t .
T h e  s t a t i s t i c a l  p r o p e r t i e s  o f  t h e  a u t o c o r r e l a t i o n  e s t i m a t e s ,  
o b t a i n e d  f r o m  u n i f o r m l y  s a m p le d  d a t a ,  w e r e  s t u d i e d .  T h e  c o r r e s p o n d in g  
t h e o r e t i c a l  r e s u l t s  w e r e  d is c u s s e d .  F u r t h e r m o r e ,  t h e  s a m p l in g  f e a t u r e s  
o f  t h e  a u t o c o r r e l a t i o n  e s t im a t e s  w e r e  d e m o n s t r a t e d  a n d  t h e  p r a c t i c a l  
i m p l i c a t i o n s  o f  t h e  t h e o r e t i c a l  r e s u l t s  w e r e  i l l u s t r a t e d ,  u s in g  t h e  
d i g i t a l  c o m p u te r  s i m u l a t i o n s  o f  G a u s s ia n  ra n d o m  d a t a  w i t h  kn o w n  
a u t o c o r r e l a t i o n  f u n c t i o n s .  I t  w a s  f o u n d  t h a t ,  a s  a  c o n s e q u e n c e  o f
t h e  e s t im a t e  e r r o r s  b e in g  c o r r e l a t e d ,  t h e  a u t o c o r r e l a t i o n  e s t im a t e s  f o r  
l a g  t i m e s ,  s a y ,  l e s s  t h a n  a b o u t  2 5 1  o f  t h e  t o t a l  r e c o r d  l e n g t h ,  w o u ld  
n o t  l i e  ra n d o m ly  a b o u t  t h e  t r u e  f u n c t i o n  a n d  c o u ld ,  t h e r e f o r e ,  p r o d u c e  
a  d e c e p t i v e l y  s m o o th  a p p e a r a n c e .  A t  l a r g e r  t im e  d e l a y s ,  t h e  e s t im a t e d  
a u t o c o r r e l a t i o n  f u n c t i o n s  b e g a n  t o  d e v i a t e  c o n s i d e r a b l y  f r o m  t h e  t r u e  
f u n c t io n s  a n d ,a s  t h e  n u m b e r o f  c r o s s  p r o d u c t s  c o n t r i b u t i n g  t o  t h e  e s t im a t e s
d i m in i s h e d ,  t h e  d e v i a t i o n s  b e tw e e n  t h e  e s t i m a t e d  a n d  t r u e  f u n c t io n s  
f u r t h e r  i n c r e a s e d .
B a r t l e t t ’ s f o r m u l a ,  g i v i n g  t h e  v a r i a b i l i t y  o f  t h e  a u t o c o r r e l a t i o n  
e s t i m a t e s ,  w as a l s o  c o n s id e r e d  a n d  c o m p a re d  w i t h  t h e  e m p i r i c a l  e r r o r s .
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I t  w as fo u n d  t o  g iv e  a  g o o d  g u id e  t o  ^ h e  o r d e r  o f  m a g n itu d e  o f  t h e  
e r r o r s .  T h e  p o s s i b i l i t i e s  o f  im p o s in g  s i m p l i f i c a t i o n s  o n  t h e  B a r t l e t t ' s  
f o r m u la  w e r e  t h e n  c o n s i d e r e d .  A  m o d e l w as s u g g e s te d  f o r  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n ,  t h a t  c o u ld  a p p ly  t o  b o t h  s im p le  a n d  o s c i l l a t o r y  d e c a y in g  
f u n c t i o n s .  T h e  s i m p l i f i e d  f o r m u la  c o u ld  i n c o r p o r a t e  a n  i n f o r m a t i o n  
a b o u t  t h e  r a t e  o f  d e c a y  o f  t h e  f u n c t i o n .  I n  f a c t ,  a  m o d e l o f  t l i e  fo r m  
e x p ( - c x )  w as s u g g e s te d  t o  b e  a s s u m e d  f o r  t h e  e n v e lo p e  o f  t h e  f u n c t i o n ,  
w h e re  t h e  c o n s t a n t  c  w o u ld  b e  o b t a i n a b l e  f r o m  t h e  i n i t i a l  a u t o c o r r e l a t i o n  
e s t i m a t e s .  T h e  s i m u l a t i o n  s t u d i e s  w e r e  i n d i c a t i v e  t h a t  t h i s  c a n  b e  
a  u s e f u l  a p p r o x im a t io n  f o r  t h e  a s s e s s m e n t  o f  t l i e  o r d e r  o f  m a g n itu d e  o f  
t h e  e r r o r s .
I n  t h e  l i g h t  o f  f u r t h e r  u n d e r s t a n d in g  o f  t h e  s a m p l in g  p r o p e r t i e s  
o f  t h e  a u t o c o r r e l a t i o n  e s t i m a t e s ,  som e e m p i r i c a l  i n v e s t i g a t i o n s  o f  
t h e  m axim um  d e t e r m i n a n t  m e th o d  o f  a u t o c o r r e l a t i o n  f u n c t i o n  e x t r a p o l a t i o n ,  
w e r e  u n d e r t a k e n .  T lie  d i g i t a l  c o m p u te r  s i m u l a t i o n s  o f  t h e  f i r s t  a n d  
s e c o n d  o r d e r  G a u s s ia n  p r o c e s s e s  w i t h  kn o w n  a u t o c o r r e l a t i o n  f u n c t io n s  
w e r e  e m p lo y e d  u s in g  v a r i o u s  s a m p le  s i z e s  a n d  t r u n c a t i o n  p o i n t s .  T h e  
d i s c r e t e  t r u n c a t e d  f u n c t i o n s ,  o b t a i n e d  f r o m  t h e  d a t a ,  w e r e  u s e d  t o  
e x t r a p o l a t e  t h e  f u n c t i o n s  t o  d e c a y  a n d  t h e n  e s t i m a t e  t h e  s p e c t r a .  I n  
a d d i t i o n ,  some e x a c t  a u t o c o r r e l a t i o n  f u n c t i o n s  w e r e  a l s o  e m p lo y e d  f o r  
f u r t h e r  d e m o n s t r a t io n s .  T h e  e x t r a p o l a t i o n  m e th o d  w as c o n s id e r e d  i n  
r e l a t i o n  t o  i t s  a p p l i c a t i o n  t o  t h e  e s t im a t e d  a u t o c o r r e l a t i o n  f u n c t i o n s .
I t  w as a t t e m p t e d  t o  a p p r o a c h  a n a l y t i c a l l y  a n  e x p r e s s io n  f o r  t h e  
e x t r a p o l a t i o n  e r r o r s  b u t ,  u n f o r t u n a t e l y ,  n o  p r o g r e s s  w as made w i t h  t h i s .  I t  
w as d i f f i c u l t  t o  s e e  how  an  e m p i r ic a l  a p p r o a c h  c o u ld  b e  b e s t  c a r r i e d  o u t  
a n d  t h e  a p p r o a c h  a d o p te d  i n  t h i s  t h e s i s  w as a n  h e u r i s t i c  a p p r o a c h .
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I t  was seen th a t an a u to co rre la tio n  function estim ated from a small
s a m p le  s i z e ,  c o u ld  a p p a r e n t l y  b e  s u c c e s s f u l l y  e x t e n d e d  b y  t h e  
a p p l i c a t i o n  o f  t h e  e x t r a p o l a t i o n  m e th o d . I t  w as  n o t e d  
t h a t  n o  r i n g i n g  o r  n e g a t i v e  lo b e s  w e r e  p r e s e n t  i n  t h e  s p e c t r a  o b t a in e d  
f r o m  t h e  e x t e n d e d  a u t o c o r r e l a t i o n  f u n c t i o n s ,  e v e n  w h e n  u s in g  a  s m a l l  
s a m p le  s i z e  t o  e s t i m a t e  t h e  t r u n c a t e d  f u n c t i o n .  N e v e r t h e l e s s ,  i n  t h e  
c a s e s  t h a t  s m a l l  a n d  r e l a t i v e l y  s m a l l  s a m p le  s i z e s  w e r e  u s e d ,  t h e  
i n a c c u r a c i e s  o f  t h e  i n i t i a l  a u t o c o r r e l a t i o n  e s t im a t e s  w e r e  r e f l e c t e d  
i n  e r r o r s  i n  t h e  r e s u l t i n g  s p e c t r a .
T h e  r e l i a b i l i t y  o f  t h e  e x t r a p o l a t e d  v a l u e s  a n d  a n  o p tim u m  c h o ic e  
o f  t h e  t r u n c a t i o n  p o i n t ,  h a d  t o  b e  c o n s id e r e d  f r o m  tw o  p o i n t s  o f  v i e w :  
t h e  m in im u m  n u m b e r o f  l a g  v a l u e s  r e q u i r e d  f o r  a  s a t i s f a c t o r y  
e x t r a p o l a t i o n  a n d  t h e  e r r o r  m a g n itu d e s  i n  t h e  e x t r a p o l a t e d  v a l u e s .
F o r  t h e  f i r s t  v i e w p o i n t ,  t h e  r e l i a b i l i t y  t e s t  d is c u s s e d  b y  S to n e  ( 1 9 7 8 )  
w as c o n s id e r e d ;  t h e  c r i t e r i o n  b e i n g  t h a t  t h e  q u a n t i t y  B , g iv e n  b y  
e q u a t i o n  ( 6 . 2 . 5 ) ,  s h o u ld  e s t a b l i s h  a t  u n i t y  a n d  e x t r a p o l a t i o n  s h o u ld  
n o t  t a k e  p la c e  f r o m  a  m a t r i x  d im e n s io n  t h a t  h a s  n o t  s a t i s f i e d  t h i s  
t e s t .  T h e  e m p i r i c a l  r e s u l t s  i n d i c a t e d  t h a t  B a p p r o a c h e d  u n i t y  a n d  
t h e  r e l a t i v e l y  h ig h  i n a c c u r a c i e s  o f  t h e  a u t o c o r r e l a t i o n  e s t im a t e s  d i d  
n o t  c a u s e  B t o  d e s t a b i l i z e ;  o n l y  a  m in o r  f l u c t u a t i o n  o f  t h e  p o i n t s  
c o u ld  b e  o b s e r v e d .  N e v e r t h e l e s s ,  i t  w as n o t e d  t h a t  a l t h o u g h  t h e  
a u t o c o r r e l a t i o n  e s t im a t e s  ( f r o m  a  s m a l l  s a m p le  s i z e )  w o u ld  t h e m s e lv e s  
p r o d u c e  a  d e c e p t i v e l y  s m o o th  a p p e a r a n c e ,  b u t  t h e  f l u c t u a t i o n s  i n  t h e  
B p l o t s  c o u ld  s i g n i f y  t h e  f a c t  t h a t  t h e  e s t im a t e s  w e r e  i n a c c u r a t e .
T h e  e x t r a p o l a t i o n  r o o t  m ean  s q u a r e  e r r o r s  w e r e  c o m p u te d  f r o m  
c o n t r i b u t i o n s  o f  v a r i o u s  d a t a  s e q u e n c e s ,  i n  o r d e r  t o  e x a m in e  t h e  
e x p e c t e d  e r r o r  m a g n itu d e s  e m p i r i c a l l y .  I t  w as i n t e r e s t i n g  t o  n o t e  
t h a t  t h e  e x t r a p o l a t i o n  e r r o r s  sh o w e d  a  d e c a y in g  t r e n d ,  w h ic h  w as i n  
c o n t r a r y  t o  t h e  B a r t l e t t  c u r v e .  I n  f a c t ,  t h e  e r r o r s  i n  t h e  f i r s t  
f e w  e x t r a p o l a t e d  v a l u e s ,  f o l l o w i n g  t h e  kn o w n  c o e f f i c i e n t s ,  r e a d i e d  a  
p e a k  s l i g h t l y  h i g h e r  t h a n  t h e  e r r o r  i n  t h e  l a s t  kn o w n  c o e f f i c i e n t  a n d  
t h e n  d e c r e a s e d .  T h e  d e c a y in g  p a t t e r n  o f  e r r o r s  w as s e e n  t o  b e
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o s c i l l a t o r y ;  f o r  t h e  c o s i n u s o i d  a u t o c o r r e l a t i o n  f u n c t i o n  a n d  m o n o t o n ic  ■ 
f o r  t h e  e x p o n e n t i a l  f u n c t i o n .
H o w e v e r ,  t h e . e x t r a p o l a t i o n  e r r o r s  w e r e  fo u n d  t o  d e p e n d  o n  t h e  t r u n c a t i o n
p o i n t ,  a n d ,  s u r p r i s i n g l y ,  i n c r e a s e d  a s  m o re  kn o w n  e s t im a t e s  w e r e  u s e d  f o r  
e x t r a p o l a t i o n .  N o n e t h e l e s s ,  t h e  m in im u m  n u m b e r o f  r e q u i r e d  l a g  
v a l u e s  s h o u ld  b e  r e s t r i c t e d  b y  t l i e  r e l i a b i l i t y  t e s t .  T h e r e f o r e ,  i t  
a p p e a r e d  t h a t  w h i l e  t h e  r e l i a b i l i t y  t e s t  h a s  i n d i c a t e d  t h e  m axim um  
n u m b e r  o f  r e q u i r e d  c o e f f i c i e n t s ,  e x t r a p o l a t i o n  w o u ld  b e s t  t a k e  p l a c e  
b y  t r u n c a t i n g  c l o s e  t o  t h e  m in im u m  r e q u i r e m e n t .  I t  w as  a l s o  o b s e r v e d  
t h a t  s t a r t i n g  t h e  e x t r a p o l a t i o n  b e lo w  t l i e  m in im u m  r e q u i r e m e n t ,  c o u ld  
l e a d  t o  h i g h l y  i n a c c u r a t e  r e s u l t s .
T h e  s i m u l a t i o n  s t u d i e s  a l s o  a p p e a r e d  t o  i n d i c a t e  t h a t  t h e  
e x p e c t e d  o r d e r  o f  m a g n i t u d e  o f  t h e  m axim u m  e r r o r  i n  t h e  e x t r a p o l a t e d  
v a l u e s  w o u ld  b e  s l i g h t l y  h i g h e r  t h a n  t h a t  o f  t h e  t r u n c a t i o n  p o i n t .
T h e  l a t t e r  m ay b e  a s s e s s e d  f r o m  B a r t l e t t ’ s f o r m u l a .  I t  w a s  a l s o  
d e m o n s t r a t e d  t h a t  b y  s u b t r a c t i n g  t h e  e r r o r  m a g n i t u d e s ,  g iv e n  b y  
B a r t l e t t ’ s f o r m u l a ,  f r o m  t h e  k n o w n  e s t im a t e s  a n d  e x t r a p o l a t i n g  t h e  
r e s u l t i n g  f u n c t i o n ,  t h e  a b s o l u t e  v a l u e  o f  t h e  d i f f e r e n c e s  b e tw e e n  t h e s e  
e x t r a p o l a t e d  v a l u e s  a n d  t h o s e  o b t a i n e d  f r o m  t h e  k n o w n  e s t im a t e s  c o u ld  
y i e l d  a n  a p p r o x im a t e  a s s e s s m e n t  o f  t h e  e x t r a p o l a t i o n  e r r o r  m a g n i t u d e s .
I t  w as  e x p l a i n e d  t h a t  t h e  e r r o r  m a g n i t u d e s  w e r e  p r e f e r a b l y  r e d u c e d  f r o m  
t h e  k n o w n  e s t i m a t e s  r a t h e r  t h a n  b e i n g  a d d e d  t o  th e m , i n  o r d e r  t o  lce ep  
t h e  a u t o c o r r e l a t i o n  m a t r i x  n o n - n e g a t i v e .
A n  a u t o c o r r e l a t i o n  f u n c t i o n  c o n t a i n i n g  tw o  p e r i o d i c  c o m p o n e n ts ,  
w as a l s o  c o n s i d e r e d  a n d  i t  l a i d  f u r t h e r  e m p h a s is  o n  t h e  a p p l i c a t i o n  
o f  t h e  r e l i a b i l i t y  t e s t  b e f o r e  e x t r a p o l a t i o n  t a k e s  p l a c e .  I t  sh o w e d  
t h a t  u s i n g  l e s s  n u m b e r  o f  l a g  v a l u e s  t h a n  t l i e  r e q u i r e d  m in im u m , c o u ld  
r e d u c e  t l i e  c o n t r i b u t i o n  t o  t l i e  l o w e r  f r e q u e n c y  a n d  i n c r e a s e  t h a t  t o
O v e r a l l ,  i t  w as i n t e r e s t i n g  t o  n o t e  t h a t  e v e n  i n  t h e  c a s e s ■o f  
s m a l l  s a m p le  s i z e s ,  w h i t e  n o is e  a d d i t i o n  d i d  n o t  b eco m e n e c e s s a r y  
a n d  t l i e  a u t o c o r r e l a t i o n  m a t r i c e s  a p p e a r e d  t o  r e m a in  n o n - n e g a t i v e .
T h e  e q u iv a le n c e  o f  t l i e  m axim um  d e t e r m i n a n t  a n d  m axim um  e n t r o p y  
a p p ro a c h e s  w as s h o w n . I n  f a c t ,  t h e  t h e o r e t i c a l  p r o p e r t i e s  o f  t h e  
a u t o c o r r e l a t i o n  m a t r i c e s  w e r e  u s e d  a n d  t h e  m axim um  d e t e r m i n a n t  
e x t r a p o l a t i o n  m e th o d  w as a p p r o a c h e d ,  a r r i v i n g  a t  t l i e  sam e r e s u l t s  
a s  g iv e n  b y  S to n e  ( 1 9 7 8 ) ;  w h i l e  e m p lo y in g  l e s s  c o m p l ic a t e d  m a t r i x  
a l g e b r a  a n d  c o n s i d e r i n g  d e t e r m i n a n t  c a l c u l u s  b y  m a t r i x  p a r t i t i o n i n g .
Some o f  t h e  r e s u l t s  a p p r o a c h e d  i n  t h i s  t h e s i s  w e r e  t h e n  c o m p a re d  w i t h  
t h e  m axim um  e n t r o p y  r e s u l t s ,  g iv e n  b y  B u rg  ( 1 9 7 5 ) ,  a n d  t h e  e q u iv a l e n c e  
o f  m axim um  d e t e r m in a n t  a n d  m axim um  e n t r o p y  a p p r o a c h e s  w as  d e d u c e d .
T h is  w as a l s o  h o p e d  t o  c o n t r i b u t e  i n  a  f u r t h e r  u n d e r s t a n d in g  o f  t l i e  
tw o  m e th o d s . I t  w as f u r t h e r  d e d u c e d  t h a t  t h e  m axim um  d e t e r m i n a n t  ' 
e x t r a p o l a t i o n  c o m p u te r  p r o g r a m ,  g iv e n  b y  S to n e  ( 1 9 7 8 ) ,  c o u ld  a l s o  
b e  u s e d  f o r  t h e  d i r e c t  s p e c t r a l  e s t i m a t i o n  m e th o d  g iv e n  b y  B u rg  
( 1 9 7 5 ) ;  i . e .  w i t h o u t  e x t r a p o l a t i n g  t h e  a u t o c o r r e l a t i o n  f u n c t i o n .
Some e m p i r i c a l  s t u d ie s  o f  t l i e  m e th o d  o f  m axim um  e n t r o p y  s p e c t r a l  
a n a l y s i s  w e r e  a l s o  r e p o r t e d .  T h e  d i g i t a l  c o m p u te r  s i m u l a t i o n s  o f  
t h e  f i r s t  a n d  s e c o n d  o r d e r  G a u s s ia n  p r o c e s s e s  w e re  e m p lo y e d  t o  
e s t im a t e  t r u n c a t e d  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n s ,  w h ic h  w e re  
u s e d  f o r  d i r e c t  e s t i m a t i o n  o f  t h e  m axim um  e n t r o p y  s p e c t r a .  T h e  
i n v e r s e - F o u r i e r  t r a n s f o r m a t i o n s  o f  t h e s e  s p e c t r a  ( t o  t h e  a u t o c o r r e l a t i o n  
d o m a in )  w e r e  a l s o  c o n s i d e r e d .  T lie  s p e c t r a  a n d  t h e  a u t o c o r r e l a t i o n  
r e s u l t s  w e r e  c o m p a re d  w i t h  t h e  c o r r e s p o n d in g  r e s u l t s  y i e l d e d  b y  t h e  
m axim um  d e t e r m i n a n t  m e th o d . T h e  e m p i r i c a l  r e s u l t s  a p p e a r e d  t o  c o n fo r m  
w i t h  t h e  t h e o r e t i c a l  r e s u l t s  a n d  d e m o n s t r a t e d  t h e  e q u iv a l e n c e  o f  t h e  
m axim um  d e t e r m in a n t  a n d  m axim um  e n t r o p y  a p p r o a c h e s .
H o w e v e r ,  t h e  i n v e r s e  t r a n s f o r m a t i o n  o f  t h e  m axim um  e n t r o p y  s p e c t r a  
y i e l d e d  t h e  o r i g i n a l  i n i t i a l  l a g  v a l u e s  e s t im a t e d  f r o m  t h e  d a t a  a n d
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the higher frequency.
u s e d  f o r  s p e c t r a l  e s t i m a t i o n s .  T h i s  w as e x p e c t e d  a n d  u n d e r s t o o d  as
B u rg  ( 1 9 6 7 )  h a s  e x p l a in e d  t h a t  i t  i s  o n e  o f  t h e  c o n s t r a i n t s  u s e d  i n
t h e  m axim um  e n t r o p y  a p p r o a c h .  T h e  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n s  
o b t a in e d  b y  i n v e r s e - t r a n s f o r m a t i o n ,  b e y o n d  t h e  kn o w n  v a l u e s ,  w e r e  
fo u n d  t o  b e  t h e  sam e a s  t h e  e x t r a p o l a t e d  a u t o c o r r e l a t i o n  f u n c t io n s  
o b t a in e d  b y  m axim um  d e t e r m i n a n t  a p p r o a c h .  S i m i l a r  o b s e r v a t i o n s  
w e r e  a l s o  m ade f r o m  t h e  c o m p a r is o n  o f  t h e  c o r r e s p o n d in g  s p e c t r a .
A s a  c o n s e q u e n c e  o f  t h e  e q u iv a l e n c e  b e tw e e n  t h e  tw o  a p p r o a c h e s ,  
t h e  sam e p o i n t s  d is c u s s e d  i n  r e l a t i o n  t o  t h e  e x t r a p o l a t i o n  m e th o d  
w o u ld  b e  a p p l i c a b l e  t o  t h e  m axim um  e n t r o p y  m e th o d ;  e . g .  t h e  r e l i a b i l i t y  
t e s t  a n d  t h e  s e l e c t i o n  o f  t h e  t r u n c a t i o n  p o i n t .
T h e  n e x t  p r o b le m  c o n s id e r e d  w as  t h e  i n i t i a l  c o e f f i c i e n t s
e s t i m a t i o n  m e th o d  a n d ,  i n  p a r t i c u l a r ,  t h e  d im e n s io n s  a t  w h ic h  t h e  
c o m p u t a t io n  o f  t h e  sum EB m ay b e  s t a r t e d ,  r e g a r d i n g  t h e  s e l e c t i o n  o f  
a n  e s t im a t e  f r o m  t h e  a l l o w a b l e  r a n g e .  S im u la t io n s  o f  som e e x a c t  
a u t o c o r r e l a t i o n  f u n c t io n s  w e r e  e m p lo y e d  f o r  t h e  i n v e s t i g a t i o n s .  I t  
w as o b s e r v e d  t h a t  f o r  t h e  e s t i m a t i o n  o f  t h e  m is s in g  i n i t i a l  c o e f f i c i e n t s ,  
a  k n o w le d g e  o f  t h e  w h o le  o f  t h e  r e m a in in g  d i s c r e t e  f u n c t i o n  i s  n o t  
n e c e s s a r y .
I t  w as s e e n  t h a t  i n c r e a s i n g  t h e  n u m b e r o f  kn o w n  l a g  v a lu e s  b e y o n d  a  
m in im u m  r e q u i r e d  n u m b e r , d i d  n o t  i n c r e a s e  t h e  a c c u r a c y  o f  t h e  e s t i m a t e s .  I t  
w as  t h e n  n o t e d ,  a s  i n  t h e  e x t r a p o l a t i o n  c a s e ,  t h a t  i t  i s  n o t  m e r e ly  
t h e  n u m b e r o f  kn o w n  c o e f f i c i e n t s  a f f e c t i n g  t h e  r e l i a b i l i t y  o f  t h e  
e s t im a t e s  b u t  a l s o  t h e  t im e  i n t e r v a l  A x . T h is  i n f e r r e d  t h a t ,  a s  a  
b a s i c  r e q u i r e m e n t ,  a  k n o w le d g e  o f  t h e  s h a p e  o f  t h e  kn o w n  p a r t  o f  t h e  
f u n c t i o n  h a s  t o  b e  p r o v id e d  f o r  a  s a t i s f a c t o i y  e s t i m a t i o n  t o  t a k e  p l a c e .
H o w e v e r ,  t h e  d im e n s io n  a t  w h ic h  t h e  c o m p u t a t io n  o f  EB i s  s t a r t e d ,  
a p p e a r e d  t o  p l a y  a n  i m p o r t a n t  r o l e  i n  t h e  r e l i a b i l i t y  o f  t h e  e s t i m a t e s .
F o r  t h e  d e c a y in g  e x p o n e n t ia l  f u n c t i o n s ,  EB w as c o m p u te d  b y  sum m ing  
t h e  v a l u e s  o f  B a t  e v e r y  d im e n s io n  g r e a t e r  t h a n  2 x 2  a n d  i t  l e d  t o  
s a t i s f a c t o r y  r e s u l t s ;  f o r  t h e s e  f u n c t i o n s ,  B a p p r o a c h e s  u n i t y  a n d
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s t a b i l i z e s  f a i r l y  r a p i d l y .  On t h e  c o n t r a i y ,  w h e n  t h e  a p p r o a c h  o f  B 
t o  u n i t y  w as s lo w ,  t h e  s u m m a tio n  o v e r  e v e r y  d im e n s io n  g r e a t e r  t h a n  2x 2 
d i d  n o t  g i v e . p a r t i c u l a r l y  s a t i s f a c t o r y  r e s u l t s .  T h is  w as d e m o n s t r a t e d  b y  
s i m u l a t i n g  a  d e c a y in g  c o s in u s o id  f u n c t i o n .  F o r  t h i s ,  c o m p u t in g  t l i e  
sum IB  o v e r  o n l y  a  s m a l l  p o r t i o n  o f  t l i e  t o t a l  d im e n s io n  c o u ld  l e a d  
t o  s a t i s f a c t o r y  e s t i m a t e s .  T h e  n u m b e r o f  c o n t r i b u t i o n s  t o  e a c h  sum  
c o r r e s p o n d in g  t o  a n  e s t im a t e  w o u ld  b e  d e p e n d e n t  o n  t h e  e f f e c t i v e  t im e  
i n t e r v a l  A t  ( a s s o c i a t e d  w i t h  e a c h  e s t i m a t e )  a n d  c o u ld  i n c r e a s e  a s  A t  
w as d e c r e a s e d .
T h e r e f o r e ,  t l i e  s i m u l a t i o n  s t u d ie s  a p p e a r e d  t o  s u g g e s t  t h a t  IB  
s h o u ld  b e  c o m p u te d  o v e r  o n l y  a  s m a l l  f r a c t i o n  o f  t h e  t o t a l  m a t r i x  
d im e n s io n  a s s o c i a t e d  w i t h  e a c h  e s t i m a t e ;  e . g .  o n  t l i e  1 , . . .  b a s i s
( d e p e n d in g  o n  how  l a r g e  t h e  m a t r i x  i s )  a n d  n o t  o v e r  e v e r y  d im e n s io n  
g r e a t e r  t h a n  2x 2 .
U n f o r t u n a t e l y ,  u n l i k e  t h e  e x t r a p o l a t i o n  s i t u a t i o n ,  d u e  t o  t h e  
p o s i t i o n  o f  m is s in g  c o e f f i c i e n t s ,  t h e  r e l i a b i l i t y  t e s t  c o u ld  n o t  b e  
a p p l i e d  t o  i n s p e c t  t h e  kn o w n  v a l u e s .  I t  w a s ,  h o w e v e r ,  o b s e iv e d  t h a t  
w h e n  t h e  kn o w n  c o e f f i c i e n t s  a r e  i n s u f f i c i e n t  f o r  t h e  e s t i m a t i o n  t n  
t a k e  p l a c e ,  t h i s  w o u ld  b e  n o t i f i e d  b y  t h e  e s t i m a t i n g  p r o g r a m .
T h is  t h e s i s  h a s  a l s o  c o n s id e r e d  t h e  p r o b le m  o f  a l i a s i n g .  A l i a s i n g  
w as a n a ly s e d  a n d  t h e  a n a l y t i c a l  r e s u l t s  w e r e  d e m o n s t r a t e d  b y  s i m u l a t i o n  
e x a m p le s .  T h e  l i n e a r  a n d  c u b ic  s p l i n e  i n t e r p o l a t i o n  o f  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n  a n d  t h e  s a m p le d  d a t a  a n d  t h e i r  e f f e c t s  o n  t h e  r e s u l t i n g  
s p e c t r a  w e re  a l s o  s t u d i e d .
I t  w as s e e n  t h a t  t h e  s p e c t r a l  e s t i m a t i o n  b y  a s s u m in g  a  l i n e a r  
r e l a t i o n s h i p  b e tw e e n  t h e  s u c c e s s iv e  a u t o c o r r e l a t i o n  c o e f f i c i e n t s  w as  
e q u i v a l e n t  t o  m u l t i p l y i n g  t h e  s p e c t r u m  o f  t h e  s a m p le d  s i g n a l  b y  a  
d e c a y in g  f u n c t i o n .  H e n c e , t h e  s p e c t r u m  w o u ld  b e  a t t e n u a t e d  i n  t h e  
N y q u is t  r a n g e  a n d  f u r t h e r  b e y o n d  t h e  c u t - o f f  f r e q u e n c y .  T h e r e f o r e ,
t h e  m i r r o r  im a g e  p a t t e r n  w o u ld  n o t  o c c u r  i n  t h e  s p e c t r u m  r e s u l t i n g
©
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from lin e a r  in te rp o la tio n  o f the au to co rre la tio n  function .
T h e  l i n e a r  i n t e r p o l a t i o n  o f  t h e  s a m p le d  d a t a  w as  fo u n d  t o  c a u s e  
d i s t o r t i o n  o f  a n d  im p o s e  u n d e s i r a b l e  e f f e c t s  o n t h e  r e s u l t i n g  s p e c t r a .
No p r o g r e s s  w as m ade i n  a p p r o a c h in g  a n  e x p r e s s i o n ,  i n  te r m s  o f  
t h e  s a m p le d  s p e c t r u m , f o r  t h e  s p e c t r u m  r e s u l t i n g  f r o m  t h e  c u b ic  s p l i n e  
i n t e r p o l a t i o n  a n d  o n l y  s i m u l a t i o n  s t u d i e s  c o u ld  b e  u n d e r t a k e n .  T h e  
c u b ic  s p l i n e  i n t e r p o l a t i o n  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  a t  t h e  
m i d - i n t e r v a l s ,  f o r  i n s t a n c e ,  c o u ld  h a l v e  t h e  t im e  i n t e r v a l  a n d  y i e l d  
a n  a p p a r e n t  c u t - o f f  f r e q u e n c y  t w ic e  t h e  o r i g i n a l  v a l u e .  T h e  s i m u l a t i o n  
s t u d ie s  a p p e a r e d  t o  i n d i c a t e  t h a t  i n  t l i e  r e s u l t i n g  s p e c t r a ,  no p e a k s  
w e r e  o b s e r v e d  b e y o n d  a n  o r i g i n a l  c u t - o f f  f r e q u e n c y  w h ic h  w as a b o v e  
t h e  m a in  p e a k s  p r e s e n t  i n  t h e  d a t a .  W h i l e ,  i n  t h i s  c a s e ,  t h e  s p e c t r u m  
se em ed  t o  d e c a y  t o  z e r o  b u t ,  o n  t h e  c o n t r a r y ,  s m a l l  p e a k s  c o u ld  b e  
o b s e r v e d  b e y o n d  a n  o r i g i n a l  c u t - o f f  f r e q u e n c y  b e in g  b e lo w  t h e  m a in  
p e a k s .  I n  c o n t r a s t  t o  t h e  l i n e a r  i n t e r p o l a t i o n  o f  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n ,  o n l y  s l i g h t  a t t e n u a t i o n  o f  t h e  s p e c t r a ,  i n  t h e  N y q u is t  r a n g e ,  
s e em ed  t o  b e  c a u s e d  b y  t h e  c u b ic  s p l i n e  i n t e r p o l a t i o n .
T h e  a p p l i c a t i o n  o f  t h e  c u b ic  s p l i n e  i n t e r p o l a t i o n  t o  t h e  s a m p le d  
d a t a  c o u ld  y i e l d  a  d i s c r e t e  a u t o c o r r e l a t i o n  f u n c t i o n  e s t im a t e d  f r o m  
t h e  s a m p le d  a n d  i n t e r p o l a t e d  v a l u e s .  I t  c o u ld  g iv e  a  u n i f o r m  t im e  
i n t e r v a l  h a l f  t h e  s a m p l in g  i n t e r v a l  a n d ,  h e n c e ,  a n  a p p a r e n t  c u t - o f f  
f r e q u e n c y  t w ic e  t h e  o r i g i n a l  v a l u e .  A g a in ,  a s  b e f o r e ,  n o  p e a k s  w e re  
e x h i b i t e d  b e y o n d  a n  o r i g i n a l  c u t - o f f  f r e q u e n c y  w h ic h  w as  h i g h e r  t h a n  
t h e  p e a k s  p r e s e n t  i n  t h e  o r i g i n a l  d a t a  a n d  t h e  s p e c t r u m  seem ed  t o  
d e c a y  t o  z e r o .  I n  t h i s  c a s e  t h e  e s t im a t e d  a u t o c o r r e l a t i o n s  a l s o  
fo rm e d  g o o d  r e p r e s e n t a t i o n s  o f  t h e  t r u e  c u r v e s .  H o w e v e r ,  w h e n  t h e  
o r i g i n a l  c u t - o f f  f r e q u e n c y  w as lo w ,  s m a l l  p e a k s  w e r e  e x h i b i t e d  b e y o n d  
i t .
T h e  s e q u e n t i a l  s a m p l in g  sch em e w as c o n s id e r e d  a s  a n  a p p r o a c h  t o  
m i n im iz i n g  t h e  p r o b le m  o f  a l i a s i n g  w h e n  t h e  s a m p l in g  i n t e r v a l  i s  
r e s t r i c t e d  t o  a  m in im u m  a l l o w a b l e  v a l u e  A T . I n  t h e  s e q u e n t i a l  s a m p l in g ,  
t h e  s i g n a l  w o u ld  b e  s a m p le d  a t  i n t e r v a l s  o f  A T ,AT+At,AT+2At,AT+3At,. . .  ;
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T h e  s e q u e n t i a l  s a m p l in g  w as  a n a ly s e d  a n d  i t  w as p r o v e d  t h a t ,
w h e n  t h e  r a t i o  A T /A t  i s  a n  i n t e g r a l  n u m b e r , t h e  c o r r e s p o n d in g  s p e c t r a l
1
e s t im a t e s  w o u ld  g iv e  a  c u t - o f f  f r e q u e n c y  o f
W hen t h e  r a t i o  i s  n o t  a n  i n t e g r a l  n u m b e r ,  t h e  a s s o c i a t e d  s p e c t r u m  o f  
t h e  s e q u e n t i a l l y  s a m p le d  d a t a  w as  fo u n d  t o  c o m p r is e  a  c o m p le x  t e r m  i n  
i t s  r e l a t i o n  t o  t h e  t r u e  s p e c t r u m  a n d  w o u ld  n o t  b e  p e r i o d i c  i n  te r m s  
o f  t h e  c u t - o f f  f r e q u e n c y .
I n  a d d i t i o n ,  a u t o c o r r e l a t i o n  e s t im a t e s  f r o m  s e q u e n t i a l l y  s a m p le d  
d a t a  w o u ld  m is s  t h e  c o e f f i c i e n t s  l y i n g  i n  t h e  r a n g e  R ( 0 ) - + R (A T ) .  T h e s e  
m is s in g  c o e f f i c i e n t s  c o u ld  b e  a s s ig n e d  e s t im a t e s  b y  t h e  m e th o d  in t r o d u c e d  
i n  S to n e  ( 1 9 7 8 ) ,  p r o v i d e d  t h a t  t h e  r a t i o  A T /A t  i s  a n  i n t e g r a l  n u m b e r .
T h e  d i g i t a l  c o m p u te r  s i m u l a t i o n s  o f  t h e  f i r s t  a n d  s e c o n d  o r d e r  
G a u s s ia n  p r o c e s s e s ,  w i t h  kn o w n  a u t o c o r r e l a t i o n  f u n c t i o n s ,  w e r e  th e n  
u s e d  f o r  e m p i r i c a l  i n v e s t i g a t i o n s  o f  t h e  s e q u e n t i a l  s a m p l in g .  S in c e  
t h e  i n i t i a l  c o e f f i c i e n t s  e s t i m a t i o n  m e th o d  h a d  t o  b e  e m p lo y e d  f o r  
a s s i g n i n g  e s t im a t e s  t o  t h e  m is s in g  c o e f f i c i e n t s ,  t h e  s i m u l a t i o n  s t u d ie s  ,
i n  a d d i t i o n ,  p r o v i d e d  some a d d i t i o n a l  e m p i r i c a l  r e s u l t s  o f  t h e  
a p p l i c a t i o n  o f  t h i s  t e c h n i q u e .
T h e  s i m u l a t i o n  s t u d ie s  a p p e a r e d  t o  i n d i c a t e  t h a t  t h e  a c c u r a c ie s  
o f  t h e  a u t o c o r r e l a t i o n  e s t im a t e s  w e r e  d e p e n d e n t  o n  t h e  s a m p le  s i z e  b e in g  
u s e d .  I n  f a c t ,  i n  t h e  s e q u e n t i a l  s a m p l in g ,  a l t h o u g h  t h e  t o t a l  s a m p le  
s i z e  m ay b e  r e l a t i v e l y  l a r g e ,  t h e  t o t a l  n u m b e r o f  c o n t r i b u t i o n s  t o  
m o s t o f  t h e  l a g  v a l u e  e s t im a t e s  c o u ld  r e m a in  r e l a t i v e l y  s m a l l .
H o w e v e r ,  i n  c o n t r a s t  t o  u n i f o r m  s a m p l in g ,  t h e  e s t im a t e s  a p p e a r e d  
t o  s c a t t e r  a b o u t  t h e  t r u e  c u r v e s  a n d  d i d  n o t  p r o d u c e  d e c e p t i v e l y
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where At<AT and may be se lec ted  as d es irab le .
s m o o th  a p p e a r a n c e s .  F u r t h e r m o r e ,  t h e  a c c u r a c i e s  o f  t h e  e s t im a t e s  
a s s ig n e d  t o  t h e  m is s in g  i n i t i a l  c o e f f i c i e n t s  w e re  o b s e r v e d  t o  b e  
d e p e n d e n t ,  o n  t h e  a c c u r a c i e s  o f  t h o s e  o b t a in e d  f r o m  t h e  d a t a .  I n  f a c t ,  
w h e n  t h e  a u t o c o r r e l a t i o n  e s t im a t e s  f r o m  t h e  d a t a  w e r e  h i g h l y  i n a c c u r a t e  
( s c a t t e r e d ) ,  n o  e s t im a t e s  c o u ld  b e  g iv e n  t o  t h e  m is s in g  v a l u e s .  I t  
w a s , f o r t u n a t e l y ,  fo u n d  t h a t  w h e n  t h i s  i s  t h e  c a s e ,  t h e  e s t i m a t i n g  
p r o g r a m  w o u ld  n o t i f y  t h a t  n o  a s s ig n m e n ts  m ay b e  g iv e n  t o  t h e  m is s in g  
v a l u e s  t o  m a in t a i n  t h e  c o r r e s p o n d in g  a u t o c o r r e l a t i o n  m a t r i x  n o n ­
n e g a t i v e  d e f i n i t e .
I t  w a s , t h e r e f o r e ,  e s s e n t i a l  t o  o b t a i n  r e a s o n a b ly  a c c u r a t e  
e s t im a t e s  f r o m  t h e  d a t a ,  i n  o r d e r  t o  e n a b le  t h e  a s s ig n m e n t  o f  t h e  
m is s in g  v a l u e s .  U n f o r t u n a t e l y ,  i n  t h e  s e q u e n t i a l  s a m p l in g ,  t h e  l a r g e r  
t h e  m axim um  t im e  d e l a y  r e q u i r e d  f o r  t h e  a u t o c o r r e l a t i o n  e s t i m a t e s ,  
t h e  s lo w e r  w o u ld  b e  t h e  s a m p l in g  p r o c e s s .  N e v e r t h e l e s s ,  i t  h a d  b e e n
n o t e d  e a r l i e r  i n  t h i s  t h e s i s  t h a t  s a t i s f a c t o r y  e s t i m a t i o n  o f  t h e
m is s in g  v a lu e s  w o u ld  b e  p o s s i b l e  w i t h  t h e  k n o w le d g e  o f  e v e n  a  p o r t i o n  
o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n .  I n  a d d i t i o n ,  w h e n  t h e  m is s in g
c o e f f i c i e n t s  a r e  g iv e n  e s t i m a t e s ,  t h e  f u n c t i o n  h a s  t h e n  b e e n  m ade t o
a p p r o x im a t e  t h e  p r o p e r t i e s  t h a t  t h e  e x t r a p o l a t i o n  i s  b a s e d  u p o n  a n d  
t h e r e  w i l l  n o t  b e  a n y  n u m e r ic a l  p r o b le m s  i n  e x t r a p o l a t i n g  t h e  
f u n c t i o n ;  S to n e  ( 1 9 7 8 ) .  T h e r e f o r e ,  i t  w as s u g g e s te d  t h a t  b y  o b t a i n i n g  
a  p o r t i o n  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  a n d  g i v i n g  e s t im a t e s  t o  
t h e  m is s in g  v a l u e s ,  t h e  f u n c t i o n  m ay b e  e x te n d e d  a n d  u s e d  f o r  s p e c t r a l  
e s t i m a t i o n .  T h i s  c o u ld  p r o v i d e  a  m o re  a c c u r a t e  e s t i m a t i o n  o f  t h e  
a u t o c o r r e l a t i o n  f i m c t i o n  a n d  t h e  s p e c t r u m  w i t h  l e s s  s a m p l in g  t im e  a n d  c o s t s .
T h e  s i m u l a t i o n  s t u d ie s  a p p e a r e d  t o  s u g g e s t  t h a t  a  r e a s o n a b le  
s a m p le  s i z e  c o u ld  y i e l d  s a t i s f a c t o r y  a u t o c o r r e l a t i o n  a n d  s p e c t r a l  
e s t i m a t e s ;  e v e n  th o u g h  i t  w o u ld  b e  h i g h e r  t h a n  t h e  s a m p le  s i z e  
r e q u i r e d  i n  t h e  u n i f o r m  s a m p l in g  t h a t  i n c o r p o r a t e s  t h e  e x t r a p o l a t i o n  
m e th o d . I n  f a c t ,  t h e  e x t r a p o l a t e d  v a l u e s  w e re  o b s e r v e d  t o  b e a r  t h e  
i m p e r f e c t i o n s  o f  t h e  c o e f f i c i e n t s  e s t im a t e d  f r o m  t h e  d a t a  a n d  t h e
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e s t im a t e s  g iv e n  t o  t h e  m is s in g  v a l u e s .  Some o f  t h e  r e s u l t i n g  s p e c t r a  
a l s o  r e f l e c t e d  t h e s e  i n a c c u r a c i e s  a n d  a l t h o u g h  w e r e  n o t  e x a c t  b u t  
w e r e ,  g e n e r a l l y ,  fo u n d  t o  b e  s a t i s f a c t o r y  s p e c t r a l  e s t im a t e s  t h a t  
w o u ld  b e  o b t a in e d  e x p e r i m e n t a l l y .
T lie  c o n t r i b u t i o n  o f  t h e  s e q u e n t i a l  s a m p l in g  i n  o b t a i n i n g a  d e s i r e d  
C u t - o f f  f r e q u e n c y  w as t h e n  d e m o n s t r a t e d  b y  c o n s i d e r i n g  a  s i m u l a t i o n  
e x a m p le .  I t  w as o b s e r v e d  t h a t  t h e  u n i f o r m  s a m p l in g  w i t h  a  m in im u m  
a l l o w a b l e  i n t e r v a l  l e d  t o  a n  a l i a s e d  s p e c t r u m  a n d  t h e  p r o b le m  c o u ld  
b e  . r e d u c e d ,  b y  e m p lo y in g  t h e  s e q u e n t i a l  s a m p lin g  s c h e m e . I n  f a c t ,  
f o r  t h i s ,  o n l y  a  s h o r t  p o r t i o n  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  w as  
o b t a in e d  fo r m  t h e  d a t a ,  t h e  m is s in g  v a l u e s  w e r e  g iv e n  e s t im a t e s  a n d  
t h e  f u n c t i o n  w as t h e n  e x t r a p o l a t e d  f o r  s p e c t r a l  e s t i m a t i o n .
F k M e v e r ,  b e f o r e  c o n c lu d in g  t h i s  t h e s i s ,  s e v e r a l  i n t e r e s t i n g  
p o i n t s  t h a t  w o u ld  r e q u i r e  f u r t h e r  s t u d y  m ay b e  r a i s e d .  T h e s e  w i l l  b e  
o u t l i n e d  as  f o l l o w s .
F u r t h e r  r e s e a r c h  s h o u ld  b e  u n d e r t a k e n  b y  e m p lo y in g  n o n - l i n e a r  
ra n d o m  p r o c e s s e s  w i t h  kn o w n  a u t o c o r r e l a t i o n  a n d  p r o b a b i l i t y  d e n s i t y  
f u n c t i o n s ;  u s in g  G a u s s ia n  a n d  o t h e r  d e n s i t y  f u n c t i o n s ,  e . g .  P o is s o n .
T h e  a u t o c o r r e l a t i o n  c o e f f i c i e n t s  h a v e  t o  b e  e s t im a t e d  f r o m  t h e  d a t a  
a n d  u s e d  f o r  a p p l i c a t i o n  o f  t h e  e x t r a p o l a t i o n  a n d  i n i t i a l  c o e f f i c i e n t s  
e s t i m a t i o n  m e th o d s . T h i s  w o u ld  a l l o w  t h e  m e th o d s  t o  b e  a s s e s s e d  f o r  
t h e i r  a p p l i c a t i o n s  i n  t h e  s i t u a t i o n s  t h a t  t h e  d a t a  do n o t  fo r m  l i n e a r  
G a u s s ia n  p r o c e s s e s .
T h e  v a r i a b i l i t i e s  o f  t h e  a u t o c o r r e l a t i o n  e s t im a t e s  f r o m  
s e q u e n t i a l l y  s a m p le d  d a t a  h a v e  a l s o  t o  b e  c o n s id e r e d .  T h e  e s t im a t e  
e r r o r s  h a v e  t o  b e  a n a ly s e d  a n d  a l s o  i n v e s t i g a t e d  e m p i r i c a l l y .  T h e  
e r r o r s  i n  t h e  e s t im a t e s  a s s ig n e d  t o  t h e  m is s in g  i n i t i a l  c o e f f i c i e n t s  
c a n  t h e n  b e  e x a m in e d .  O nce t h e s e  h a v e  b e e n  e s t a b l i s h e d ,  i t  m ay b e  
p o s s i b l e  t o  a p p ro a c h  a n  o p tim u m  t r u n c a t i o n  p o i n t  f o r  t h e  a u t o c o r r e l a t i o n  
e s t im a t e s  i n  s e q u e n t i a l  s a m p l in g .  H o w e v e r ,  i t  a p p e a r s  t h a t  t h e  l a t t e r  
m ay h a v e  t o  b e  i n v e s t i g a t e d  h e u r i s t i c a l l y .  T h e  v a r i a b i l i t i e s  o f  t h e
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s p e c t r a l  e s t im a t e s  i n  s e q u e n t i a l  s a m p l in g  w o u ld  a l s o  h a v e  t o  b e  
c o n s id e r e d  a n d  i t  i s  i n t e r e s t i n g  t o  s e e k  t h e  p o s s i b i l i t i e s  o f  
o b t a i n i n g  t h e  s p e c t r a l  e s t im a t e s  d i r e c t l y  f ro m  t h e  s e q u e n t i a l l y  
s a m p le d  d a t a .
I n  c o n c lu d in g  t h i s  t h e s i s ,  i t  i s  h o p e d  t h a t  t h e  r e p o r t e d  w o r k  
w i l l  c o n t r i b u t e  t o  a  f u r t h e r  u n d e r s t a n d in g  o f  some o f  t h e  p ro b le m s  
a r i s i n g  i n  ra n d o m  s i g n a l  a n a l y s i s  a n d  t h e  a p p ro a c h e s  t o  t h e  m i n i m i z a t i o n  
o f  t h e s e  p r o b le m s .
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APPENDIX A .l
SOME STATISTICAL PARAMETERS USED TO DESCRIBE THE RANDOM DATA
I n  t h e  c o n t e x t  o f  t im e  s e r i e s  a n a l y s i s ,  t h e  p r o b a b i l i t y  d e n s i t y  
f u n c t i o n  o f  ra n d o m  d a t a  d e s c r i b e s  t h e  p r o b a b i l i t y  t h a t  t h e  d a t a  w i l l  
assu m e a  v a l u e  w i t h i n  some d e f i n e d  r a n g e  a t  a n y  i n s t a n t  o f  t i m e .  
C o n s id e r in g  a  t im e  s e r i e s  x ( t ) ,  t h e  p r o b a b i l i t y  t h a t  x ( t )  assu m es a  
v a l u e  w i t i i i n  t h e  r a n g e  x  a n d  ( x  + A x ) m ay b e  o b t a i n e d  b y  t a k i n g  t h e  
r a t i o  T  / T ,  w h e r e  T  i s  t h e  t o t a l  a m o u n t o f  t im e  t h a t  x ( t )  f a l l s
X  X
i n s i d e  t h e  r a n g e  ( x ,  x  + A x ) d u r in g  a n  o b s e r v a t i o n  t im e  T .  T h is  
r a t i o  w i l l  a p p r o a c h  a n  e x a c t  p r o b a b i l i t y  d e n s i t y  a s  T  a p p r o a c h e s  
i n f i n i t y .  T h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  p ( x )  c a n  b e  d e f i n e d  a s :
p W  = lim  P r o b [ x < x „ C t).,c c + *x ]  = U m  1 
A x+o Ax Ax -hd Ax
l i m  _pc
T-*>° T
( A . 1 . 1 )
T h e  q u a n t i t y  p ( x )  i s  a lw a y s  a  r e a l - v a l u e d ,  n o n - n e g a t i v e  f u n c t i o n .
T lie  p r o b a b i l i t y ,  P ( x ) ,  t h a t  t h e  in s t a n t a n e o u s  v a l u e  x ( t )  i s  
l e s s  t h a n  o r  e q u a l  t o  some v a l u e  x  i s  d e f i n e d  b y :
P ( x )  = P r o b [ x ( t ) ^ x ]  = _ / x  p ( u ) d u  (A .  1 . 2 )
T h e  f u n c t i o n  P ( x )  i s  kn o w n  a s  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n ,  
o r  t h e  c u m u la t iv e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n .  T lie  f u n c t i o n  P ( x )  
i s  b o u n d e d  b y  z e r o  a n d  u n i t y ,  s in c e  t h e  p r o b a b i l i t y  o f  x ( t )  b e in g  l e s s  
t h a n  -w  i s  u n i t y ,  i . e .  a  c e r t a i n t y .  T h a t  i s :
oo
p ( x ) d x  = 1 ( A . l . 3 )
M o r e o v e r ,  t h e  p r o b a b i l i t y  t h a t  x ( t )  f a l l s  i n  t h e  r a n g e  
( X p  x 2 )  i s  g iv e n  b y :
x 2
P r o b [ x 1 < x ( t ) $ x 2 ] -  P ( x 2 )  -  P ( x 1 )  = x /  p ( u ) d u  ( A . 1 . 4 )
V a r io u s  t y p e s  o f  p r o b a b i l i t y  d e n s i t y  f u n c t io n s  a r e  k n o w n , tw o  o f  
w h ic h  a r e  u s e d  i n  t h i s  t h e s i s .
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A  u n i f o r m  ( o r  r e c t a n g u l a r )  d i s t r i b u t i o n  i s  o n e  i n  w h ic h ,  e a c h
p o s s i b l e  v a l u e  i s  e q u a l l y  p r o b a b l e .  A  ra n d o m  v a r i a b l e ,  i n  t h e  r a n g e
( a , b ) , i s  s a i d  t o  f o l l o w  a  u n i f o r m  d i s t r i b u t i o n ,  i f  i t s  p r o b a b i l i t y
d e n s i t y  f u n c t i o n  i s  g iv e n  b y :
p ( x )  = ( b - a )  F , a ^ x ^ b
*  0  , o t h e r w is e  ( A . 1 . 5 )
I n  t h e  s p e c i a l  c a s e  t h a t  t h e  ra n d o m  v a r i a b l e  l i e s  i n  t h e
i n t e r v a l  ( 0 , 1 ) ,  e q u a t i o n  ( A . 1 . 5 )  g iv e s :
p(x) = 1 ’ 0oCi?1
„  q  , o t h e r w is e  ( A . 1 . 6 )
A  fu n d a m e n ta l  r o l e  i n  t h e  p r o b a b i l i t y  t h e o r y  i s  p la y e d  b y  a
G a u s s ia n  p r o b a b i l i t y  d e n s i t y  f u n c t i o n .  I t  i s  a l s o  r e f e r r e d  t o  a s
n o r m a l p r o b a b i l i t y  d e n s i t y  f u n c t i o n ,  d u e  t o  i t s  c l o s e  r e l a t i o n  t o
n o r m a l p r o b a b i l i t y  l a w s .  A  ra n d o m  v a r i a b l e  i s  s a i d  t o  f o l l o w  a
G a u s s ia n  d i s t r i b u t i o n ,  i f  i t s  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  i s
g iv e n  b y :
p ( x )  = ( a / 2 7 )  1  e x p  [ > ( x - y ) 2 / 2 a 2 ] (A .  1 . 7 )
w h e re  y a n d  a a r e  t h e  m ean  a n d  s t a n d a r d  d e v i a t i o n  o f  t h e  ra n d o m
v a r i a b l e ,  r e s p e c t i v e l y .  T h is  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  i s  s e e n  t o
b e  c o m p l e t e ly  s p e c i f i e d  b y  t h e  tw o  p a r a m e t e r s  y a n d  a .
C o n s id e r  a  t im e  s e r i e s  x ( t ) ,  t h a t  h a s  b e e n  o b s e r v e d  o v e r  a  p e r i o d
o f  t im e  T .  A n  e s t im a t e  f o r  t h e  m ean  s q u a r e  v a l u e  m ay b e  o b t a in e d  b y
a v e r a g in g  t h e  s q u a r e d  v a l u e s  o f  t h e  t im e  s e r i e s .  T h i s  w i l l  a p p r o a c h
a n  e x a c t  m ean  s q u a r e  v a l u e  a s  T  a p p ro a c h e s  i n f i n i t y .  T h u s ,  t h e  m ean  
2
s q u a r e  v a l u e  ip o f  t h e  t im e  s e r i e s  i s  g iv e n  b y :
/  = l i r a  i r T  x Z ( t ) d t  ( A . 1 . 8 )
T -w  0
T h e  p o s i t i v e  s q u a r e  r o o t  o f  t h e  m ean s q u a r e  v a l u e  i s  c a l l e d  t h e  r o o t  
m ean s q u a r e  o r  rm s v a l u e .
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y = l i m  -  / T  x ( t ) d t  ( A . 1 . 9 )
T-*» 1 0
2
a n d  t h e  v a r i a n c e  a w h ic h  i s  t h e  m ean s q u a r e  v a l u e  a b o u t  t h e  m e a n , 
i s  g iv e n  b y :
cr2 = l i m -  / T [ x ( t ) - y ] 2 d t  ( A . 1 . 1 0 )
T-xo 1 0
T lie  p o s i t i v e  s q u a r e  r o o t  o f  t h e  v a r i a n c e  i s  c a l l e d  t h e  s t a n d a r d  
d e v i a t i o n .  E q u a t io n  ( A . 1 . 1 0 )  a l s o  g iv e s :
a 2 =  ]  -  v 2 ( A . l . 1 1 )
w h ic h  show s t h a t  f o r  z e r o  m ean d a t a ,  t h e  m ean s q u a r e  a n d  t h e  v a r i a n c e  
a r e  t h e  s a m e .
N o w , c o n s i d e r  a  t im e  s e r i e s  x ( t ) ,  w i t h  a  m ean v a l u e  o f  z e r o ,  
t h a t  h a s  b e e n  o b s e r v e d  o v e r  a  p e r i o d  o f  t im e  T .  A n  e s t i m a t e  f o r  t h e  
a u t o c o r r e l a t i o n  o f  t h e  v a l u e s  x ( t )  a t  t im e s  t  a n d  t + x  m ay b e  
o b t a in e d  b y  t a k i n g  t h e  p r o d u c t s  o f  t h e  tw o  v a l u e s ,  a v e r a g in g  o v e r  t h e  
o b s e r v a t i o n  t im e  T  a n d  n o r m a l i z i n g  b y  t h e  s i g n a l  a v e r a g e  s q u a r e .  T h e  
r e s u l t i n g  n o r m a l i z e d  t im e  a v e r a g e d  p r o d u c t s  w i l l  a p p r o a c h  a n  e x a c t  
a u t o c o r r e l a t i o n  f u n c t i o n  a s  T  a p p r o a c h e s  i n f i n i t y .  T h u s  t h e  a u t o ­
c o r r e l a t i o n  f u n c t i o n ,  R ( x ) , i s  g iv e n  b y :
1 T
l i m  Tp f  x ( t ) x ( t + x ) d t
R ( x )  -  ——     ( A . 1 . 1 2 )
l i m  i  F  x ( t ) . . x ( t ) d t  
T -x° 0
T lie  q u a n t i t y  R ( x )  i s  a lw a y s  a  r e a l - v a l u e d  e v e n  f u n c t i o n ,  w i t h  a
m axim um  v a l u e  o f  u n i t y  a t  x = 0 .  T h a t  i s :
R ( x )  = R ( - x )  a n d  
R ( 0 )  = l * | R ( x ) |  f o r  a l l  x .
d a t a :
S im ilarly , the mean value, y, is  given by:
Also, fo r the au to co rre la tio n  function  of the zero mean random
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T h e  t e r m  i n  t h e  n u m e r a t o r  o f  e q u a t i o n  ( A . 1 . 1 2 )  i s  c a l l e d  t h e  
a u t o c o v a r ia n c e  f u n c t i o n  0 ( t ) ,  t h a t  i s :
R(x)-+0 as t-ko
T h e  n o r m a l i z e d  p o w e r  s p e c t r a l  d e n s i t y  f u n c t i o n  o f  a  t im e  s e r i e s  
f o r  p o s i t i v e  f r e q u e n c i e s ,  r e f e r r e d  t o  a s  t h e  s p e c t r u m  o r  p o w e r  s p e c t r u m  
i n  t h i s  t h e s i s ,  d e s c r ib e s  t h e  g e n e r a l  f r e q u e n c y  c o m p o s i t io n  o f  t h e  t im e  
s e r i e s  i n  te r m s  o f  t h e  s p e c t r a l  d e n s i t y  o f  i t s  m ean  s q u a r e  v a l u e ,  
n o r m a l i z e d  b y  t h e  t im e  a v e r a g e d  s q u a r e  o f  t h e  s i g n a l .
T h e  m e an  s q u a r e  v a l u e  o f  a  s a m p le  t im e  s e r i e s ,  i n  a  f r e q u e n c y  
r a n g e  b e tw e e n  f  a n d  f + A f , m ay b e  o b t a in e d  b y  f i l t e r i n g  t h e  s a m p le  
r e c o r d  w i t h  a  b a n d -p a s s  f i l t e r  h a v in g  s h a r p  c u t - o f f  c h a r a c t e r i s t i c s  
a n d  c o m p u t in g  t h e  a v e r a g e  o f  t h e  s q u a r e d  o u t p u t  f r o m  t h e  f i l t e r .  T h is  
a v e r a g e  s q u a r e  v a l u e  a n d  t h e  t im e  a v e r a g e d  s q u a r e  o f  t h e  t im e  s e r i e s  
w i l l  a p p r o a c h  t h e  e x a c t  m ean  v a l u e s  a s  t h e  o b s e r v a t i o n  t im e  T  a p p ro a c h e s  
i n f i n i t y .  T h e  p o w e r  s p e c t r u m  m a y , t h e r e f o r e ,  b e  d e f i n e d  i n  t h e  e q u a t io n  
f o r m  a s :
w h e re  x ( t , f , A f )  i s  t h a t  p o r t i o n  o f  x ( t )  i n  t h e  f r e q u e n c y  r a n g e  f r o m  
f  t o  f + A f .  T h e  q u a n t i t y  E ( f )  i s  a lw a y s  a  r e a l - v a l u e d ,  n o n - n e g a t i v e  
f u n c t i o n .
A n  i m p o r t a n t  p r o p e r t y  o f  t h e  p o w e r  s p e c t r u m  i s  i t s  r e l a t i o n s h i p  
t o  t h e  a u t o c o r r e l a t i o n  f u n c t i o n .  T h i s  s t a t e s  t h a t  f o r  a  s t a t i o n a r y  
t im e  s e r i e s ,  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  a n d  p o w e r  s p e c t r u m  a r e  
r e l a t e d  b y  a  F o u r i e r  t r a n s f o r m  p a i r ,  a s  f o l l o w s :
0 ( t )  =  l i m  i  
T-Ko 1
/ F  x ( t ) x ( t + x ) d t  
0
( A . 1 . 1 3 )
( A . 1 . 1 4 )1 T  2 
l i m  ht /  x  ( t ) d t
T-*» 0
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E ( f )  = 2  /  R ( t )  e x p  ( - i 2 T r f x ) d x  ( A . 1 . 1 5 )
-OO
C o n s id e r in g  t h e  r e a l  p a r t  o f  t h i s  t r a n s f o r m  a n d  as  R ( x )  i s  a n  
e v e n  f u n c t i o n ,  a  F o u r i e r  c o s in g  t r a n s f o r m  m ay b e  o b t a i n e d ,  i . e . ,
E ( f )  = 4  /  R ( t )  c o s  2T rfx d x  ( A . 1 . 1 6 )
0
H ie  i n v e r s e  r e l a t i o n s h i p  i s  a l s o  g iv e n  a s :
R ( x )  = / “  E ( f )  c o s  2 -r r fx d f  (A . 1 : 1 7 )
0
T h e  q u a n t i t y  E ( f )  i s  a l s o  c a l l e d  a  'o n e - s i d e d '  s p e c t r u m . T h is  
i s  a  q u a n t i t y  w h ic h  m ay b e  m e a s u re d  b y  d i r e c t  f i l t e r i n g  p r o c e d u r e s  i n  
p r a c t i c e .  T h e r e f o r e ,  E ( f )  i s  o n l y  d e f i n e d  f o r  p o s i t i v e  f r e q u e n c i e s ,  
t h a t  i s  o n l y  o v e r  t h e  r a n g e  [ 0 , ° °  ) .  M a t h e m a t i c a l l y ,  h o w e v e r ,  a  ' t w o -  
s i d e d '  s p e c t r u m  f o r  f r e q u e n c i e s  v a r y i n g  o v e r  ( -00 , 00)  i s  a ls o  d e f i n e d  
w h o se  a m p l i t u d e  a t  a n y  v a l u e  ± f  i s  h a l f  t h e  v a l u e  o f  E ( f ) .  T h e  t w o -  
s id e d  s p e c t r u m  i s ,  h e n c e ,  g iv e n  b y :
S ( f )  = 2  l "  R ( x )  c o s  2 -irfx d x  ( A . 1 . 1 8 )
0
f o r  b o t h  p o s i t i v e  a n d  n e g a t i v e  f r e q u e n c i e s .  H i i s  i s  r e f e r r e d  t o  as  
t h e  s p e c t r a l  d e n s i t y  f u n c t i o n ,  i n  t h i s  t h e s i s .  H i e  a b o v e  e q u a t io n s  
m ay a l s o  b e  r e - w r i t t e n  i n  te r m s  o f  c i r c u l a r  f r e q u e c y  w , w h e re  w' = 2 -rrf.
I n  o r d e r  t o  e s t im a t e  t h e  s t a t i s t i c a l  p a r a m e t e r s  o f  t h e  d i s c r e t e  
t im e  s e r i e s ,  t h e  i n t e g r a l  f o r m u la e  a r e  c o n v e r t e d  t o  t h e i r  e q u i v a l e n t  
s u m m a tio n  f o r m s .  T h e  c o n v e n t i o n a l  d i g i t a l  m e th o d  o f  e s t i m a t i n g  t h e  
s t a t i s t i c a l  p a r a m e t e r s ,  i s  t o  o b t a i n  N d i s c r e t e  d a t a  s a m p le s :  X p  x 2 , 
X p  ...♦ , Xjp a t  e q u i - s p a c e d  i n t e r v a l s ,  Ax s a y ,  f r o m  a  s i g n a l  x ( t )  
w i t h  z e r o  m e a n .
F o r  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n ,  e q u a t io n  (A .  1 . 1 )  m ay b e  
u s e d  t o  o b t a i n  a n  e s t im a t e  p ( x )  a s :
171.
-V i N p ( x )  = _ x (A .l. 19)
NW
w h e re  W i s  a  n a r r o w  i n t e r v a l  c e n t r e d  a t  x  a n d  i s  t h e  n u m b e r o f  
d a t a  v a lu e s  ( o u t  o f  N v a l u e s )  w h ic h  f a l l  w i t h i n  t h e  r a n g e
b y  d i v i d i n g  t h e  f u l l  r a n g e  o f  x  i n t o  a n  a p p r o p r i a t e  n u m b e r o f  e q u a l  
w id t h  s l o t s  a n d  o b s e r v in g  t h e  n u m b e r o f  d a t a  v a lu e s  f a l l i n g  i n  e a c h  
i n t e r v a l .  D i v i d i n g  t h e  o b s e r v e d  n u m b e r b y  t h e  p r o d u c t  o f  W a n d  t h e  
t o t a l  s a m p le  s i z e ,  N ,  y i e l d s  t h e  e s t im a t e  p ( x ) .  F u r t h e r  a c c o u n t  o f  
t h i s  i s  g iv e n  i n  B e n d a t  & P i e r s o l  ( 1 9 6 6 ) .
As a n o t h e r  e x a m p le  o f  t h e  d i g i t a l  p a r a m e t e r  m e a s u r e m e n t ,  
c o n s i d e r  t l i e  e s t i m a t i o n  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n .  F o r  t h e  
a u t o c o r r e l a t i o n  e s t i m a t e s ,  e q u a t i o n  ( A . 1 . 1 2 )  i s  u s e d  a s :
w h e re  r  i s  t l i e  l a g  n u m b e r a n d  M i s  t h e  m axim um  l a g  n u m b e r r e q u i r e d .  T h e  
i n d i v i d u a l  a u t o c o r r e l a t i o n  c o e f f i c i e n t s  a r e  o f t e n  r e f e r r e d  t o  b y  t h e i r  
l a g  n u m b e r a s  R ( r ) ,  r a t h e r  t h a n  b y  R ( r A x ) .  A  p l o t  o f  t h e  a u t o c o r r e ­
l a t i o n  v e r s u s  l a g ,  i s  c a l l e d  a n  a u t o c o r r e lo g r a m .
l a r g e  a n d  M s m a l l  w i t h  r e s p e c t  t o  N , t h e  v a lu e s  o b t a in e d  i n  e i t h e r  
c a s e  d i f f e r  v e r y  l i t t l e .
T h e  c o n v e n t i o n a l  d i g i t a l  a p p r o a c h  t o  o b t a i n i n g  t h e  p o w e r  s p e c t r u m ,  
i s  t o  u s e  t h e  d i s c r e t e  F o u r i e r  c o s in e  t r a n s f o r m  o f  t h e  a u t o c o r r e l a t i o n  
e s t im a t e s  g iv e n  b y  e q u a t i o n  ( A . 1 . 2 0 ) .  I f  t h e  i n t e g r a t i o n  i s  
a p p r o x im a t e d  b y  t l i e  t r a p e z o i d a l  r u l e , t h e n  e q u a t i o n  (A .  1 . 1 6 )  w o u ld  
y i e l d :
( x  -  y ,  x  + y ) . H e n c e , a n  e s t im a t e  p ( x )  m ay b e  e v a l u a t e d ,  d i g i t a l l y ,
R ( r A x )  =
1  N - r  
N -  ;xn ’ x n + r
r = 0 , l , 2 ,  . . .  M ( A .  1 . 2 0 )
I n  t h e  n u m e r a t o r  o f  e q u a t i o n  (A .  1 . 2 0 ) ,  i s  s o m e tim e s  r e p l a c e d  
b y  b u t  t h i s  i s  kn o w n  t o  g iv e  b ia s e d  e s t i m a t e s .  H o w e v e r ,  f o r  N
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E ( f )  = 2At [R (0 )+ 2  2 *  R(r)cos27TfrAT+R(M )cos2ir£M AT] (A .1 .2 1 )
r = l
where f  i s  s e le c te d  as v a lu e s  l y in g  i n  th e  N y q u is t  f re q u e n c y  range  
(0 , © )  w i t h  ©  = I t  i s  u s u a l ly  recommended t h a t  th e  v a lu e s  o f
B ( f )  be c a lc u la te d  o n ly  a t  M + l s p e c ia l  f re q u e n c ie s ,  w h e re ,
f  = K © /M  K = 0 , 1 , 2 , 3 ,  . . . ,  M
T h is  w i l l  p ro v id e  M/2 in d e p e n d e n t s p e c t r a l  e s t im a te s  s in c e  s p e c t r a l
e s t im a te s  a t  p o in ts  le s s  th e  2 © /M  a p a r t  w i l l  be c o r r e la te d ;  B endat 
& P ie r s o l  (1 9 6 6 ).
Some p rob lem s w i l l  be a s s o c ia te d  w i t h  th e  s p e c t r a l  e s t im a te s  
o b ta in e d  fro m  an a u to c o r r e la t io n  fu n c t io n  w h ic h  has n o t  decayed and 
i s  t r u n c a te d .  Now, i n  o rd e r  t o  i l l u s t r a t e  th e  t r u n c a t io n  p ro b le m , 
c o n s id e r  as an exam ple th e  fo l lo w in g  a u to c o r r e la t io n  f u n c t io n :
R (t ) = e x p ( - x )  (A .1 .2 2 )
E q u a tio n  (A .1 .1 6 )  g iv e s  th e  pow er sp e c tru m  as :
E(£) = T I T ?  (A-1 *23)
However, i f  th e  t ru n c a te d  a u to c o r r e la t io n  fu n c t io n  up to  a maximum 
la g  t im e  T , i s  known o n ly ,  th e n  th e  bounds o f  in t e g r a t io n  in  
e q u a tio n  (A .1 .1 6 )  w i l l  be fro m  ze ro  to  T o n ly .  Hence e q u a t io n  (A .1 .1 6 )  
g iv e s  an e s t im a te  o f  th e  pow er sp e c tru m  a s :
E ( f )  =  [ l +e ‘ T (27 rfS in2T T fT -cos2 irfT )] ( A . I . 24)
1+4tt r
Com paring e q u a tio n s  (A . 1 .2 3 )  and (A . 1 .2 4 )  shows t h a t  th e  t r u n c a t io n  o f
th e  a u to c o r r e la t io n  fu n c t io n  causes th e  e s t im a te d  s p e c tru m  to  be
o s c i l l a t o r y ,  have lo w e re d  peaks and n e g a t iv e  lo b e s . I t  c a n , hence , 
le a d  to  a p h y s ic a l ly  u n a c c e p ta b le  sp e c tru m  b e in g  e s t im a te d ,  fro m  w h ic h  
f a ls e  c o n c lu s io n s  may be d raw n.
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DEFINITION OF ERRORS
The a c c u ra c y  o f  p a ra m e te r e s t im a te s  based upon sam ple v a lu e s
may be d e s c r ib e d  b y  a mean sq u a re  e r r o r ,  d e f in e d  a s :
2
mean squa re  e r r o r  = E[($-<j>) ] ( A .2 .1 )
where $ i s  an e s t im a te  o f  th e  t r u e  v a lu e  <\> and E deno te s  th e  
e x p e c ta t io n  o p e r a to r .
E q u a tio n  ( A .2 .1 ) ,  on e x p a n s io n , y ie ld s :  
e [ o m o 2] -  E to j-E m + E m -c to 2]
= E[ ($ -E [$ ])2]+2E[ ( |-E [$ ] )  (E[$]-<tO]+E[ (E[$]-<|>)2]
N o tin g  t h a t  th e  m id d le  te rm  i n  th e  above e x p re s s io n , has a f a c t o r  
e q u a l to  z e ro , i . e . ,
E [ ( $ - E [ $ ] ) ]  = E [ ( $ ) ] - E [ ( $ ) ]  = 0  
th e n  th e  mean squa re  e r r o r  re d u ce s  to :
mean squa re  e r r o r  = E [ ( $ - E [ $ ] ) 2]+ E [(E [$ ]-< f> )2 ] ( A .2 .2 )
The mean squa re  e r r o r  i s ,  t h e r e fo r e ,  sum o f  tw o p a r t s .  The 
f i r s t  p a r t  i s  th e  v a r ia n c e  te rm  w h ic h  d e s c r ib e s  th e  random p o r t io n  o f  
th e  e r r o r :
v a r [$ ]  = E [ ( $ - E [ f ] ) 2 ]  » E [$ 2] - E 2 [ «  ( A .2 .3)
The second p a r t  i s  th e  squa re  o f  a b ia s  te rm  w h ic h  d e s c r ib e s  th e  
s y s te m a t ic  p o r t io n  o f  th e  e r r o r :
b 2 [$ ]  = E [b 2 [$ ]  ] = E [(E [$ ]-< t , )2 ] ( A .2 .4)
Thus th e  mean squa re  e r r o r  i s  th e  sum o f  th e  v a r ia n c e  o f  th e  
e s t im a te  and th e  squa re  o f  th e  b ia s  o f  t l ie  e s t im a te ,  t h a t  i s :
E t O M ) 2 ] = v a r [ $ ] +b 2 [ i [ ]  ( A .2 .5)
I t  i s  g e n e r a l ly  more c o n v e n ie n t to  d e s c r ib e  th e  e r r o r  o f  an 
e s t im a te  in  te rm s w h ic h  have th e  same p h y s ic a l u n i t s  as th e  p a ra m e te r 
b e in g  e s t im a te d . T h is  can be a c h ie v e d  b y  ta k in g  th e  p o s i t i v e  squa re  
r o o ts  o f  th e  e r r o r  te rm s  i n  e q u a t io n  ( A .2 .3) th ro u g h  ( A .2 .5 ) .  The
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squa re  r o o t  o f  e q u a tio n  ( A .2 .3 )  y ie ld s  th e  s ta n d a rd  d e v ia t io n  o f  th e  
e s t im a te ,  c a l le d  th e  s ta n d a rd  e r r o r  ( o r  random e r r o r ) ,  as fo l lo w s - .
s ta n d a rd  e r r o r  = a [$ ]  = (E [$ 2 ] - E 2 [<j>] } 2 ( A .2 .6 )
The squa re  r o o t  o f  e q u a t io n  (A .2 .4 )  g iv e s  t l ie  b ia s  e r r o r  a s :
b ia s  e r r o r  = b [$ ]  = E [$]-<{> ( A .2 .7 )
T lie  squa re  r o o t  o f  t l ie  sum o f  th e  two squa red  e r r o r s ,  as g iv e n  by  
e q u a t io n  ( A .2 .5 ) ,  d e f in e s  th e  r o o t  mean squa re  e r r o r  (rm s) a s :
rms = {E [O -< f0 2 ] 4  = { a 2 [M + b 2 [< p ]4  ( A .2 .8)
As a f u r t h e r  c o n v e n ie n c e , i t  i s  o f te n  d e s ir a b le  to  d e f in e  th e  
e r r o r  o f  an e s t im a te  i n  te rm s o f  a f r a c t io n a l  p o r t io n  o f  th e  q u a n t i t y  
b e in g  e s t im a te d  to  o b ta in  a n o rm a liz e d  e r r o r .  F o r th e  n o rm a liz e d
e r r o r s  a re  g iv e n  b y :
2 2 1
n o rm a liz e d  s ta n d a rd  e r r o r  = e = M i l  = i l l l . [l l l l  ( A .2 .9 )
r  <j> <j> v J
n o rm a liz e d  b ia s  e r r o r  = eu ~ M U  = M U  ( A .2 .1 0 )D (j> <f>
n o m a l iz e d  rms e r r o r  ® e = — -1 1 1 1 1 1 1 . -  iJ L K f r M  J }  ( A .2 .1 1 )
S  (p (J)
The q u a n t i t y  e i s  u s u a l ly  r e fe r r e d  to  as th e  r e la t i v e  e r r o r ,  
w h i le  b e fo re  n o r m a liz a t io n  i s  r e f e r r e d  to  as a b s o lu te  e r r o r .  I t  i s  
n o te d  t h a t  when th e  b ia s  i s  z e ro , th e  r o o t  mean squa re  e r r o r  becomes 
th e  smae as th e  s ta n d a rd  e r r o r .
1 7 4 .
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APPENDIX A .3
LINEAR SYSTEMS AND THEIR OUTPUT POWER SPECTRA
C o n s id e r th e  fo l lo w in g  d i f f e r e n t i a l  e q u a tio n :
anDnx ( t ) + a n _ i Dn' 1x ( t )+  . . . .  +aQx ( t )  = f ( u ( t ) ]  (A .3 .1 )
where x ( t )  and u ( t )  a re  fu n c t io n s  o f  t im e ,  f [ u ( t ) ]  i s  a l i n e a r  f u n c t io n  
and Dn  deno te s  th e  n th  o rd e r  d i f f e r e n t i a l  w i t h  re s p e c t  t o  t im e .  The 
s o lu t io n  to  t h i s  d i f f e r e n t i a l  e q u a t io n  may be c o n s id e re d  as th e  o u tp u t  
o f  a l i n e a r  sys tem , w i t h  in p u t  u ( t ) ,  whose t r a n s f e r  fu n c t io n  i s :
G C s )    - -  ------------------  (A .3 .2 )
V  +V l s  + • • • • ■ %
where s i s  th e  L a p la c e  o p e ra to r  and F (s )  i s  th e  L a p la ce  tra n s fo rm  o f  
f [ u ( t ) ] .  R e p la c in g  s b y  jco g iv e s  th e  sys tem  fre q u e n c y  resp o n se  as :
G (jw )     ------------------  ( A .3 .3 )
an ( jw )  +an _1 ( jw )  + --------+aQ
The above sys tem  i s  s a id  to  be o f  o rd e r  n ,  because th e  d e n o m in a to r 
o f  i t s  t r a n s f e r  f u n c t io n  i s  a p o ly n o m ia l o f  o rd e r  n .  C o n s id e r th e  
fo l lo w in g  second o rd e r  sys tem :
G (s) » ------ (A .3 .4 )
a0s +an s+a 2 1 o
I f  th e  d e n o m in a to r, t h a t  i s  th e  e q u a t io n :
a2s 2+a1s+aQ = 0 (A . 3 .5 )
has im a g in a ry  r o o ts  th e n  th e  sys tem  i s  s a id  to  be underdam ped, w h i le  
i f  th e  r o o ts  a re  r e a l ,  i t  i s  s a id  to  be overdam ped. An underdamped 
sys tem  i s  a ls o  c a l le d  l i g h t l y  damped and an overdamped sys tem  i s  a ls o  
c a l le d  h e a v i ly  damped.
Now, c o n s id e r  a l i n e a r  sys te m , w i t h  in p u t  u ( t )  and o u tp u t  x ( t ) , 
t h a t  i s ,
G (s) = (A . 3 .6 )
where G (s) i s  th e  system  t r a n s f e r  f u n c t io n ,  U (s ) and X (s )  a re  th e
L a p la c e  tra n s fo rm s  o f  u ( t )  and x ( t ) . The fre q u e n c y  resp o n se  o f  th e  
sys tem  is  g iv e n  b y :
G(j" ° = § S  (A-3-7)
In d e e d , th e  L a p la c e  t r a n s fo rm  o f  a f u n c t io n  g ( t )  i s  g iv e n  a s :
OO
G (s) = f  g ( t ) e x p ( - s t ) d t  ( A .3 .8 )
—co
and i t s  F o u r ie r  t ra n s fo rm  i s  g iv e n  a s :
oo
G (jto ) = /  g ( t ) e x p ( - j w t ) d t  (A .3 .9 )
— 00
The fu n c t io n  g ( t )  i s  known as th e  im p u ls e  response  o f  th e  sys tem . The 
re sp o n se , x ( t ) ,  o f  t h i s  l i n e a r  sys tem  to  an in p u t  u ( t )  i s  g iv e n  b y  th e  
f o l lo w in g  c o n v o lu t io n  i n t e g r a l :
oo
x ( t )  = /  g ( t - t 1 ) u ( t 1) d t 1 (A .3 .1 0 )
— 00
Now, l e t  th e  in p u t  random s ig n a l ,  u ( t ) ,  have an a u to c o r r e la t io n  
f u n c t io n  R ^ t ) .  C o n s id e r th e  a u to c o r r e la t io n  o f  th e  o u tp u t  s ig n a l ,  
t h a t  i s ,
Rx ( t ) » E [ x ( t ) x ( t + x ) ] ( A .3 .1 1 )
w here E i s  t l ie  e x p e c ta t io n  o p e ra to r .  S u b s t i t u t io n  fro m  e q u a tio n  
(A .3 .1 0 )  in t o  (A .3 .1 1 )  g iv e s :
Rx 0 )  = E I / ° ° g ( t - t 1) u ( t 1) d t 1 - / cog ( t + x - t 2 ) u ( t 2) d t 2 ] (A .3 .1 2 )
From t h i s  e q u a t io n ,  i t  f o l lo w s  t h a t :
RXQ) = E[__/OT_^aig ( t + x - t 2) g ( t - t 1) u ( t 2) u ( t 1 ) d t 2d t 1] (A .3 .1 3 )
S in c e , o n ly  u ( t ^ )  and u ( t 2) a re  random v a r ia b le s ,  th e n :
r x ( t ) s=^ £C°_£COg C t+ T - t2) g ( t - t 1) E [ u ( t 2) u ( t 1) ] d t 2t 1 (A .3 .1 4
N o t in g  t h a t :
E [ u ( t 2) u ( t 1) ]  = Ru ( t 2- t 1) (A. 3 .1 5 )
th e n  e q u a tio n  (A .3 .1 3 ) may be w r i t t e n  as :
r x ( t ) =-£ C°-.£00g ( t + x - t 2 ) g ( t - t 1)Ru ( t 2“ t 1) d t 2d t 1 (A . 3 .1 6 )
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I n  o rd e r  to  d e te rm in e  t l ie  s p e c t r a l  d e n s i t y ,  F o u r ie r  t r a n s fo r m a t io n  
o f  e q u a t io n  ( A .3 .1 6 )  g iv e s :
SX M  l £ £ A ( t+ T ' '1:2 l ^ t " t:i ) Ru ( t 2 " 1:^ exP W wT^ t 2d t:l dT
w h ic h  can  b e , e q u iv a le n t ly ,  w r i t t e n  a s :
. .  OO 0 0  CO
=- L L L  g ( a)g (3 )R u (Y )axP ( ^ wa )e x p ( jw 3 )e x p ( ‘-ja)Y)dad3dY (A .3 .1 7 )
w h e re ,
a  = t + x - t ^
8 » t - t^
Y = t2-tx
S in c e , pow er s p e c t r a l  d e n s i ty  i s  th e  F o u r ie r  t ra n s fo rm  o f  th e  a u to ­
c o r r e la t io n  f u n c t io n  and a ls o  u s in g  e q u a t io n  ( A .3 .9 ) ,  th e n  e q u a tio n  
(A .3 .1 7 )  g iv e s :
Sx (w) = G ( jw )G ( - jw )S u (u ) (A .3 .1 8 )
where S ( w )  and S (w) a re  th e  in p u t  and o u tp u t  pow er s p e c t ra ,  re s p e c -
U  A
t i v e l y ,  and G(jco) i s  th e  l i n e a r  sys tem  fre q u e n c y  re s p o n s e . N o t in g  
t h a t  G ( - jw )  i s  th e  com p lex  c o n ju g a te  o f  G ( jto ) ,  th e n  th e  p ro d u c t 
G ( jw )G ( - jw )  i s  a r e a l  q u a n t i t y  and i s  e q u a l to  th e  squa re  o f  th e  
a b s o lu te  v a lu e  o f  G (joy); so t h a t  e q u a t io n  (A .3 .1 8 )  can  a ls o  be w r i t t e n  as : 
Sx (u ) = G O V ) 2Su (» ) (A .3 .1 9 )
E q u a tio n s  (A .3 .1 8 )  and (A .3 .1 9 )  e xp re ss  t l ie  o u tp u t  s ig n a l  s p e c t r a l  
d e n s i ty  o f  a l i n e a r  sys tem  i n  te rm s  o f  th e  in p u t  s ig n a l s p e c t r a l  
d e n s i t y  and th e  sys tem  fre q u e n c y  re sp o n se .
THE STATE SPACE APPROACH TO LINEAR SYSTEM ANALYSIS
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The s ta te  space ap p ro a ch  to  l i n e a r  sys tem  a n a ly s is  i s ,  in  f a c t ,  
th e  m a t r ix  r e p r e s e n ta t io n  o f  th e  sys tem  e q u a t io n s .  The d i f f e r e n t i a l  
e q u a t io n  ( A .3 .1 ) ,  f o r  exam p le , w h ic h  gove rns  a l i n e a r  sys tem  may be 
c o n v e rte d  to  a m a t r ix  fo rm .
The s ta te  space m ethod i s  a p p l ic a b le  to  th e  e n t i r e  range  o f  
m u l t i - i n p u t ,  m u l t i - o u t p u t ,  c o n tin u o u s  and d is c r e te  system s o f  any 
o r d e r .  The m ethod d e a ls  d i r e c t l y  w i t h  th e  s e t  o f  e q u a tio n s  d e f in in g  
a system  and is  w e l l  s u i te d  to  d i g i t a l  means o f  c o m p u ta tio n ; i . e .  
s in c e  i t  u t i l i z e s  e x te n s iv e ly  th e  a lg e b ra  o f  m a tr ic e s ,  can  p ro v id e  
means o f  c h a r a c te r iz in g  com p lex system s i n  a v e ry  c o n c is e  m anner.
T h is  e n a b le s  one to  m in im iz e  th e  c o m p le x ity  o f  m a n ip u la t io n s  and th u s  
g a in  a b e t t e r  i n t u i t i v e  in s ig h t  in t o  th e  fu n c t io n in g  o f  a p h y s ic a l 
sys tem . T h is  f a c t ,  to g e th e r  w i t h  th e  f lo w  d iag ram s p ro v id e d  b y  th e  
s ta te  space te c h n iq u e s , f a c i l i t a t e  b o th  th e  c o n s t r u c t io n  o f  th e  system  
o r  i t s  c o n tin u o u s  s im u la t io n .  More on t h i s  may be fo u n d  i n  W ibe rg  
(1 9 7 1 ). As f a r  as s im u la t io n  on a d i g i t a l  com pu te r i s  co n c e rn e d , th e  
s ta te  space approach  p ro v id e s  means o f  o b ta in in g  re c u r re n c e  e q u a tio n s  
d i r e c t l y  fro m  th e  system  e q u a t io n s .
In  g e n e ra l,  th e  s ta te  space re p re s e n ta t io n  o f  a m u l t i - in p u t ,  
m u l t i - o u tp u t ,  l i n e a r  sys tem  i s :  
l i t )  = A x ( t ) + B u ( t )
x ( t )  = C y ( t )+ D u ( t )  (A . 4 .1 )
w here  th e  m a tr ic e s  A ,B ,C  and D may be fu n c t io n s  o f  t im e  f o r  a t im e  
v a r ia n t  sys tem . H ie  v e c to r  u ( t )  i s  th e  in p u t  and x ( t )  i s  th e  o u tp u t  
v e c to r ;  y ( t )  i s  c a l le d  th e  s ta te  v e c to r  and y ( t )  d e n o te s  i t s  f i r s t  
d e r iv a t iv e  w i th  re s p e c t to  t im e .  F o r a s in g le  in p u t - s in g le  o u tp u t  
sys tem , how ever, e q u a tio n s  (A .4 .1 )  reduce  to :
Z* ( t )  = A z ( t ) + b u ( t )
x ( t )  ® c ? z ( t }  (A .4 .2 )
where th e  in p u t ,  u ( t ) ,  and o u tp u t ,  x ( t ) ,  a re  s c a la r  q u a n t i t ie s  and 
n o t  v e c to r s ;  b and c a re  v e c to r s ,  in s te a d  o f  b e in g  m a t r ic e s ,  and c 
deno te s  th e  tra n s p o s e  o f  v e c to r  c .
The t im e  dom ain s o lu t io n  to  e q u a tio n s  (A .4 . 2 ) ,  i s  g iv e n  b y :
Z ( t - t 0 ) » ^ ^ t “ t 0 )Y .( t0 ) + f t ^ ( t “ t ’ ) b u ( t , ) d t '
t
rp O
x ( t )  = c  z ( t )  (A .4 .3 )
w h ic h  may be o b ta in e d  by  th e  a p p l ic a t io n  o f  L a p la ce  t ra n s fo rm  to  
e q u a tio n s  (A .4 . 2 ) .  I n  th e  above e q u a t io n  X ( t  ) i s  th e  i n i t i a l  s ta te  
v e c to r ,  nam ely  a t  t  e q u a l to  t  ; f l ( t )  i s  c a l le d  th e  t r a n s i t i o n  ( o r  
fu n d a m e n ta l)  m a t r ix ,
n ( t )  = e x p (A t)  (A .4 .4 )
I f  u ( t )  i s  a c o n s ta n t ,  say  u ( t  ) ,  th e n  e q u a tio n s  (A .4 .3 )  can  be 
w r i t t e n  as :
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x ( t - t 0 ) = n ( t - t 0 ) j r ( t 0 ) + e ( t - t o ) u ( t 0 )
x ( t )  = cTx ( t )  (A .4 .5 )
w h e re ,
£ ( t - t j  = A n  ( t - t 1 ) b d t 1 (A . 4 .6 )
°  t o
F o r th e  d is c r e te  ca se , th e  re c u r re n c e  e q u a tio n s  may be w r i t t e n  a s :
X (k + 1 ) = f i(A T )y (k )+ 3 (A T )u (k )
x ( k + l )  = cTy ( k + l )  (A .4 .7 )
w here , f o r  exam ple , x ( k + l )  i s  x ( t )  a t  t  e q u a l to  (k + l)A T . The above 
re c u r re n c e  e q u a tio n s  g iv e  th e  s u c c e s s iv e  d is c r e te  v a lu e s  o f  th e  o u tp u t  
s ig n a l a t  t im e  in t e r v a ls  o f  AT, when th e  system  i s  e x c i te d  b y  a d is c r e te  
s ig n a l .
The t r a n s i t i o n  m a t r ix  f t ( t ) ,  how eve r, is  commonly e v a lu a te d  as 
fo l lo w s .  F o r m a t r ix  A , th e  m a t r ix  [ s i - A ]  i s  form ed; w here s is  th e  
L a p la ce  t ra n s fo rm  o p e ra to r  and I  i s  th e  id e n t i t y  m a t r ix ,  i . e .  a m a t r ix  
o f  th e  same o rd e r  as A w i t h  u n i t  d ia g o n a l e le m e n ts  and a l l  o th e r  e lem en ts
b e in g  z e ro . The t r a n s i t i o n  m a t r ix  f t ( t )  may th e n  be fo u n d  b y  in v e rs e  
L a p la ce  t r a n s fo rm a t io n  o f  th e  m a t r ix  [ s I - A ] , t h a t  i s :
n ( t )  = L_1{ [ s I - A ] > (A .4 .8 )
where L * { }  deno te s  th e  in v e rs e -L a p la c e  t ra n s fo rm  o p e ra to r .
Three  su g g e s te d  re fe re n c e s ,  on th e  t o p ic ,  a re :  G upta (1 9 6 6 ), 
Freeman (1965) and Saucedo & S c h ir in g  (1 9 6 8 ).
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DELTA FUNCTIONS AND IMPULSE REPRESENTATION OF SAMPLED SIGNALS
A fu n c t io n ,  w id e ly  used i n  sam pled d a ta  a n a ly s is ,  i s  th e  u n i t  
im p u ls e  o r  D ira c  d e l t a  f u n c t io n  6 ( t ) . I t  i s ,  m a th e m a t ic a l ly ,  d e f in e d  a s :
ClimC1/  ) ,0$t^A 
6 ( t )  = J A~>0 A
I  0 ,A*tfe<0 (A . 5 .1 )
Q u a l i t a t i v e ly ,  how eve r, i t  i s  c o n s id e re d  as a u n i t  im p u ls e  o c c u r in g  
a t  t= 0  and as th e  l i m i t  as A-*0 o f  a r e c ta n g u la r  p u ls e  o f  w id th  A and
h e ig h t  VA; i . e .  th e  p u ls e  a re a  b e in g  m a in ta in e d  e q u a l to  u n i t y .
The d e l t a  f u n c t io n  i s  even , t h a t  i s :
<S(t) = 6 ( - t )  ( A .5 .2 )
The fu n c t io n  6 ( t - a )  a ls o  re p re s e n ts  a d e l t a  fu n c t io n  o c c u r r in g  a t  t= a ,  
w here a i s  a p o s i t i v e  r e a l  c o n s ta n t .  The u s e fu l  p r o p e r t ie s  o f  th e  
d e l t a  f u n c t io n  may be sum m arized a s :
_/°°6 ( t - a ) d t  = 1 (A . 5 .3 )
_ £ ° ° f i ( t - a ) f  ( t ) d t  = f ( a )  (A . 5 .4 )
where f ( t )  i s  a c o n t in u o u s  fu n c t io n  o f  t .  I t s  F o u r ie r  t r a n s fo rm  is  
a ls o  g iv e n  a s :
F{ <5 ( t - a )  } = (A . 5 .5 )
C o n s id e r a t r a i n  o f  u n i t  im p u ls e s , r e fe r r e d  to  as im p u ls e  t r a i n  
o r  D ira c  d e l t a  comb, c o n s is t in g  o f  im p u lse s  s e p a ra te d  b y  AT. The d e l t a
comb i s  s y m b o liz e d  b y  <S ( t )  and i s :
6c ( t )  = 6 ( t ) + 6 ( t - A t ) + S ( t - 2 A t ) +  . . .  = | 0 6 ( t - n A t )  (A .S .6 )
The F o u r ie r  t ra n s fo rm  o f  6 ( t )  i s :c
F (5 c ( t ) }  = l+ e ” ^ ojAt+e *'2^ coAt+ . . .  = nI 0e ‘' JwnAt (A . 5 .7 )
Tlie l a t t e r  e q u a t io n  may be w r i t t e n  i n  th e  c lo s e d  fo rm  as :
F{6 f t ) J  = A M  =  4 a T  ( A . S . 8 )
When a c o n t in u o u s  s ig n a l  i s  sam p led , i t  i s  re p re s e n te d  by  th e  
sam ple v a lu e s  a t  th e  d is c r e te  in s ta n ts  o f  t im e ,  nam e ly  th e  sa m p lin g
182.
in s t a n t s .  C o n s id e r a c o n t in u o u s  s ig n a l  f ( t )  w i t h  t l ie  v a lu e s  in d ic a te d  
a t  e v e ry  A t in s t a n t  o f  t im e .  T h is  sequence o f  v a lu e s  may be re p re s e n te d  
b y  a t r a i n  o f  im p u ls e s , w i t h  th e  a re a s  o r  s t re n g th s  o f  th e  im p u lse s  
e q u a l t o  f ( t )  a t  th e  c o r re s p o n d in g  in s ta n ts  o f  t im e .  T h a t i s ,  a t  any 
g iv e n  t im e  t= n A t ,  th e  im p u ls e  i s  A t . f ( n A t ) < 5 ( t - n A t ) . The m u l t i p l i c a t io n  
by A t i s  u s u a l ly  in c lu d e d  f o r  d im e n s io n a l c o n s is te n c y ,  as in d ic a te d  
by e q u a tio n  ( A . 5 . 3 ) .  The t r a i n  o f  im p u lse s  may th e n  be re p re s e n te d  by  
th e  i n f i n i t e  sum m ation:
oo
f * ( t )  = A t .  z0 f ( n A t ) 6 ( t - n A t )  ( A .5 .9 )
H ie  te rm  f * ( t )  i s  th e  sam pled s ig n a l ,  i . e .  th e  sam ple v a lu e s  fro m  th e  
c o n tin u o u s  s ig n a l  f ( t )  a t  d is c r e te  in s ta n ts  t - n A t .  C om parison o f  
e q u a tio n s  ( A .5 .6 )  and ( A .5 .9 )  shows t h a t  f * ( t )  i s  s im p ly  th e  m u l t i p l i ­
c a t io n  o f  th e  d e l t a  comb, A ( t ) , b y  th e  v a lu e s  o f  f ( t )  a t  th e  sa m p lin g  
in s ta n t s ;  i t  f o l lo w s  t h a t :
f * ( t )  = A t . f ( t ) 6  ( t )  ( A .5 .1 0 )
T h is  i s  a ls o  r e fe r r e d  t o  as th e  im p u ls e  r e p r e s e n ta t io n  o f  th e  fu n c t io n  
f ( t ) .
I t  i s  seen fro m  e q u a t io n  ( A .5 .5 )  t h a t  th e  F o u r ie r  t ra n s fo rm  o f  
e q u a t io n  ( A .5 .9 )  can  be w r i t t e n  as :
F{f* (to) } = AT.nf 0 f(n A t)e -;7wTlAt (A .5 .11)
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THE CUBIC SPLINE METHOD OF INTERPOLATION
The s o - c a l le d  s p l in e  f i t t i n g  o f  a c u rv e  d e r iv e s  i t s  name fro m  a 
d ra f ts m a n ’ s d e v ic e .  A s p l in e  i s  a f l e x i b l e  s t r i p  w h ic h  can be h e ld  
by  w e ig h ts  so t h a t  i t  passes th ro u g h  each o f  th e  g iv e n  p o in t s ,  b u t  
goes s m o o th ly  fro m  each i n t e r v a l  to  th e  n e x t  a c c o rd in g  to  th e  law s o f  
beam f le x u r e .  The c o rre s p o n d in g  m a th e m a tic a l p ro c e d u re  i s  an a d o p t io n  
o f  t h i s  id e a ;  G e ra ld  (1 9 7 0 ).
The c u b ic  s p l in e  f i t  uses a s e t  o f  c u b ic s  p a s s in g  th ro u g h  th e  
known p o in t s ,  w i t h  a new c u b ic  i n  each in t e r v a l .  To c o rre s p o n d  to  
th e  id e a  o f  th e  d ra f ts m a n 's  s p l in e ,  i t  i s  r e q u ire d  t h a t  b o th  th e  s lo p e  
and th e  c u rv a tu re  be th e  same f o r  th e  p a i r  o f  c u b ic s  jo in in g  a t  each 
p o in t ;  G e ra ld  (1 9 7 0 ).
Thus, th e  e q u a tio n s  f o r  th e  c u b ic  s p l in e  in t e r p o la t io n  ( o r  cu rv e  
f i t t i n g )  a re  d e r iv e d  s u b je c t  to  th e  above c o n d i t io n s .  C o n s id e r th e  
i - t h  in t e r v a l  betw een th e  p o in ts  ( x ^ y ^ )  and (x i+1> y i+ P  * TFe eclu a t io n  
o f  th e  c u b ic  i n  t h i s  i n t e r v a l  may be w r i t t e n  as :
F u r th e r  th e  s lo p e s  and c u rv a tu re s  o f  th e  jo in in g  p o ly n o m ia ls  have 
a ls o  to  be c o n s id e re d . From e q u a t io n  (A .6 .1 ) ,  th e  f i r s t  and second 
d e r iv a t iv e s  may b e , r e s p e c t iv e ly ,  w r i t t e n  as :
y= a i ( x - x i ) 3+bi ( x - x i ) 2+c± ( x - x ^ - h L (A .6 .1 )
S in ce  i t  f i t s  a t  th e  tw o end p o in ts  o f  th e  in t e r v a l ,  th e n :
(A .6 .2 )
and
where (A. 6 .3 )
(A .6 .4 )
y '= 3 a . ( x - x . ) 2+ 2 b .( x ~ x . )+ c .  
y " = 6 a © x -x ^ )+ 2 b ^
(A .6.5)
(A.6.6)
E q u a tio n  (A .6 .6 )  th e n  g iv e s :
Si =6ai ( x . - x i ) +2b i =2bi  
Si+ 1 = 6 a . ( x . +1- x . ) + 2 b i =6ai h i +2bi  
These e q u a tio n s  y i e l d :
b i =Si /2  ( A .6 .7 )
cV (s i + r s i ) / 6 h i  (A -6 ' 8)
S u b s t i t u t in g  f o r  d p  b ^  and fro m  e q u a tio n s  ( A .6 .2 ) ,  ( A .6 .7 )  
and (A .6 . 8 ) ,  r e s p e c t iv e ly ,  in t o  e q u a t io n  (A .6 .3 )  and s o lv in g  f o r  
o  g iv e s :
c i i w V +r V - x < 2s i +!W  (a - 6 - 9 )
Now, th e  c o n d i t io n  t h a t  th e  s lo p e s  o f  th e  tw o  c u b ic s  j o i n i n g  a t  a 
p o in t  ( x i , y i ) a re  th e  same, has to  be in v o k e d . E q u a tio n  (A .6 . 5 ) ,  f o r  
th e  in t e r v a l  i  a t  x = x ^ , g iv e s :
d " 3a i  ( x r x d  2+2bi  (x i - x P  + c i = c i
and f o r  th e  i n t e r v a l  ( i - l )  a t  x= x^  ( th e  s lo p e  a t  i t s  r i g h t  end) y ie ld s :
y != 3 a . 1 ( x . - x .  3) 2+2b. . ( x . - x .  Y + c .  .' i  l - l v i  l - l '  l - l v i  l - l '  i - l
?
=3a. , h  . 3 +2b. _h. -+ c .  i - l  i - l  i - l  i - l  i - l
E q u a tin g  th e s e  tw o e x p re s s io n s ,  s u b s t i t u t in g  f o r  a p b p C ^  and d ^  fro m
e q u a tio n s  ( A .6 . 8 ) ,  ( A .6 .7 ) ,  ( A .6 .9 )  and (A .6 .2 )  r e s p e c t iv e ly ,  a f t e r
s im p l i f i c a t i o n  i t  le a d s  t o :
f y i - H ” y i  y i~ y i - l \  
h i - l Si - l + ( 2h i - l +2hR  Si +b i Si +l= 6 V M  - CA..5. 10)
1 1-1
E q u a tio n  (A .6 .1 0 )  a p p l ie s  a t  each  i n t e r v a l ,  fro m  1=2 to  i = n - l ,  
w here n  i s  th e  t o t a l  num ber o f  p o in t s .  T h is  w o u ld  y i e l d  n -2  e q u a tio n s  
r e la t i n g  th e  n  v a lu e s  o f  S p  Two a d d i t io n a l  e q u a t io n s ,  in v o lv in g  
and S , may a ls o  be o b ta in e d  b y  s p e c i f y in g  th e  c o n d i t io n s  p e r t a in in g  
to  th e  end in t e r v a ls  o f  th e  w h o le  c u rv e . The s u i t a b le  app roach  i s  to  
ta k e  as a l i n e a r  e x t r a p o la t io n  fro m  S2 and S p  w i t h  an ana log ous  
l i n e a r i t y  r e la t io n s h ip  f o r  S ^, S ^ and Sn - 2 > G e ra ld  (1 9 7 0 ) . T h is  
a s s u m p tio n  g iv e s :
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Let denote the second derivative at the point (X p y ^ ).
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h j h2 ( S3_S2 © h 2Sl ' 7hl +h2-) S2+hl S3~°
^ V V i ^ t V r V P W A / V i i V A J /
I t  i s  c o n v e n ie n t to  w r i t e  th e  s e t  o f  e q u a tio n s  i n  th e  m a t r ix  fo rm :
0h 2 - ( h l+ h 2 ) : h i 0 0 0*
h l 2 0 1l +h 2) h 2
0 0 0
0 h 2 2 (h 2+h3) h 3 0 0
0
t
i
0 h 3 2 (h 3 +h4) h4 0
i
0 0 V l ' (hn - 2 +V !>
0^ uSn.
X3TX2 _X2fXlh2 hi
ZarYjL-YxXi
h 3 h 2 
Y.srYn -  XcXa.
hi
0
( A .6 .1 1 )
I f  th e  known p o in ts  y ^  a re  e q u a l ly  spaced , fo  w i l l  be th e  same
and e q u a l t o  h  s a y , th e n  a p a r t i c u l a r l y  s im p le  m a t r ix  e q u a t io n  i s
o b ta in a b le .  The v e c to r  on  th e  r i g h t  hand s id e  o f  e q u a t io n  (A .6 .1 1 )
2
w o u ld  th e n  have com ponents o f  A y  and th e  e q u a tio n  re duces  to :
* 1 -2 1 0 0 - - - O'
' ST 0
1 4 1 0 0 0 S2 * 4
0 1 4 1 0 0
S3 a V 2
0
11f
0 1 4 1 0
?4
1
_ 6 
h 2
A2y 3
* J 1 |
0 0 0 0 1 4 1
I
s .n - l A\ - 2
 ^ 0 0 0 0 1 -2 1 S
l n  J
0
(A .6 .1 2 )
A f t e r  th e  v a lu e s  a re  com puted fro m  th e  above e q u a t io n s ,  th e  
c o e f f ic ie n t s  a ^ ,b ^ ,c ^  and d^ a re  o b ta in a b le  fro m  e q u a tio n s  (A .6 . 8 ) ,
(A .6 . 7 ) ,  (A .6 .9 )  and (A .6 . 2 ) ,  r e s p e c t iv e ly .  S u b s t i t u t in g  th e s e  in t o  
e q u a t io n  (A .6 .1 ) ,  g iv e s  y  c o r re s p o n d in g  to  x  i n  th e  i - t h  in t e r v a l .
The s u b - ro u t in e s  f o r  th e  c u b ic  s p l in e  in t e r p o la t io n  m ethod may be 
fo u n d  in  m ost o f  th e  d i g i t a l  com pu te r l i b r a r i e s ,  e .g .  NAG (1 9 7 7 ).
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9b As in  Fig. 9a, but using 30 slots.
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G auss ian  d a ta  w i t h  th e  a u to c o r r e la t io n  fu n c t io n :  
R (x )= e x p ( -x ) ,A x = 0 .0 5 s , R (0)-*R (14) e s t im a te d  fro m  
30 000 sam ple v a lu e s  and R (15)+R (50) e x t r a p o la te d ,  
u s in g  th e  maximum d e te rm in a n t m ethod.
The t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  
a u to c o r r e la t io n  fu n c t io n  shown i n  F ig .  21a, 
e x t r a p o la t in g  up to  R (2 0 0 ) .
As i n  F ig .  21a, b u t  o n ly  R(0)-+R(2) used  f o r  e x t ra p o ­
l a t i o n .
The t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  
a u to c o r r e la t io n  fu n c t io n  shown in  F ig .  21c , 
e x t r a p o la t in g  up t o  R (2 0 0 ) .
As in  F ig .  21a , b u t  R(0)->R(14) e s t im a te d  fro m  5 000 
sam ple v a lu e s  and e x t r a p o la te d  up t o  R (5 0 0 ) .
As in  F ig .  21a, b u t R (0 )-d l(1 4 ) e s t im a te d  fro m  5 000 
sam ple v a lu e s .
The t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  a u to ­
c o r r e la t io n  f u n c t io n  shown in  F ig .  2 1 f ,  e x t r a p o la t in g  
up to  R (2 0 0 ) .
As i n  F ig .  21a, b u t  o n ly  R (0)-*R (2) e s t im a te d  fro m  
5 000 sam ple v a lu e s  and used f o r  e x t r a p o la t io n .
The t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  a u to ­
c o r r e la t io n  f u n c t io n  shown in  F ig .  21h, e x t r a p o la t in g  
up to  R (2 0 0 ) .
G aussian  d a ta  w i th  th e  a u to c o r r e la t io n  fu n c t io n :  
R(t ) " 2 [e x p ( -x )+ e x p ( -2 x ) ] ,A x = 0 .0 4 s ,R (0 ) - * R (1 4 )  
e s t im a te d  fro m  30 000 sam ple v a lu e s  and R (1 5 )^R (5 0 ) 
e x t r a p o la te d ,  u s in g  th e  maximum d e te rm in a n t m ethod.
The t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  
a u to c o r r e la t io n  fu n c t io n  shown i n  F ig .  22a, e x t ra p o ­
l a t i n g  up to  R (2 0 0 ) .
As i n  F ig .  22a, b u t o n ly  R(0)->-R(4) used f o r  e x t ra p o ­
l a t i o n .
The t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  
a u to c o r r e la t io n  fu n c t io n  shown in  F ig .  22c , ex ti~apo - 
l a t i n g  up to  R (2 0 0 ) .
As i n  F ig .  22a, b u t  R(0)-+R(14) e s t im a te d  fro m  5 000 
sam ple v a lu e s .
T lie  t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  a u to ­
c o r r e la t io n  fu n c t io n  shown in  F ig .  22e , e x t r a p o la t in g  
up to  R (2 0 0 ) .
As i n  F ig .  22a, b u t o n ly  R(0)-+R(4) e s t im a te d  fro m  
5 000 sam ple v a lu e s  and used f o r  e x t r a p o la t io n .
The t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  
a u to c o r r e la t io n  fu n c t io n  shown in  F ig .  22g, e x tra p o ­
l a t i n g  up to  R (2 0 0 ) .
G auss ian  d a ta  w i t h  th e  a u to c o r r e la t io n  fu n c t io n :  
R (x )= e x p ( - x )c o s ir x ,At=0 .1s ,R(0)±R(9)  e s t im a te d  fro m  
30 000 sam ple v a lu e s  and R (10)-*R (50) e x t r a p o la te d ,  
u s in g  th e  maximum d e te rm in a n t m ethod.
T lie t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  a u to ­
c o r r e la t io n  f u n c t io n  shown i n  F ig .  23a, e x t r a p o la t in g  
up to  R (2 0 0 ) .
As in  F ig .  23a , b u t  o n ly  R(0)->R(6) used  f o r  e x tra p o ­
l a t i o n .
T lie t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  a u to ­
c o r r e la t io n  fu n c t io n  shown i n  F ig .  23c , e x t r a p o la t in g  
up to  R (2 0 0 ) .
As in  F ig .  23a, b u t  R (0 )-d i(9 )  e s t im a te d  fro m  5 000 
sam ple v a lu e s .
The t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  a u to ­
c o r r e la t io n  fu n c t io n  shown in  F ig .  23e , e x t r a p o la t in g  
up to  R (2 0 0 ) .
As in  F ig .  23a , b u t  R(0)-+R(15) e s t im a te d  fro m  5 000 
sam ple v a lu e s ' and used f o r  e x t r a p o la t io n .
The t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  a u to ­
c o r r e la t io n  fu n c t io n  shown in  F ig .  23g , e x t r a p o la te d  
up to  R (2 0 0 ) .
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23i As i n  F ig .  23a, b u t  R (0 )+ R (25 ) e s t im a te d  fro m  5 000 
sam ple v a lu e s  and used  f o r  e x t r a p o la t io n .
The t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  a u to ­
c o r r e la t io n  fu n c t io n  shown in  F ig .  2 3 i ,  e x t r a p o la te d  
up to  R (2 0 0 ).
As i n  F ig .  23a, b u t  R (0 )+ R (15 ) e s t im a te d  fo rm  500 
sam ple v a lu e s  o n ly  and used  f o r  e x t r a p o la t io n .
The t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  a u to ­
c o r r e la t io n  fu n c t io n  shown in  F ig .  23K, e x t r a p o la te d  
up to  R (2 0 0 ) .
The a u to c o r r e la t io n  fu n c t io n :  R (x )= e x p (-x )c o s T rx , 
A x= 0 .5 s , R (0)-+R(2) ta k e n  as known c o e f f i c ie n t s  to  
e x t r a p o la te  R (3 )-+R (10 ), u s in g  th e  maximum d e te rm in a n t 
m ethod.
The a u to c o r r e la t io n  fu n c t io n :  R (x )= |e x p ( - x )
[c o s (2 -frx )+ c o s (1 4 n x )] ,A x= 0 .02 5s ,R (0 )-+ R (9 ) ta k e n  as 
known c o e f f i c ie n t s  to  e x t r a p o la te  R(10)-*R(1QQ) . 
u s in g  th e  maximum d e te rm in a n t m ethod.
The t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  a u to ­
c o r r e la t io n  f u n c t io n  shown i n  F ig .  24a , e x t r a p o la te d  
up to  R (2 0 0 ) .
As i n  F ig .  24a, b u t R(0)-+R(24) ta k e n  as th e  known 
c o e f f i c i e n t s .
The t r u e  and e s t im a te d  s p e c tra  o b ta in e d  f o r  th e  a u to ­
c o r r e la t io n  fu n c t io n  shown i n  F ig .  2 4 c , e x t r a p o la te d  
up to  R (2 0 0 ) .
P lo t  o f  B a g a in s t  m a t r ix  d im e n s io n  (n ) f o r  th e  a u to ­
c o r r e la t io n  f u n c t io n :  R (x ) = e x p ( - x ) , A x O .O S s , 
e s t im a te d  fro m  5 000 sam ple v a lu e s  o f  th e  G auss ian  
d a ta .
P lo t  o f  B a g a in s t  m a t r ix  d im e n s io n  (n ) f o r  th e  a u to ­
c o r r e la t io n  fu n c t io n :  R (x )= exp (~ x )coS 7 rx , A x O . l s , 
e s t im a te d  fro m  5 000 sam ple v a lu e s .
As in  F ig .  25b , b u t th e  a u to c o r r e la t io n  f u n c t io n  
b e in g  e s t im a te d  fro m  500 sample v a lu e s .
The r o o t  mean squa re  e r r o r s  i n  th e  a u to c o r r e la t io n  
f u n c t io n  e x t r a p o la t io n ,  p lo t t e d  a g a in s t  th e  la g  
num ber. The known a u to c o r r e la t io n  c o e f f i c ie n t s  b e in g  
e s t im a te d  fo rm  G auss ian  d a ta  w i t h  th e  a u to c o r r e la t io n  
f u n c t io n :  R ( x ) = e x p ( - x ) , A x O .0 5 s . The e r r o r s  w ere 
com puted fro m  c o n t r ib u t io n s  o f  50 sequences , each 
c o m p r is in g  1 000 sam ple v a lu e s  and 10 e s t im a te s  were 
used as th e  known la g  v a lu e s .
26b As in  F ig .  26a, b u t 20 e s t im a te s  w ere used as th e  
known la g  v a lu e s .
195.
26d
26e
2 6 f
26g
26h 
2 6 i 
26 j  
26k
Fig. No.
26c
261
26m
26n
27a
27b
27c
As in  F ig .  26a , b u t 30 e s t im a te s  w ere used as 
th e  known la g  v a lu e s .
As i n  F ig ,  26a , b u t  40 e s t im a te s  w ere  used as 
th e  known la g  v a lu e s .
As in  F ig .  26a, b u t  50 e s t im a te s  w ere used  as th e  
known la g  v a lu e s .
As i n  F ig .  26a, b u t  w i t h  th e  a u to c o r r e la t io n  
f u n c t io n :  R (x )= e xp (-*x )co s iT x ,A x= 0 .1 s ; 10 e s t im a te s  
w ere  used  as th e  known la g  v a lu e s .
As i n  F ig .  2 6 f ,  b u t  20 e s t im a te s  w ere  used  as th e  
known la g  v a lu e s .
As i n  F ig .  2 6 f ,  b u t  30 e s t im a te s  w ere  used  as th e  
known la g  v a lu e s .
As i n  F ig .  2 6 f ,  b u t  40 e s t im a te s  w ere used  as th e  
known la g  v a lu e s .
As i n  F ig .  2 6 f ,  b u t  50 e s t im a te s  w ere  used  as th e  
known la g  v a lu e s .
The p r e d ic te d  e x t r a p o la t io n  e r r o r s  com pared w i t h  
th e  e m p ir ic a l  e r r o r s .  T lie known a u to c o r r e la t io n  
c o e f f i c ie n t s  b e in g  e s t im a te d  fro m  G auss ian  d a ta  
w i th  th e  a u to c o r r e la t io n  fu n c t io n :
R (x ) = e x p ( - x ) , A x= 0 .05 s . A sam ple s iz e  o f  1 000 
has been em ployed to  o b ta in  th e  f i r s t  10 a u to ­
c o r r e la t io n  e s t im a te s  used as th e  known c o e f f i c ie n t s  
f o r  e x t r a p o la t io n .  The e r r o r  m agn itude s  in  th e  
i n i t i a l  la g  v a lu e s  (g iv e n  b y  B a r t l e t t ' s  fo rm u la )  
have been used  to  assess th e  e r r o r  m agn itude s  in  t l ie  
e x t r a p o la te d  v a lu e s .
As i n  F ig .  261c, b u t 20 e s t im a te s  w ere used  as th e  
known la g  v a lu e s .
As in  F ig .  2 6 k , b u t  w i t h  th e  a u to c o r r e la t io n  
fu n c t io n :  R (x )= e xp (-x )co s7 rx ,A x= 0 .1 s ; 10 e s t im a te s  
w ere used as th e  known la g  v a lu e s .
As i n  F ig .  26m, b u t  20 e s t im a te s  w ere  used as th e  
known la g  v a lu e s .
G auss ian  d a ta  w i th  th e  a u to c o r r e la t io n  fu n c t io n :  
R (x )= e x p (~ x ) , A x= 0 .0 5 s , R(0)-+R(14) e s t im a te d  fro m  
30 000 sam ple v a lu e s  and used f o r  th e  maximum 
e n tro p y  sp e c tru m  w h ic h  is  compared w i t h  th e  t r u e  
sp e c tru m  in  t h i s  f ig u r e .
Tlie d is c r e te  a u to c o r r e la t io n  f u n c t io n  o b ta in e d  fro m  
th e  in v e r s e - F o u r ie r  t r a n s fo rm a t io n  o f  th e  maximum 
e n tro p y  sp e c tru m  shown in  F ig .  27a , com pared w i th  
th e  t r u e  fu n c t io n  and o r i g i n a l  c o e f f i c ie n t s .
As i n  F ig .  27a, b u t o n ly  R (0)->R(2) used as known 
c o e f f i c ie n t s .
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H ie  d is c r e te  a u to c o r r e la t io n  fu n c t io n  o b ta in e d  from  
th e  in v e r s e - F o u r ie r  t r a n s fo rm a t io n  o f  th e  maximum 
e n tro p y  sp e c tru m  shown i n  F ig .  27c , compared w i t h  
th e  t r u e  f u n c t io n  and o r ig in a l  c o e f f i c ie n t s .
As in  F ig .  27a, b u t  R(0)->R(14) e s t im a te d  fro m  5 000 
sam ple v a lu e s .
H ie  d is c r e te  a u to c o r r e la t io n  f u n c t io n  o b ta in e d  fro m  
t l ie  in v e r s e - F o u r ie r  t r a n s fo rm a t io n  o f  maximum 
e n tro p y  sp e c tru m  shown in  F ig .  27e, com pared w i t h  
th e  t r u e  fu n c t io n  and o r i g i n a l  c o e f f i c ie n t s .
As i n  F ig .  27a, b u t  o n ly  R(0)->R(2) e s t im a te d  fro m  
5 000 sam ple v a lu e s  and used as known c o e f f i c ie n t s .
H ie  d is c r e te  a u to c o r r e la t io n  f iu ic t io n  o b ta in e d  fro m  
th e  in v e r s e - F o u r ie r  t r a n s fo rm a t io n  o f  maximum e n tro p y  
sp e c tru m  shown i n  F ig .  27g, com pared w i t h  t l ie  t r u e  
fu n c t io n  and o r i g i n a l  c o e f f i c ie n t s .
G auss ian  d a ta  w i t h  th e  a u to c o r r e la t io n  f im c t io n :  
R (T )= e xp (-T )co s iT T ,A T = 0 .1 s ,R (0 )rt-R (9 ) e s t im a te d  fro m  
30 000 sam ple v a lu e s  and used f o r  th e  maximum e n tro p y  
sp e c tru m  w h ic h  i s  com pared w i th  t l ie  t r u e  sp e c tru m  
in  t h i s  f ig u r e .
H ie  d is c r e te  a u to c o r r e la t io n  fu n c t io n  o b ta in e d  fro m  
th e  in v e r s e - F o u r ie r  t r a n s fo rm a t io n  o f  th e  maximum 
e n tro p y  sp e c tru m  shown i n  F ig .  28a, com pared w i t h  
t r u e  f u n c t io n  and o r i g i n a l  c o e f f i c ie n t s .
As i n  F ig .  28a , b u t  o n ly  R (0 )+ R (6 ) used  as known 
c o e f f i c i e n t s .
H ie  d is c r e te  a u to c o r r e la t io n  f im c t io n  o b ta in e d  fro m  
t l ie  in v e r s e - F o u r ie r  t r a n s fo r m a t io n  o f  th e  maximum 
e n tro p y  sp e c tru m  shown i n  F ig .  28c , com pared w i th  
th e  t r u e  f im c t io n  and o r ig in a l  c o e f f i c ie n t s .
As i n  F ig .  28a, b u t  R (0)-+R(9) e s t im a te d  fro m  5 000 
sam ple v a lu e s .
The d is c r e te  a u to c o r r e la t io n  f im c t io n  o b ta in e d  fro m  
th e  in v e r s e - F o u r ie r  t r a n s fo r m a t io n  o f  maximum e n tro p y  
sp e c tru m  shown i n  F ig .  28e, compared w i t h  th e  t r u e  
fu n c t io n  and o r i g i n a l  c o e f f i c ie n t s .
H ie  a u to c o r r e la t io n  f im c t io n :  R (x )= e x p ( -x ) ,A x = 0 .0 5 s ; 
R (0 ) ,R (5 )+ R (1 2 ) used as th e  known c o e f f i c ie n t s  to  
e s t im a te  R ( l ) + R ( 4 ) . The sum IB  has been com puted 
o v e r  a l l  d im e n s io n s  g re a te r  th a n  2x2 .
H ie  a u to c o r r e la t io n  fu n c t io n :  R ( x ) = | [e x p ( - x ) + e x p ( - 2 x ) ] ,  
A i= 0 .0 4 s ;R (0 ),R (5 )-*R (1 2 )  used as th e  known c o e f f i c ie n t s  
to  e s t im a te  R ( l) -+ R (4 ) . The sum ?;B has been com puted 
o v e r  a l l  d im e n s io n s  g re a te r  th a n  2x2 .
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The a u to c o r r e la t io n  fu n c t io n :  R (x )= e x p ( -x )c o s irx ,  
A x O .ls ;R (0 ) ,R (5 ) -+ R (2 5 )  used as th e  known c o e f f i c ie n t s  
t o  e s t im a te  R (1 )~*R (4 ). The sum eB has been com puted 
o v e r  a l l  d im e n s io n s  g re a te r  th a n  2x2 .
As i n  F ig .  31a, b u t  R (O ), R(5)->R(50) b e in g  used as 
th e  known c o e f f i c ie n t s .
As i n  F ig .  31b, b u t in c re a s in g  th e  p r e c is io n  o f  th e  
t r i a l  v a lu e s ;  i . e .  th e  v a lu e s  be tw een ±R(0) have 
been t r i e d  i n  s te p s  o f  0 .0 0 1  in s te a d  o f  0 .0 1 .  No 
im provem ent has been a c h ie v e d  upon th e  e s t im a te s .
As in  F ig .  31a, b u t s t a r t i n g  th e  c o m p u ta tio n  o f  EB 
a t  h a l f  th e  t o t a l  d im e n s io n  c o rre s p o n d in g  to  each 
e s t im a te .
As i n  F ig .  31a, b u t  s t a r t in g  th e  c o m p u ta tio n  o f  +B 
a t  jj o f  th e  t o t a l  d im e n s io n  c o rre s p o n d in g  to  each 
e s t im a te .
The a u to c o r r e la t io n  fu n c t io n :  R ( 'r )Sie x p ( -T )c o s 7rT, 
A t= 0 .0 5 s ;R (0 )  ,R (5)-+R (50) used as th e  known c o e f f i c ie n t s  
to  e s t im a te  R ( l) -+ R (4 ) . C om p u ta tio n  o f  th e  sum EB 
has been s ta r te d  a t  I  o f  th e  t o t a l  d im e n s io n  
c o rre s p o n d in g  to  each e s t im a te .
As i n  F ig .  32a, b u t u s in g  R (0 ) ,R (5)-+R (25) as th e  
known c o e f f i c ie n t s .  I t  i s  seen t h a t  e s t im a t io n  o f  
th e  m is s in g  v a lu e s  has n o t  been p o s s ib le  and t h i s  
has been in d ic a te d  by th e  e s t im a t in g  com pu te r p rog ram *
The. t r u e  s p e c tru m  o b ta in e d  b y  c o s in e  t r a n s fo r m a t io n  
o f  th e  a u to c o r r e la t io n  fu n c t io n :  R (x )= e x p (-x )c o s l2 7 rx .
The s p e c t r a l  e s t im a te  fro m  th e  a u to c o r r e la t io n  fu n c t io n :  
R (T )= e x p ( -T )c o s l2 irT ,A t= 0 .025 s . The sp e c tru m  has 
been e s t im a te d  i n  tw ic e  th e  N y q u is t  fre q u e n c y  range  
and d e m o n s tra te s  th e  m ir ro r - im a g e  p a t te r n .
As i n  F ig .  33b, b u t u s in g  A x O . ls  t o  o b ta in  a 
c u t - o f f  fre q u e n c y  b e lo w  th e  m a in  peak .
The' t r u e  sp e c tru m  o b ta in e d  by c o s in e  t r a n s fo rm a t io n  
o f  th e  a u to c o r r e la t io n  fu n c t io n :  R (x )= e x p ( -x )  
[c o s (2 n x )+ c o s (1 4 irx ) ]
The s p e c t r a l  e s t im a te  fro m  th e  a u to c o r r e la t io n  fu n c t io n :  
R (x )= e x p ( -x )  [cos  (2 ttx)+ c o s (14ttx) ]  , A x= 0 .0 2 5 s . The 
sp e c tru m  has been e s t im a te d  i n  tw ic e  th e  N y q u is t  
fre q u e n c y  range  and d e m o n s tra te s  th e  m ir ro r - im a g e  
p a t te r n .
As i n  F ig .  34a, b u t u s in g  A x O . ls  to  o b ta in  a 
c u t - o f f  fre q u e n c y  b e lo w  th e  peak a t  f=7H Z.
The f u n c t io n  [s in (T T f /2 fc ) / ( 7 r f / 2 f c ) ] 2 p lo t t e d  v e rs u s  
th e  f re q u e n c y  f .
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The sp e c tru m  o b ta in e d  fro m  th e  a u to c o r r e la t io n  
fu n c t io n :  R (x )= e x p ( -x )  [c o s (2 irx )+ c o s (1 4 ttx) ] , A x=0 .02 5s , 
by  assum ing l i n e a r  r e la t io n s h ip  be tw een s u c c e s s iv e  
a u to c o r r e la t io n  c o e f f i c ie n t s .
As in  F ig .  36a, b u t  e s t im a t in g  th e  sp e c tru m  in  tw ic e  
th e  N y q u is t  fre q u e n c y  ra n g e .
As i n  F ig .  36b, b u t  u s in g  A x O . ls  f o r  a c u t - o f f  
fre q u e n c y  b e lo w  th e  peak a t  f=7H Z.
The sp e c tru m  o b ta in e d  fro m  th e  a u to c o r r e la t io n  
fu n c t io n :  R (x )= e x p ( -x )c o s l2 ir x ,A x O .0 2 5 s ,  by  assum ing 
l i n e a r  r e la t io n s h ip  betw een s u c c e s s iv e  a u to c o r r e la t io n  
c o e f f i c ie n t s .
As in  F ig .  37a , b u t  e s t im a t in g  th e  sp e c tru m  in  
tw ic e  th e  N y q u is t  fre q u e n c y  ra n g e .
As in  F ig .  37b , b u t  u s in g  A x O . ls  f o r  a c u t - o f f  
fre q u e n c y  be low  th e  m a in  peak.
As i n  F ig .  37b, b u t  u s in g  Ax=0.2s f o r  a c u t - o f f  
fre q u e n c y  w e l l  b e lo w  th e  m a in  peak.
The f u n c t io n  [s in (n J /2 fc ) / ( T r f / 2 f  ] ^ [ l + ( i r f / f  ) 2] 
p lo t t e d  v e rs u s  th e  fre q u e n c y  f . c
The c u b ic  s p l in e  m ethod a p p lie d  to  in t e r p o la t e  th e  
a u to c o r r e la t io n  fu n c t io n :  R (x )= e x p ( -x )  [c o s (2 ttx )  + 
cos(14ttx)]^ 2> At=0*025s .
The sp e c tru m  o b ta in e d  b y  d is c r e te  c o s in e  t r a n s fo rm a t io n  
o f  th e  in t e r p o la te d  f u n c t io n  shown i n  F ig ,  39a.
As i n  F ig .  39a , b u t  u s in g  Ax=0.1s f o r  a c u t - o f f  
fre q u e n c y  b e lo w  th e  peak a t  7HZ.
The sp e c tru m  o b ta in e d  b y  d is c r e te  c o s in e  t r a n s fo rm a t io n  
o f  th e  in te r p o la te d  f u n c t io n  shown in  F ig .  39c.
The c u b ic  s p l in e  m ethod a p p lie d  to  in t e r p o la te  th e  
a u to c o r r e la t io n  fu n c t io n :  R (x )= e x p (-x )c o s l2 iT x ,
A x O .0 2 5 s .
The sp e c tru m  o b ta in e d  by  d is c r e te  c o s in e  t r a n s fo rm a t io n  
o f  th e  in t e r p o la te d  f u n c t io n  shown i n  F ig .  40a.
As in  F ig .  40a , b u t  u s in g  A x O . ls  f o r  a c u t - o f f  
fre q u e n c y  b e lo w  th e  m a in  peak.
The sp e c tru m  o b ta in e d  b y  d is c r e te  c o s in e  t r a n s fo r m a t io n  
o f  th e  in t e r p o la te d  f u n c t io n  shown i n  F ig .  40c .
As in  F ig .  40a, b u t  u s in g  A x 0 .2 s  f o r  a c u t - o f f  
fre q u e n c y  w e l l  b e lo w  th e  m a in  peak .
The sp e c tru m  o b ta in e d  b y  d is c r e te  c o s in e  t ra n s fo rm a t io n  
o f  th e  in te r p o la te d  f u n c t io n  shown in  F ig .  40e.
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The sp e c tru m  o b ta in e d  b y  d is c r e te  c o s in e  t r a n s fo rm a t io n  
o f  th e  in te r p o la te d  f u n c t io n  shown in  F ig .  40g.
T lie  c u b ic  s p l in e  m ethod a p p lie d  to  in t e r p o la t e  th e  
a u to c o r r e la t io n  fu n c t io n  R (x )= e x p (-x )c o s l0 7 rx ,
Ax=0 .0 2 5 s .
Tlie  sp e c tru m  o b ta in e d  b y  d is c r e te  c o s in e  t r a n s fo r m a t io n  
o f  th e  in t e r p o la te d  fu n c t io n  shown i n  F ig .  41a.
As in  F ig .  41a , b u t  u s in g  At=0.125s f o r  a c u t - o f f  
fre q u e n c y  b e lo w  th e  m a in  peak .
The spec trum  o b ta in e d  by  d is c r e te  c o s in e  t r a n s fo rm a t io n  
o f  th e  in t e r p o la te d  f u n c t io n  shown in  F ig .  41c .
G auss ian  d a ta  w i t h  th e  a u to c o r r e la t io n  fu n c t io n :  
R (x )= e x p (-x )c o s l2 fT x . 30 000 sam ple v a lu e s  have been 
g e n e ra te d  w i t h  Ax=0.025s and th e n  in te r p o la te d  a t  
th e  m id - in t e r v a l  (c u b ic  s p l in e  in t e r p o la t io n )  to  
e s t im a te  and a u to c o r r e la t io n  f u n c t io n  fro m  th e  60 000 
r e s u l t in g  sam ple v a lu e s .
The sp e c tru m  o b ta in e d  b y  c o s in e  t r a n s fo rm a t io n  o f
th e  d is c r e te  a u to c o r r e la t io n  f u n c t io n  shown i n  F ig .  42a
As in  F ig .  42a , b u t  w i t h  A x=0 .05s.
The sp e c tru m  o b ta in e d  b y  c o s in e  t r a n s fo rm a t io n  o f
th e  d is c r e te  a u to c o r r e la t io n  f u n c t io n  shown in  F ig .  42c
As i n  F ig .  42a , b u t  u s in g  Ax=0.1s f o r  a c u t - o f f  
fre q u e n c y  b e lo w  th e  m a in  peak.
The sp e c tru m  o b ta in e d  b y  c o s in e  t r a n s fo rm a t io n  o f  
th e  d is c r e te  a u to c o r r e la t io n  fu n c t io n  shown in  
F ig .  42e.
As in  F ig .  4 2 f ,  b u t  e x te n d in g  th e  e s t im a te d  fu n c t io n  
fro m  R (1 7 ) to  R (800) f o r  th e  c o s in e  t r a n s fo r m a t io n .
As in  F ig .  42g , b u t  e s t im a t in g  R(0)->-R(S0) fro m  th e  
d a ta  and th e n  e x t r a p o la t in g .
G auss ian  d a ta  w i t h  th e  a u to c o r r e la t io n  fu n c t io n :
R (x) = e x p ( -x )c o s lO irx . 30 000 sam ple v a lu e s  have been
g e n e ra te d  w i th  Ax=0.02Ss and th e n  in te r p o la te d  a t  
th e  m id - in t e r v a l  (c u b ic  s p l in e  in t e r p o la t io n )  to  
e s t im a te  an a u to c o r r e la t io n  fu n c t io n  fro m  th e  60 000 
sam ple v a lu e s .
The sp e c tru m  o b ta in e d  by  c o s in e  t ra n s fo r m a t io n  o f  
th e  d is c r e te  a u to c o r r e la t io n  fu n c t io n  shown in  
F ig .  43a.
As in  F ig .  43a , b u t  u s in g  Ax=0.125s f o r  a c u t - o f f  
f re q u e n c y  b e lo w  th e  m a in  peak .
As in  Fig. 40e} but interpolating at Ax/8.
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The sp e c tru m  o b ta in e d  b y  c o s in e  t r a n s fo r m a t io n  o f  
th e  d is c r e te  a u to c o r r e la t io n  f u n c t io n  shown in  
F ig .  43c .
G auss ian  d a ta  w i th  a u to c o r r e la t io n  fu n c t io n :  
R (x ) = e x p ( - x ) , A x = 0 .0 5 s . The a u to c o r r e la t io n  
c o e f f i c ie n t s  e s t im a te d  b y  re p e a t in g  th e  d a ta  
sequences and n o rm a liz in g  th e  a u to c o v a r ia n c e  f u n c t io n  
i n  each sequence.
As i n  F ig .  44a, b u t  n o rm a liz in g  a t  th e  end , i . e .  
a f t e r  a v e ra g in g  o v e r  a l l  th e  sequences.
As in  F ig .  44a , b u t  f o r  th e  d a ta  w i t h :  R (x )= e xp (~ x ) 
c o s irx , Ax=0.05s .
As in  F ig .  45a , b u t  n o rm a liz in g  a t  th e  end , i . e .  
a f t e r  a v e ra g in g  o v e r  a l l  th e  sequences.
G auss ian  d a ta  w i t h  a u to c o r r e la t io n  fu n c t io n :  
R ( x ) = e x p ( - x ) . The d a ta  has been sam pled s e q u e n t ia l ly  
w i t h  AT=0.25s and A xO .O S s . The number o f  tim e s  
th e  s a m p lin g  sequence re p e a te d : Ns=15 0 00 .
As in  F ig .  46a , b u t  w i t h  Ns=4 000.
As in  F ig .  46a , b u t  w i t h  N - l  000 .
As in  F ig .  46a , b u t  w i t h  R ( x ) = | [e x p ( - x ) + e x p ( - 2 x ) ] ,
A T=0 .2s , Ax= 0 .0 4 s and Ns=15 000 .
As i n  F ig .  47a, b u t  w i t h  Ns=4 000 .
As in  F ig .  46a, b u t  w i t h  R (x )= e x p (-x )c o s -rrx ,A T = 0 .5 s ,
A x O . ls ,  N =15 000 .’ s
As in  F ig .  48a , b u t  w i t h  Ns=4 000.
G auss ian  d a ta  w i t h  a u to c o r r e la t io n  fu n c t io n :  
R (x ) = e x p ( - x ) . The d a ta  has been sam pled s e q u e n t ia l ly  
w i t h  aT = 0 .2 5 s and A x= 0 .05 s . The number o f  tim e s  th e  
sa m p lin g  sequence re p e a te d : Ns=15 000 . The 
c o e f f i c ie n t s  R (0 ) , R (5 )+R (16 ) have been e s t im a te d  
fro m  th e  d a ta ,  th e  m is s in g  v a lu e s  R (1)-*R (4) g iv e n  
e s t im a te s  and th e  d is c r e te  f u n c t io n  has th e n  been 
e x t r a p o la te d .
The sp e c tru m  o b ta in e d  b y  c o s in e  t r a n s fo rm a t io n  o f  
th e  d is c r e te  a u to c o r r e la t io n  f u n c t io n  shown in  
F ig .  49a.
As in  F ig .  49a , b u t  w i t h  Ng=4 000.
The sp e c tru m  o b ta in e d  b y  c o s in e  t r a n s fo rm a t io n  o f  
th e  d is c r e te  a u to c o r r e la t io n  fu n c t io n  shown in  
F ig .  49c .
As in  F ig .  49a , b u t  w i t h  R (x )= \ [e x p ( -x )+ e x p ( -2 x  ) ]  ,
A T=0 .2s , A x= 0 .0 4 s , and Ng=15 000 .
The sp e c tru m  o b ta in e d  b y  c o s in e  t r a n s fo rm a t io n  o f  
th e  d is c r e te  a u to c o r r e la t io n  f u n c t io n  shown in  
F ig .  50a.
As i n  F ig .  50a, b u t  w i t h  © = 4  000.
The sp e c tru m  o b ta in e d  b y  c o s in e  t r a n s fo r m a t io n  o f  
th e  d is c r e te  a u to c o r r e la t io n  f u n c t io n  shown in  
F ig .  50c.
As in  F ig .  49a,  b u t  w i t h  R(x)=exp(-x)cosTrx,  AT=0.5s,  
A x O . l s  and © = 1 5  000.
The sp e c tru m  o b ta in e d  b y  c o s in e  t r a n s fo r m a t io n  o f  
th e  d is c r e te  a u to c o r r e la t io n  fu n c t io n  shown in  
F ig .  51a.
As in  F ig .  51a, b u t  w i t h  © = 4  000.
The sp e c tru m  o b ta in e d  b y  c o s in e  t r a n s fo rm a t io n  o f  
th e  d is c r e te  a u to c o r r e la t io n  fu n c t io n  shown in  
F ig .  51c.
G auss ian  d a ta  w i t h  a u to c o r r e la t io n  fu n c t io n :  
R (x )= e x p (-x )c o s l2 7 rx . I t  has been assumed th a t  th e  
m inimum a llo w a b le  s a m p lin g  in t e r v a l  i s  AT=0.125s 
and u n ifo rm  sa m p lin g  has been a p p lie d  to  e s t im a te  
th e  d is c r e te  a u to c o r r e la t io n  f u n c t io n .
H ie  a l ia s e d  sp e c tru m  o b ta in e d  fro m  th e  d is c r e te  
a u to c o r r e la t io n  f u n c t io n  shown in  F ig .  52a.
The s e q u e n t ia l s a m p lin g  scheme a p p lie d  to  th e  
d a ta  c o r re s p o n d in g  to  F ig .  52a, w i t h  A T=0.125s, 
Ax=0.025s and th e  d is c r e te  a u to c o r r e la t io n  fu n c t io n  
i s  e s t im a te d  a t  in t e r v a ls  o f - A x O .0 2 5s.
The sp e c tru m  o b ta in e d  fro m  th e  d is c r e te  
a u to c o r r e la t io n  f u n c t io n  shown i n  F ig .  52c. As a 
r e s u l t  o f  a p p ly in g  th e  s e q u e n t ia l s a m p lin g , 
th e  a l ia s in g  p ro b le m  has been m in im iz e d  and th e  
c u t - o f f  fre q u e n c y  has been in c re a s e d  fro m  4HZ to  
20HZ.
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R( T ) = G X p ( “ T )  ,  
siimilated with a time interval ArO.OSs
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Fig. 2b The random data with autocorrelation Function i 
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Fig. 3a The random data with autocorrelation Function : 
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F ig . Sa R e la t iv e  e r r o r  v e r s u s  sam ple s i z e ,  fo r  un iform  p r o b a b il i ty  
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F ig . 5b R e la t iv e  e r r o r  p r o p o r t io n a lity  c o n s ta n t  v e r su s  sam ple s i z e ,  fo r  un iform  p r o b a b ility  
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F ig . 6a R e la t iv e  e rr o r  v e r s u s  sam ple s i z e ,  fo r  un iform  p r o b a b il i ty  
d e n s i t y - e s t im a t e s .  Number o f  s lo t s » 3 0
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F ig . 6b R e la t iv e  e r r o r  p r o p o r t io n a lity  c o n s ta n t  v e rsu s  sample s i z e ,  fo r  un iform  p r o b a b il i ty dens i ty
e s t im a te s .  Number o f  s lo t s * 3 0
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F ig . 7b R e la t iv e  e rr o r  p r o p o r t io n a lity  c o n s ta n t  v e r su s  sample s i z e ,  fo r  un iform  p r o b a b il i ty  
d e n s ity  e s t im a te s .  Number o f  s l o t s - 4 0
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F ig . 8b R e la t iv e  e r r o r  p r o p o r t io n a lity  c o n s ta n t  v e r su s  sam ple s i z e ,  fo r  un iform  p r o b a b i l i ty  
d e n s ity  e s t im a te s .  Number o f  S lo t s - 5 0
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F ig . 9a Mean square e r r o r  p r o p o r t io n a l i ty  c o n s ta n t v e r su s  s l o t  number,
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F ig . 9b Mean .square, e r r o r  p r o p o r t io n a lity  c o n s ta n t  v e r su s  s l o t  number, fo r  stan d ard  normal 
d e n s ity  e s t im a te s .  Number o f  s lo t s = 3 0  Sample s izc -lO O  000
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F ig . 9c Mean square e rr o r  p r o p o r t io n a l i ty  c o n s ta n t  v e r su s  s l o t  number, fo r  standard
normal d e n s ity  e s t im a t e s .  Number o f  s lo ts M O  Sample s iz e = 1 0 0  000
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F ig . 9d Mean square e r r o r  p r o p o r t io n a lity  c o n s ta n t v ersu s  s l o t  number, fo r  standard
normal d e n s ity  e s t im a t e s .  Number o f  s lo ts -S O  Sample s iz e - 1 0 0  000
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F ig . 10 Average o f  mean square e r r o r  p r o p o r t io n a lity  c o n s ta n t v e r s u s  th e  nunber o f
s l o t s ,  fo r  stan d ard  normal d e n s i t y  e s t im a t e s .  Sample s iz e = l0 0  000
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F ig . 12a Mean square er i'o r  p r o p o r t io n a lity  c o n s ta n t  v e r su s  s l o t  number,
fo r  random d a ta  from stan d ard  normal d e n s ity  and th e  a u to c o r r e la t io n  fu n c tio n :  
R (t)=e:cp(—r ),A t=O.OSs Number o f  s lo t s = 5 0  Sample s iz e = 1 0 0  000
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Fig. 12c Mean square error proportionality constant, versus slot number,
for random data from standard normal density and the autocorrelation function:
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F ig . i s b  The random data with autocorrelation Function 
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F ig . 17b The random d ata  w ith  a u to c o r r e la t io n  fu n c tio n :
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F ig . 18b The random data  w ith  a u to c o r r e la t io n  fu n c tio n :
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F ig . 19b The random d ata  w ith  a u t o c o r r e la t io n  fu n c tio n :
R( T)=exp(-T/S)cos( 12 -0.02Ss
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F ig . 21b The true and estimated spectra obtained For the random data with autocorrelation Function 
R(t)=exp(-T) ,at 0.05s
R(0)-*R(14) e s t im a te d  from 30 000  sam ple v a lu e s  
R(1S)-*R(200) e x tr a p o la te d
— — True spectrum
  E stim ated  spectrum
(b oth  overlap p ed )
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Fig. 21a The random data with autocorrelation Function '
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Fig. 2id The true and estimated spectra obtained For the random data with autocorrelation Function 
R(*)=exp( - 0  ,&t0.05s
R(0)-+R{2) e s t im a te d  from 30 000  sam ple v a lu e s  
R(3)-*R(200) e x tr a p o la te d
  True snectrum
  E stim ated  spectrum
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Fig. 2ie The random data with autocorrelation function • 
R(0=exp(-0 i^=0,05s
R(0)-»R(14) e s t im a te d  from 5 OOO sam ple v a lu e s
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Fig. 2if The random data with autocorrelation function • 
R(t )=exp(-0 ^  =0,05s
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Fis* zig The true and estimated spectra obtained For the random data with autocorrelation Function 
R( x )=exp(“t) ,at0.05s'
R (0)-R (14 ) e s t im a te d  from 5 000  sam ple v a lu e s  
R(15)-+R(200) e x tr a p o la te d
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F ig . 2 U  j + e  true and estimated spectra obtained for the random data with autocorrelation function 
R(0=exp(-T) ,at0.05s .
R(0)-*R(2) e s t im a te d  from 5 (XX) sam ple v a lu e s  
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F ig . 22b The true and estimated spectra obtained For the random data with autocorrelation Function 
R(T)=[exp(-T)+exp(-2T)J/2 jat =0.01s
R (0)M l(14) e s t im a te d  from 30 00 0  sam ple v a lu e s  
R(15)-»R(200) e x tr a p o la te d
— — True spectrum 
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Fig. 22d The true and estimated spectra obtained for the random data with autocorrelation function 
R(T )= [exp(- T)+exp(-2T)]/2 ,  AT=0 . 0 1 s
R(0)-+R(4) e s t im a te d  from 30 000 sam ple v a lu e s
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Fig. 22e The random data with autocorrelation function : 
R(t )=[exp(~0+exp(-203/2 ,at=0.01s
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Fig. 22£ The true and estimated spectra obtained for the random data with autocorrelation Function ' 
R(x )=[exp(~T )+exp(**2i)]/2 >at=0.01s
R(0)-*R(14) e s t im a te d  from S (XX) sam nle v a lu e s  
R(1S)-*R(200) e x tr a p o la te d
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Fig. 22h The true and estimated spectra obtained For the random data with autocorrelation Function 
RU )=[exp(~T)+exp(-2x)]/2 , at-0.01s
R(0)-+R(4) e s t im a te d  from 5 OCX) sa n p le  v a lu e s  
R (5)+R (200) e x tr a p o la te d
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Fig. 23b The true and estimated spectra obtained For the random data with autocorrelation Function
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F i g .  2 3 f The true and estimated spectra obtained For the random data with autocorrelation Function
a R(t )=exp(-OcosQT) , at = 0 .1 s
R (0 )-*R (9 ) e s tim a te d  from  5 000 sample v a lu e s  
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Fig. 23h The true and estimated spectra obtained For the random data with autocorrelation Function 
R(t )=exp(-t )cosUt ) ,at = 0 . 1 s
I ' R (0 )-*R (15 ) e stim a te d  from  5 000 sample v a lu e s
U R (16 )-*R (2 0 0 ) e x tr a p o la te d
Tru e  spectrum 
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Fig. 23j The true and estimated spectra obtained For the random data with autocorrelation Function 
\\ R(T)=exp(*~Ocos("T) ,at =0#|s
|| R (0 )-*R (2 S ) e stim a te d  from  5 COO sample va lu e s  
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Fig. 23k The random data with autocorrelation Function : 
R(t )=exp( - 1 ) c o s ( h t  ) > A T r 0 . 1 S ‘
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Fifi. 231 The true and estimated spectra obtained For the random data with autocorrelation Function
p  R( t  )=exp(- t ) c o s (  n t ) j a t =0 . 1  s
j  R (0 )-*R (15 ) e stim a te d  from  500 sample v a lu e s  
j  '  R (15 )-»R (2 0 0 ) e x tra p o la te d
n(f)
The autocorrelation Function : R( T)=exp(-T)I c o s ^ t  )+cos(\U ) ] / 2 ,  a t  = 0 .0 2 5 s .
_____ T ru e  fu n c tio n
a Sampled from th e  tru e  fu n c tio n  
0 E x tr a p o la te d
F i g .  24a
.5 0 _ H(Q
F i g .  24b The true and estimated spectra obtained For the autocorrelation Function 
R ( t  )=exp(- t ) Ccos(2 ^ t  ) + c o s ( H  * t ) ] / 2  , a t = 0 ,0 2 5 s
R(0)-*-R(9) sampled from the  tru e  fu n c tio n  
R(10')-+-R(200) e x tra p o la te d
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Fig. 24c autocorrelation function : R ( T)=exp(-T )[cos(2nT )+cos( H«T )V2 ,At = 0 ..0 2 5 s .
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Fig. 24d The true and estimated spectra obtained For the autocorrelation Function! 
R( t )=exp( - 0 [cos( 2"t )+cos( 1 ) )  /2 , Axrfj .025s
R (O )-*R (2 4 ) sampled from the tru e  fu n c tio n  
, R(25)-*-R(200) e x tr a p o la te d
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F i g .  25c The r e l i a b i l i t y  t e s t ,  B ve rsu s the m a tr ix  dim ension (n ) f o r  
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Fig. 27a jhe and maximum entropy spectra obtained Forthe random data with autocorrelation: 
R(0=exp(*t) fir =0,05s
R (0 )-»R (14 ) e stim a te d  from  30 000 sample v a lu e s  and used f o r  maximum e n tro p y  s p e c tra l e s tim a tio n
  T ru e  spectrum
  Maximum e n tro p y  spectrum
(b o th  o ve rla p p e d )
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Fig. 2?b The random data with autocorrelation Function I 
R(t)=exp(-t ) j a t = 0 . 0 5 s
The maximum entropy spectrum transPormed to autocorrelation domain.
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Fig. 27c The true and maximum entropy spectra obtained Forthe random data with autocorrelation: 
R(t )=exp(-T) >6 t = 0 .0 5 s
R (0 )-*R (2 ) e stim a te d  from  30 000 sample v a lu e s  and used f o r  maximum e n tro p y  s p e c tra l e s tim a tio n
  T ru e  spectrum
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nig. 27d The random data with autocorrelation Function ! 
R(O~exp(~0 ,at=0.05s 
The maximum entropy spectrum transPormed to autocorrelation domain.
■ R(0)-+R(2) e stim a te d  from  30 000 sample v a lu e s  and used f o r  maximum e n tro p y  s p e c tra l e s tim a tio n
T ru e  fu n c tio n  
a E s tim a te d  from  30 000 sample va lu e s  
0  Maximum e n tro p y  s p e c tra l tra n s fo r m a tio n
Fig. 27e The true and maximum entropy spectra obtained Forthe random data with autocorrelation; 
R(t )=exp(-t) )At=0.05s
R (0 )-*R (1 4 ) e stim a te d  from 5 000 sample v a lu e s  and used f o r  maximum e n tro p y  s p e c tra l e s tim a tio n
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rig. 27f random data with autocorrelation function '•
R( t)=exp(-r) .a* =0,05s
The maximum entropy spectrum transformed to autocorrelation domain.
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Fig. 27g The true and maximum entropy spectra obtained forthe random data with autocorrelation: 
R(O=exp(-0 ,at=0.05s
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Mr. 27h The random data with autocorrelation Function :
R( O-expC-O , a t = 0 . 0 5 s
The maximum entropy spectrum transFormed to autocorrelation domain.
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The true and maximum entropy spectra obtained Forthe random data with autocorrelation: 
R( T)=exp(-T)cos(wT ) ,at=0.1s
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The maximum entropy spectrum transFormed to autocorrelation domain.
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Fig. 28c The true and maximum entropy spectra obtained Forthe random data with autocorrelation:
p R(t)~exp(~t)cos("t ) jat-0.1s
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Fig. 28d The random data with autocorrelation function :
R( t >=exp( - t )cos(nt ),at=0.1s
The maximum entropy spectrum transformed to autocorrelation domain,
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rig. 28e The true and maximum entropy spectra obtained forthe random data with autocorrelation
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Fig. 28f The random data with autocorrelation Function :
R( x )=exp( -  x )cos( "x ) tAT =0. Is
The maximum entropy spectrum transFormed to autocorrelation domain.
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F i g .  29 The autocorrelation Function! R(x)=exp(-x) ,at =0.05s 
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dim ension g r e a te r  th a n  2 x2 .
0 5 10 15 20 25 30 35 10 15 50
t / A t
R ( t )
Fig. 3ia The autocorrelation Function: R(0=exp(-0cos( nr ) , At -0 , J S 
In it ia l coeFFicients estimation with eb computed over every
dim ension g r e a te r  th a n  2 x 2 .
__ Tru e  fu n c tio n  
0  Known c o e f f i c i e n t s  
*  Es tim a te d  c o e f f i c i e n t s
2 5 9 .
Fig. 3ib The autocorrelation function: R(T)zexp(-T)cos(„) »ATr0.Js 
Initia l coefficients estimation with eb co.m-.uted o v e r e ve ry
dim ension g r e a te r  th a n  2 x 2 .
R(t)
Tru e  fu n c tio n  
0 Known c o e f f i c i e n t s  
*  E s tim a te d  c o e f f i c i e n t s
0-6-+M)
r / A i
Fig. 3 ic  The autocorrelation function: RQ )=exp(“ Ocos("T) > a t = 0 .! s  
Initia l coefficients estimation with r.n computed over every
dim ension g r e a te r  tha n 2 x 2 , and in c re a s in g  th e  a ccura cy o f  th e  t r i a l  v a lu e s  
by u sin g  step s o f  0 .0 0 1
T ru e  fu n c tio n
0 Known c o e f f i c i e n t s  
*  E s tim a te d  c o e f f i c i e n t s
» q o-e-ft-e-e
1 5 50
t / A i
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1 .5 0 _  ' r ( t )
FiB. 32b The autocorrelation Function: R(t)=exp(-T)cos(*T) , a t = 0 . 0 5 s  
Initia l coeFFicients estimation with m comnuted on the  J b a s is  
INTERPOLATION NOT POSSIBLE(no value can be Found to maintain the matrix non-negative definite)
Tru e  fu n c tio n
0 Known c o e f f i c i e n t s  
*  E s tim a te d  c o e f f i c i e n t s
-I .00J
2 6 2 .
ram
f(HZ)
2 6 3 .
2.50-,
2.00_
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! ,00-
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.00.
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Fig. 33c The spectral estimate from the autocorrelation function: 
R(t)=exp(-T)cos( 12irt) ,at=0.1s
E(f)
f ( l fZ )
E C O
Fig. 34a The true spectrum obtained by cosine transformation of the autocorrelation Function: 
R( T)=exp(-r)[co5(2iTT)+co5( M»T )H2 .
264.
.50_
F i g .  35 Tlie fu n c tio n
s i n ( n f / 2 f  )'
p lo tt e d  ve rsu s the  freq uen cy f
n—
7 r
f(H2)
.50. E t ( f )
Fig. 36a The spectrum obtained from the autocorrelation function :
R(t )“exp(-T)[cos(2nT)+cos(l1nT)]/2 , at=0.025s 
by assuming linear relationship between R(n) and R(n+l)jcompared with the true spectrum.
The c u t - o f f  fre q u e n c y : f c =2QHZ
Tru e  spectrum
Es tim a te d  b y th e  l i n e a r i t y  assum ption
266.
Mg. 36b The spectrum obtained From the autocorrelation Function *.
R( x)=exp(-x) [cos( 2"x )+cos( 11 «t)]/2 >at =0.025s 
by assuming linear relationship between successive autocorrelation coeFFicients.
The o r i g i n a l  c u t - o f f  fre q u e n c y : f c =20!IZ
A
12 16
©
20 21
~r
32
_T—
36
BJf)
Fig. 36c The spectrum obtained From the autocorrelation Function :
R( t)=9xp(~t) tcos(2tit )+cos( 11 ttt) ] <2 }at =0.I s  
by assuming linear relationship between successive autocorrelation coeFFicients.
The o r ig in a l  c u t - o f f  fre q u e n c y : f  « 5 ! I Z
3 E ; ( f )  F i g .  37a
The spectrum obtained from the autocorrelation function :
,R( T)=exp(-0cos(12*0 ,at =0 ,025s 
by assuming linear relationship between R(n) and R(n+i ),compared with the true spectrum.
  T ru e  spectrum
2_ _____  E s tim a te d  by th e  l i n e a r i t y  assum ption
' The c u t - o f f  freq u en cy f ^ "201IZ
f( I I Z )
.50.
Fig. 37b fhe spectrum obtained from the autocorrelation function :
R(T)=exp(-Ocos(l2*T) ,at =0.025s 
by assuming linear relationship between successive autocorrelation coefficients.
The o r i g i n a l  c u t - o f f  fre q u e n c y : f ,= 2 0 H Z
268 .
2d MU
2.1
nig. 37c The spectrum obtained From the autocorrelation Function :
R(r)=exp(-t)cos(!2*T) ,at=0.1s 
by assuming linear relationship between successive autocorrelation coeFFicients.
.50-
The o r i g i n a l  c u t - o f f  fre q u e n c y : f ^ -S il '
f(HZ)
2.50„ EJf)
Fig. 37d The spectrum obtained From the autocorrelation Function :
R( T)=exp(--Ocos( 12*0 ,at=0.2s. 
by assuming linear relationship between successive autocorrelation coeFFicients.
The o r i g i n a l  c u t - o f f  fre q u e n c y : f c -2.5112
269.
R(t)
— In te r p o la te d  fu n c tio n  
0 Known va lu e s  
*  In te r p o la te d  v a lu e s
i / A t
50
Fig. 39a autocorrelation function • R(t )-exp(- t )lcos(2nT )+cos(d1nT )V2 , A t = 0 .0 2 5 s .  
The cubic spline method applied lo interpolate the function.
New tim e i n t e r v a l :  At =0 .0 1 2 5 s
T in e  fu n c tio n
-1 .00J
270.
,50_. o(n
. 5 0 .
Fig. 3% Jhe spectrum obtained From the autocorrelation Function :
R( T)=exp(~Otcos(2*T )+cos( H t t t  ) ] / 2  ,a t  = 0 ,0 2 5 s  
by the application oF cubic spline method For mid-interval interpolation.
(U s in g  d is c r e te  c o sin e  tra n s fo r m a tio n  o f  th e  in te r p o la t e d  fu n c tio n  shown in  F i g .  39a, a llo w e d  to  decay)
I The o r i g i n a l  c u t - o f f  fre q u e n c y : f c =20IIZ The new c u t - o f f  fre q u e n c y : f'„=40IIZ
)
12 16 20 21 2 8 3 2
~!— 
36 in
f( i l Z )
.50. R(t)
Fig. 39c The autocorrelation Function : R( T)=exp(-T )lcos(2nTHcos( 1 1 i r T ) U 2  ,a t = 0 . 1 s .  
The cubic spline method applied to interpolate the Function.
New tim e i n t e r v a l :  At = O .0 5 s
T ru e  fu n c tio n
In te r p o la te d  fu n c tio n
0 Known va lu e s  
*  In te r p o la te d  va lu e s
-1.00J
271.
B(f)
F i g .  39d The spectrum obtained from the autocorrelation function : 
R ( 0 - e x p ( - T ) [ c o s ( 2 7'T ) + c o s ( M * t  ) ) / 2  , a t = 0 . 1 s  
by the application of cubic spline method for mid-interval interpolation.
(U sin g  d is c r e te  tr a n s fo r m a tio n  o f  th e  in te r p o la t e d  fu n c tio n  shown in  F i g .  39 c ,  a llo w e d  to  decay)
The o r i g i n a l  c u t - o f f  fre q u e n c y: f  =SHZ
The new c u t - o f f  fre q u e n c y : f  =10112
10
-1 R(t)
Fig. 40a jhe autocorrelation function : R(T)=exp(-T)cos(12»T) ,at=0.025s 
The cubic spline method applied to interpolate the function.
New tim e i n t e r v a l :  At O . 0125s
Tru e  fu n c tio n  
In te r p o la te d  fim c tio n
0 Known values
* Interpolated values
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3 , U(f)
Mg. 4ob The spectrum obtained from the autocorrelation function :
R(0=exp(-T)cos(12*t) ,at =0.025s 
by the application of cubic spline method for mid-interval interpolation.
(U s in g  d is c r e te  tra n s fo r m a tio n  o f  th e  in te r p o la t e d  fu n c tio n  shown in  F i g .  4 0 a , a llo w e d  to  decay)
The o r i g i n a l  c u t - o f f  fre q u e n c y : f c =20HZ 
The new c u t - o f f  fre q u e n c y : f'= 4 0 H Z
10 15 20 25
"T~
39 35 f  (H Z)
The autocorrelation function : R(T)=exp(-T)cos(12*T) »at=m. i-s, 
The cubic spline method applied to interpolate the Function.
T ru e  fu n c tio n  
-  I n te r p o la te d  fu n c tio n  
0  Known va lu e s  
*  I n te m o l a t e d  va lu e s
273 .
3 _ Eff)
R(t )=exp(-Ocos( 12nr) , at=0.1 s . 
by the application oP cubic spline method For mid-interval interpolation.
(U sin g  d is c r e te  tr a n s fo r m a tio n  o f  the  in te r p o la te d  fu n c tio n  shown in  F i g .  4 0 c , a llo w e d  to  decay)
The o r ig in a l  c u t - o f f  fre q u e n c y : f  *S H Z 
The new c u t - o f f  fre q u e n c y : P = 10 1 IZ
Fig. 4oa The spectrum obtained Prom the autocorrelation Function :
f( i lZ )
• 5 0 n  R ( t )
Fig. 40e The autocorrelation Function : RGfrexpC-x ) c o s ( t 2 i r x )  , a t = 0 . 2 s  
The cubic spline method applied to interpolate the Function.
New tim e  i n t e r v a l :  A x O . l s
T ru e  fu n c tio n  
-  In te r p o la te d  fu n c tio n  
0 Known v a lu e s  
* In te r p o la te d  va lu e s
r / A t
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Fig. 40f The spectrum obtained from the autocorrelation function : 
R(t )=exp(--Ocos(12"T) , a t = 0 . 2 s  
by the application of cubic spline method For mid-interval interpolation.
(U sin g  d is c r e te  tra n s fo r m a tio n  o f  the  in te r p o la te d  fu n c tio n  shown in F i g .  4 0 e , a llo w e d  to  decay)
The o r ig in a l  c u t - o f f  fre q u e n c y : f c = 2.5 t!Z 
The new c u t - o f f  fre q u e n c y : P  = 5 HZ
f ( I IZ )
F i g .  40g The autocorrelation Function ! R ( t  )=exp(-T )cos(12nT) , a t = 0 . 2 s  
The cubic spline method applied to interpolate the Function.
New tim e i n t e r v a l :  A t = 0 .0 2 S s
T ru e  fu n c tio n  
In te r p o la te d  fu n c tio n
^
0 Known values
* Interpolated values
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E(f)
Fig. 4oh The spectrum obtained From the autocorrelation Function : 
R(0=exp(-00)5(12*0 y\x =0.2s 
by the application oF cubic spline method,interpolating a t^ ' = At/8 .
(U s in g  d is c r e te  tr a n s fo n n a tio n  o f  th e  in te r p o la t e d  fim c tio n  shown in  F i g .  4 0 g , a llo w e d  to  decay)
The o r i g i n a l  c u t - o f f  fre q u e n c y : f c =2 . 5HZ 
The new c u t - o f f  fre q u e n c y : f'.=20t{Z
10 12 11 IB 18
f  (H Z)
The autocorrelation Function : R(t )-exp(- T)cos(1 0 t^ ) , at= 0 . 0 2 5 s  
The cubic spline method applied to interpolate the Function.
New tim e i n t e r v a l :  At =<1.0 12 5 s
F i g .  41a
Tru e  fim c tio n  
In te r p o la te d  fim c tio n
0 Known values
• Interpolated values
i
3 o(f)
Fig. 4ib Jhe spectrum obtained from the autocorrelation Function J 
R(t )=exp(-Ocos( 10 ttt) ,at =0.025s 
by the application of cubic spline method For mid-interval interpolation.
(U sin g  d is c r e te  tra n s fo r m a tio n  o f  th e  in te r p o la t e d  fu n c tio n  shown in  F i g .  4 1 a , a llo w e d  to  decay)
The o r i g i n a l  c u t - o f f  fre q u e n c y : f c =20!(Z 
The new c u t - o f f  fre q u e n c y : f(= 4 0 H Z
F (H Z )
, 5 0 - .  R ( t )
Fig. 4ic The autocorrelation Function • RCO^expl-JcosCfr^) jax=0,125s 
The cubic spline method applied to interpolate the Function.
Ml New tim e  i n t e r v a l ;  At 0 .6 2 5 s
T ru e  fu n c tio n  
In te r p o la te d  fu n c tio n
0 Known va lu e s  
*  In te r p o la te d  va lu e s
277.
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F i g .  4 id  The spectrum obtained From the autocorrelation function :
R(O=exp(-Ocos(l0 *0  -0.125s
by the application of cubic spline method For mid-interval interpolation.
(U s in g  d is c r e te  tr a n s fo r m a tio n  o f  th e  in te r p o la t e d  fu n c tio n  shown in  F i g .  4 1 c , a llo w e d  to  decay)
The o r i g i n a l  c u t - o f f  fr e q u e n c y :' f c =4HZ 
The new c u t - o f f  fre q u e n c y : P = 8 H Z
f  (H Z)
,S0_ RL)
Fig. 42a The random data with autocorrelation Function :
R( tfyexp(-T)cos( 12” )
The cubic spline method applied For mid-interval interpolation of the date
Tlie o r i g i n a l  sample s i z e :  30 000 The o r i g i n a l  tim e  i n t e r v a l :  a t = 0 . 0 2 5 s
Tlie new sample s i z e :  60 000 The new tim e  i n t e r v a l :  A t O . 0125s
True function
0 Estimated from the original and
interpolated sample values
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Fig. 42b The true spectrum and that obtained by cubic spline interpolation o f  t h e  d a t a  
The random data with autocorrelation Function :
R(t )=exp( - -Ocos( 12 TtT)
The cubic spline method applied For mid-interval interpolation of the d a t a
R(0)-i-R(16) o b ta in e d  from  th e  o r i g i n a l  and in te r p o la te d  v a lu e s  
R (1 7)-*R (8 O 0 ) e x tr a p o la te d
The o r i g i n a l  sample s i z e :  30 000 The new sample s i z e :  60 000 
The o r i g i n a l  c u t - o f f  fre q u e n c y : 20HZ (A t= O .0 2 5 s )
The new c u t - o f f  fre q u e n c y : 40HZ ( A t O . 012 5 s)
- —— T ru e  spectrum
Es tim a te d  spectrum
roiz)
10
—r
15 20
1
2 5 30 35
True function
0 Estimated from the original and
interpolated sample values
R(t)
F i g .  42c The random data with autocorrelation Function : 
R(t )=exp(-T)cos( 12 nT) 
The cubic spline method applied For mid-interval interpolation oF the d a t a
Tlie o r i g i n a l  sample s i z e :  30 000 Tlie o r i g i n a l  tim e  i n t e r v a l :  A r O .0 5 s
The new sample s i z e :  60 000 Th e new tim e i n t e r v a l :  At =0.025 s
3_  B(f)
L
0.—
0
, 5 0 .  Rfx)
Fig. 42d The true spectrum and that obtained by cubic spline interpolation oF the data 
The random data with autocorrelation Function J 
R(t )=exp(-T)cos( 12 ttt )
The cubic spline method applied For mid-interval interpolation oF the data
i R (0 )-d l(1 6 ) o b ta in e d  from  the  o r i g i n a l  and in te r p o la t e d  va lu e s
R(17)-+-R(400) e x tr a p o la te d
The o r i g i n a l  sample s i z e :  30 000 The new sample s i z e :  60 000 
The o r i g i n a l  c u t - o f f  fre q u e n c y : 10 H Z ( a t = 0 .0 5 s )
The new c u t - o f f  fre q u e n c y : 20H Z ( A t = 0 .0 2 5 s )
T ru e  spectrum  
Es tim a te d  spectrum
10 12 14 16 18 rCMZ) 20
Fig. 42e The random data with autocorrelation Function i 
R(t )rexp( - Ocos( 12 *T)
The cubic spline method applied For mid-interval interpolation of the data
The o r i g i n a l  sample s i z e :  30 000 The o r i g i n a l  tim e  i n t e r v a l :  A x O . l s
The new sample s i z e :  60 000 The new tim e i n t e r v a l :  A x O .O S s
__ T ru e  fu n c tio n
0 E s tim a te d  from  th e  o r i g i n a l  and 
in te r p o la t e d  sample v a lu e s
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Fig. 42f The true spectrum and that obtained by cubic spline interpolation oF the data 
The random data with autocorrelation Function :
R(-t )=exp( - -OcosC 12 «)
The cubic spline method applied For mid-interval interpolation oF the data
R(Q )->R(16) o b ta in e d  from the  o r i g i n a l  
and in te r p o la te d  va lu e s 
R(17)-+R (2 0 0 ) e x tr a p o la te d  
The o r i g i n a l  sample s i z e :  30 000 
The new sairple s i z e :  60 000 
Tlie o r i g i n a l  c u t - o f f  fre q u e n c y : 5HZ 
( A x O . l s )
The new c u t - o f f  fre q u e n c y : 10HZ 
(A t O . O S s )
*r
l.f
T ru e  spectrum 
Es tim a te d  spectrum
9 .1 10.00
f  (H Z)
ECO
Fig* 42g foe true spectrum and that obtained by cubic spline interpolation oF the data 
The random data with autocorrelation Function :
R(t )-exp(-x)cos( 12” )
The cubic spline method applied For mid-interval interpolation of the data
As in  F i g .  4 2 f ,  b u t R (1 7)-*R (8 0 0 ) 
e x tr a p o la te d
T ru e  spectrum  
E s tim a te d  spectrum
Tm
“T*
2.(
3. nm
F i g .  42h The true spectrum and that obtained by cubic spline interpolation of the data 
The random data with autocorrelation function :
R( * )=exp( - *)cos( 12"*)
The cubic spline method applied for mid-interval interpolation of the data
As in  F ig u re  4 2 f ,  b u t R (0 )+ R (S 0 ) 
e stim a te d  from  the  o r i g i n a l  and 
in te r jx )la te d  v a lu e s  and R(S O)-*R(80O) 
e x tr a p o la te d
u
T m e  spectnun 
E s tim a te d  spectrum
\
7.{
~T~
9 .( ?0,
f O i z )
5 0 .  r ( t )
Fig. 43a The random data with autocorrelation function :
R't )=exp(-t )cos( 10 ITT )
The cubic spline method applied for mid-interval interpolation of the data
Tlie o r i g i n a l  sample s i z e :  30 000 The o r i g i n a l  tim e  i n t e r v a l :  a t = 0 .0 2 5 s
The new sample s i z e :  60 000 The new tim e i n t e r v a l :  A r= 0 .0 12 5 s
True function
0 Estimated from the original and
interpolated sanple values
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Fig. 43b The true spectrum and that obtained bg cubic spline interpolation oF the data 
The random data with autocorrelation cunction J 
R( t )=exp( - t)cgs( 10*T) 
The cubic spline method applied For mid-interval interpolation oP the data
R (0 )-*R (2 0 ) o b ta in e d  from  th e  o r i g i n a l  and in te r p o la te d  sample va lu e s
R (2 1)-*R (2 0 0 ) e x tr a p o la te d
The o r i g i n a l  sample s i z e :  30 000
The o r i g i n a l  c u t - o f f  fre q u e n c y : 2 0 1 IZ ( A t = 0 . 0 2 5 s )
The new c u t - o f f  fre q u e n c y : 40HZ ( a t O . O Z S s
T ru e  spectrum 
Es tim a te d  spectrum
10 1 5 20 2 5 30 3 5 10
f O l Z )
R ( t )
F i g .  43c The random data with autocorrelation Function : 
R( Tftexp(-T)cos( 10 ut) 
The cubic spline method applied For mid-interval interpolation oP the data
The o r i g i n a l  sample s i z e :  30 000 
The new sample s i z e :  60 000
The o r i g i n a l  tim e i n t e r v a l ;  A t = 0 . 1 2 5 s  
The new tim e i n t e r v a l :  A t = 0 . 0 6 2 5 s
28 3 .
3 . E(f)
Fig. 43d The true spectrum and that obtained by cubic spline interpolation oF the data 
The random data uuth autocorrelation Function : 
R(t )=exp(~dcos( 10 *t) 
The cubic spline method applied For mid-interval interpolation oF the data
R (0 )-.R (2 0 ) o b ta in e d  from  the 
o r i g i n a l  and in te r p o la te d  v a lu e s  
R(21 )-*R (20 0 ) e x tr a p o la te d  
The o r i g i n a l  sample s i z e :  30 OOO 
The new sample s i z e :  60 000 
The o r i g i n a l  c u t - o f f  fre q u e n c y : 
4HZ ( a t = 0 .1 2 5 s }
The new c u t - o f f  fre q u e n c y :
8H2 (A t *=0.062Ss )
T ru e  spectrum 
Es tim a te d  spectrvmi
fOiZ)
Fig. 44a The random data with autocorrelation Function : 
R( *)=exp(-t) , at-0.05s
Number o f  sample v a lu e s  in  each sequence: 51 
Number o f  tim es re p e a tin g  tlie sequences: 2 000 
T o t a l  sample s i z e :  102 000 
(N o rm a lizin g  in  each sequence)
Tru e  fu n c tio n
0 Es tim a te d  v a lu e s
.50.
0 o o 0 0 0 0
0 0 0 0 0 o ° ° o o o o o
15 20
n—
25 30
“i—
35
£_oji
10
(fyo-e-
15
Try
h
r / A t
284.
50_, r(t)
R<O-exp(-0 jat=0 ,0 5s
As in  F i g .  4 4 a , b u t n o rm a lize d  a f t e r  a ve ra g in g  ( a t  th e  end)
T ru e  fu n c tio n
Fig. 44b The random data with autocorrelation  Function :
F i g .  45a The random data with autocorrelation Function :
R(t)=exp(-t)cos(wT) , a t = 0 . 0 5 s
Number o f  sample v a lu e s  in  each sequence: 51 
Number o f  tim es re p e a tin g  th e  sequences: 2 OOO 
T o ta l sample s i z e :  102 000 
(N o r m a liz in g  in  each sequence)
T ru e  fu n c tio n
0 E s tim a te d  v a lu e s
285.
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Fig. 46c The random data with autocorrelation Function :
R (  T > - e X p ( ” T )  , A t = 0 . 0 5 S ;  A T = 0 . 2 5 s  ( p - 5 )
The sequential sampling scheme,Ns^ 1000 .
INTERPOLATION NOT POSSlBLE(no value can be Pound to maintain the matrix non-negative definite).
T ru e  fu n c tio n
0 E s tim a te d  from  th e  data
287.
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Fig. 48a The random data with autocorrelation Function 
R ( t  ) - e X p ( - t ) c O S ( ”  ) l  A t  = 0 ,1  Si A T O .S s  (w -5)
The sequential sampling schemes Ns-1S000.
*  The i n i t i a l  c o e f f i c i e n t  e stim a te s
__ T ru e  fu n c tio n  
0 Es tim a te d  from  the  d ata
-1.00J
Fig. 48b The random data with autocorrelation Function :
t  ) - 0 X p ( - x  )c O S (  ) l  A x - 0  , 1 S ; AT>=0,5s (u=*5)
The sequential sampling scheme 1115=1000 .
- . 5 0 -
- 1 . 0 0
_ T ru e  fu n c tio n
0 Es tim a te d  from  th e  data
*  The i n i t i a l  c o e f f i c i e n t  e stim a te s
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F i g .  49b The true spectrum and that eslimatedby interpolation and 
extrapolation oF autocorrelation function,For random data with 
R(x )=exp(-0 ,  a t = :0 ,0 5 s ; a t o .2 5 s  o s )
The sequential sampling scheme,Ns=15000
R (O ) and R (S )-*R (1 6 ) o b ta in e d  from  the data 
R ( l ) + R ( 4 )  e stim a te d  from  th e  above c o e f f i c i e n t s  
R (1 7)-*R (2 0 0 ) e x tr a p o la te d
  T ru e  spectrum
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Fig. 49c The random data with autocorrelation Function : 
R( 0=exp(-*) j at=0.05s; at=o.25s („*5) 
The sequential sampling scheme,Ns=1000 .
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F i g ,  49d The true spectrum and that estimatedby interpolation and 
extrapolation oF autocorrelation Function,For random data with :
R(*)=exp(-0 , a t = 0 . 0 5 s ;  a t= o .2 5 s  (u -s )
The sequential sampling scheme,Ns=1000
R (0 ) and R (5 )-+R (16 ) o b ta in e d  from the  data  
R ( 1 )- *R (4 )  e stim a te d  from  th e  above c o e f f i c ie n t s  
R (1 7)-*R (2 0 0 ) e x tr a p o la te d
T ru e  spectrum  
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Fig. sob The true spectrum and that estimatedby interpolation and
extrapolation oF autocorrelation Function,For random data with 
R( T)=[exp(-T)+exp(-2T)]/2 , a t  -0.01s a t * o .2s ( u=s)
The sequential sampling scheme,Ns=15000
R (0 ) and R (5 )-»R (16 ) o b ta in e d  from  th e  data 
R ( l ) + R ( 4 )  e stim a te d  from  th e  above c o e f f i c ie n t s  
R (1 7)-*R (2 0 O ) e x tr a p o la te d
T ru e  spectrum  
F.stim ated  spectrum
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F i g .  50d The true spedrun and that estinatedby interpolation and 
extrapolation of autocorrelation function,for randon data with : 
R(0=[exp(-0+exp(~2T)}/2 ,^=0.01s; at=o.2s (y=s)
The sequential sampling sche»e,Ns^
Tru e  spectrum  
E s tim a te d  spectrum
R (O ) and R (5)-*-R(16) o b ta in e d  from  the  data 
R (l)-+ R (4 ) e stim a te d  from tlie above c o e f f i c i e n t s  
R (1 7)-d l(2 0 0 ) e x tr a p o la te d
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F i g .  51b The true spectrum and that eslimaledby interpolation and 
extrapolation of autocorrelation PunctiomPor random data with
R ( t I^ -e x p l " t  )C 0 S ( wt ) ,  At —0 . 1 S 1 A T *0 .5 s  (u -5 )
The sequential sampling scheme>Ns-15000
R (O ) and R (5 )-*R (2 8 ) o b ta in e d  from  th e  data  
R (1 )- *R (4 )  e stim a te d  from  th e  above c o e f fic ie n ts  
R(2 9 )-*R (2 0 0 ) e x tr a p o la te d
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3-. iHf) Fig. sia The true spectrum and that estimatedby interpolation and
extrapolation oF autocorrelation Function,For random data with 
R ( t  ) = e x p ( - O c o s ( " T )  , A t = 0 . I s ;  a t = o . 5 s  (w=s)
The sequential sampling scheme,Ns=1000
R (O ) and R (S )-*R (2 8 ) o b ta in e d  from  th e  da ta  
R ( 1 )- *R (4 )  e stim a te d  from  the  above c o e f f i c i e n t s  
R(29)-*-R(200) e x tr a p o la te d
— - — Tru e  spectrum
Es tim a te d  spectrum
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Fig. 52a The random data with autocorrelation function :
R(t)=exp(-Ocos(12” ) , ax=0.125s J sample size: N=
(U n ifo rm  sam pling)
True function
*  E s tim a te d  from  th e  da ta
The spectral estimate for random 
R(T)=exp(-T)cos(12"T) , ax =0.125s
R (0 )H-R (1 0 ) o b ta in e d  from  th e  d ata  
R ( ll) - d l( 2 0 0 )  e x tr a p o la te d  
( C u t - o f f  fre q u e n cy below  the 
main peak)
data with autocorrelation function: 
J sample size: N=30000
3-. sen
pig. s2d The true spectrum and that estimated by interpolation and
extrapolation oP autocorrelation Function,For random data with •' 
R( *)=exp(~* )cos( 12"*) ,at=0J25s , at =0.025s 
The sequential sampling scheme,Ns=l5000
R(0) and R(5)-*-R(20) obtained from the data 
R(1)h-R(4) estimated from the above coefficients 
j| R(21)-vR(400) extrapolated
  True sj>ectrum
_____ Estimated spectrum
